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PREFACE 


work professes to give fairJj full treatment of the more 
elementary parW of tlie DilVerential and Integral Calculus, 
togethi'r witli a shorter treatment of Ordinary Differential 
Equations. 

I have found it more convenient to separate the first two 
suVjects than to take them together as is fre(iuejitly done ; hut 
the student need not necessarily keej^ to the order of the book. 
It is generally admitted nowaday.s that, in learning tlie Calculus, 
integration should immediately follow differentiation ; and there- 
fore the student is advised to road, say, the fiist six chapters on 
DilFercnitiation, and then proceed to tiTe first two chapters of the 
Integi-al Calculus. 

In both of these subjects I have made a point of giving a few 
practical ap])l illations as early as possible, in order that tlie 
beginner may luive some idea of the nses to wliieli the Calculus 
may be put. I J){ive also introduced elementary curve-tracing as 
early as in tlie third chapter for the same reason. 

• • A sciuirate chapter has been devoted to the Hyperbolic Func- 
tions and their differentiation ; this may be omitted by the 
beginner at first, tbongh I have inade free use of the.se functions 
in the Integral (,'ulculns. 

Tliere are many (iiiestions which, althougli they may be treated 
by the ^Differential Calculn?i, can be tiVyited equally well by 
algebraical or geometrical mctho;lS. I have tlicrefoi’e givtJU the 
latter due prominence, so that '’the student may be able to make a 
comparison, and judge for himself as to whicli is tlie most suitaWe 
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for any particular question. He will thus Inave a fair apprecia- 
tion of the place which the Differential Calculus holds among 
other mathematical methods. 

Towards the end of the first section the subject oi^ Curves 
and Curve Tracing has been treated as fully as sp^e would allow. 
I have also included Envelopes, and their application to Evolutes 
and Caustics. 

In the Integral Calculus I have collected into one chapter the 
various elementary methods of dealing with expressions which 
cannot be integrated at sight; among these methods I have 
included that of Integration by Parts. Tliis is followed by tlie 
consideration of the standard integrals, and the routine methods 
of Partial Fractions and Successive Kcdin*tion. 

Among the applications of the Integral Calcnlus, it will ])C seen 
that I have included the determination of Centroids and Moments 
of Inertia. , 

The third section deals with the elementary methods of solving 
Ordinary Differential Equations of the first and second orders. 
Partial Differential Equations arc necessarily excluded, but enougli 
of the subject has been given to enable the reader to apply it to 
the study of many problem# in Physics ; and, in fact, the require- 
ments of the Physicist have been kept in view throughout 
the book. 

Speaking generally, I may say that my aim lias been to 
present each subject in a clear and simple manner, rather than to 
introduce any special novelties ; and I have, at tlic same time, 
endeavoured to take advantage of every opportunity afforded me 
of investing the subject with interest. 

I have to exjiress my indebtedness to the various standard 
works on the Calculus from which information had been , gained 
for teaching purposes, before I had any idea of preparing this 
book ; and among these I must note specially the treatises of 
Todhunter, 'Williamson, and Edwafds. 

During the actual pre|>aratioii of the book I liave consulted 
several works, including, among othfirs, Chrystal’s Algebra, Frosl^’g 
Curve Tracmgy Besant’s Particle Dynamics, De Mongan’s large 
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treatise on the Calculus, and Greenhill’s Differential and Integral 
Calculus. In respect to the third section, I am indebted to the 
works of Boole, Forsyth, and Murray. 

The book contains a very large number of examples, which 
have been carefully selected and graduated. Many of these are 
taken from the examination papei*s of the^ London University, 
the Science and Art DeparUiient, and Woolwich Academy. In 
dealing with so many examples it is extremely difficult to avoid 
making slips ; and, in spite of all care, I fear that many must 
still remain undetected. I shall feel grateful to any one who will 
inform me of those that he may have come across. 

I have to J;hank various friends at this College for kindly 
help given to me at different times, and in ] (articular my friend 
Mr. W. H. Everett, B.A., B.E., for reading several of the proof 
sheets, and making valuable corrections and suggestions. 

Finally, I must not omit to gratefully acknowledge the courtesy 
shown to me by both publishers and printers during the time 
that the work has been in their hands. 

F. GLANVILLE TAYLOR. 


University College, Nottingham, 
November Qth, 1808 . 
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PREPACK TO SECOND EDITION 

In this rdition, thanks to friends and correspondents, various 
cofrecliona have been made, and I hope that the book is now 
practically free from error. No alteration has been made in the 
text, with the exception of p. 185, which has been recast. 

Attention might be called to the Index aJb the end of the 
book. 

, F, G. T. 

Novemier,m5. \ 
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MISCELLANEOUS DEFINITIONS ^ND 
THEOREMS IN ALGEBRA AND TRIGOITOMETRY 


The following can be obtained from Hall and IfmighVs Higher Alg^a^ 
and Loc¥s (or Loney'e^ or Levett iind Havisoris^ etc.) Trigonometry^ under 
the headings given in italics below' : — 

( 1 ) + = w+iC^* {_Comhinations and Permutations^ 

(2) An inlinite series is convergent when the sum of the first n terms 

cannot numerically exceed some finite quantity, however great n 
may be ; and divergent when the sum can bo made numerically 
greater than any finite quantity, by taking n sufficiently great. 
\Gonvergen('y and Divergency, 


(^3) (1 + = 1 + ^ * coiivergent if ac < 1. 

\^Binomial Theorem.'] 

•t 

(4) a = (by defiiiition of logarithm); log* e = 


log, a 


• x^\oiia\^ X’^loeral® 

= 1 H » log a + — — ^3 r ~ + ••• ; always convergent. 

j ~ 

e* = 1 + £C 4- ; always convergent, 
log (1 + ir) = as — — ... ; convergent if cr < 1. 

0^3 

log (1 — u:) = — 03 — ^ ^ — ... ; convergent if a; 1. 

«= 00 and Logarithmic Theorems^ 

« 1 + COS0 . 9 

(5) cosec 0 + cot Q = rr-* = cot ro. 

. ' sin 0 2 

^ .. 1— COS0 . e 

cosec B — cot 0 = : — — = tan -r. 

sm 0 2 

• ^ 

Changing B into ^ + 0 in the latter, we get 
^sec 0 *f tan 0 = tan 

V nriHTo = + 2)' v r ‘“"2* 

[Multiple and SubrntUHpie Angles.!^ 
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7;2 + c * — £^8 

(6) cos A = “• {Delations between Sides and Angles of a 

Triangle.'] 

(7) sm“^ a ±. sin“^ h = sin”* {p/fl — ± b d ^) ; 

cos"^a ± cos”"i& = cos”' {ah + Vl — . Vi — 6^); 

n”'a ± tan”' h < js tan”i 

1 ^ ah 

{Inverse Circular Functions.] 


(8) « " „ (-fl 0 - 1 : 0 = 1- P- 247. 

See also Art. 14, below.] 

(9) (cos0 + isind)" = coi^ne + /sin nO. [^Demoivre^s Theorem. See 

“ Abbreviations ” below.] 

fhi _ f.-0i 03 05 


BUI e = 

COS 




-•) 

_ + e-« _ , e'^ , e* [ convergent. 

»- 2 2!'*'4! ••• ’ 


{Exponential Values of Sine and Cosine; Expansion of Sine 
and Cosine.] 

(10) tan”' 05 ~ ^ ••• » convergent, \Qregorids <S>cr/c8.] 


(11) If /(ac), any function of a*, vanishes when x = a, then in general 
X — a is a factor of /(x). 

If /(x) vanishes when x = 0, then x is a factor. [77a7/ and Knight's 
Elem, Alg.^ Art. 236, and their Higher Algebra^ Art. 514, Cor., 
p. 433.] 


ABBREVIATIONS. 

= means is identically equal to,” or stands for.” 

i » 

„ “ approximately equal to.” 

+’• „ “positive.” 

— „ “ negative.” 

d,c, „ “ differential coefficient.” 

(p.f.)„ “ particular integral.” 

(Cj/*.) „ “ complementary function.** 

An asterisk (*) is placed against ^articles or examples which may be 
omitted on k first reading. 



DIFFERENTIAL CALCULUS 


CHAPTER I. 

PRELIMINARY ILLUSTRATIONS. 

• 

1. The differential calculus is a method by which we deal with 
variable marpiitudes or quaniitie-^^i.e. quantities which are supposed 
to be in a state of gradual change or growth. 

When two such quantities arc so connected that a value given 
to one produces a definite corresponding value in the other 
(e,g. the side of a square, and its area), the latter is said to be a 
function of the former ] and it is a fundamental part of the subject 
to consider how a small change in the value of one affects the 
other. Grenerally speaking, a small change in the one produces a 
small change in the other, and these changes, pr increments, are 
compared by finding their ratio, irhen both are indefiniielg stnalL 

Before giving further definitions we shall illustrate the subject 
by a few simple examples. 

2. Example 1. 

Find the increase in the area of a square as compared loith a (very 
small) increase in the length of a side. 

Let X = the length of a side in feet, y = the area in square feet. 

Then y = a?*. • 

Let a? + A be the increased value of jr, and y + the correspondingly 
increased value of the area. 

Then A? = (a; 4- • 

/. A? = (<c + A)® — = 2xh + h“ • 

kjh s=2x + h — 2x nearly, since h is small compared with x. 

Hence the ratio of the increments is very nearly 2x. 
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3. Now when h is so small as to he absohitel}^ insignificant compared 
with X, the ratio Jejh becomes as near to 2x as we please, so that we may 
pass from an approv imate result to an exact one by imagining h (and 
therefore k) to. dwindle down to nothing. 

If we consider the sipiaie to be growing in si/c, as would appear to a 
peison moving toward^j it, then fit any instant kfh gives ns a comparison of 
the rates at whicli and x are growii‘g; for is increased by k in the 
same time that x is increased b}^ h. 

Or, again, consider a metallic bar of square section expanding equally in 
all directions, under the action of heat. The superficial expansion is kjy 

(see note helow)^ i.e. or The corresponding linear expansion is 

hjx. ITence, tJie supeificial expansion is twice the linear expansion. 

Again, k is the error produced in the computed area of a square, due to 
an error, A, in the estimated length of the side, y and x being their correct 

values. Now the percentage error in ac + 7^ is , and the percentage 
, . lOOA; „ 1007t , . - 

error in y + A; is ~ — or 2 ^ (since k 2./ 7/), or twice the percentage 

error in x. 

Note — Errors are always estimated by comparing them with (i.e. finding 
their ratio to) the correct value ; also the ” expansion ’* of n bar, referred to 
above, is the ra'tio ot the actual increase in length, area, or volume, to the 
oiiginal value of these. The roejjicient of expansion'* is the expansion 
for 1° O. rise of temperature. 

4. Example 2. 

Given thaty when a body falls from rest wider the action of gravity^ the 
depth is proportional to the square of the time from rest : find the velocity 
at any instant. 

Let s be the depth *at the time t ; then s oc the actual formula J^eii^g 

s^^t^ (1) 

g being fixed while « and t are variable. ^ 

If at the time t + hyS has increased to s + A;, then k represents the very - 
flimilbidistance througli which the body has fallen in the very small 
interval hy so that kjh is the mean velocity during the interval ; also we 
bavoi instead of (1), 

« + ^ = ^j(t + A)* . . . 

By subtraction, . 

-b A*). 


( 2 ) 
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/. mean velocity during the interval h = ^ 4- /i) 

Now, by diminishing the interval h until it becomes an instant of time, 
the mean velocity becomes tlie velocity at that instant. In this case the 
term \gli vanishes, and we get ^ 

vel. at time t seCs. after starting = yt ; 
and it evidently inei cases with t in diicct proportion. 

5. Differential Coefficient. — The ratio in its ultimate 
form, is called the differ mt led coefficient of the function y (or s) 
with respect to tlie variable x (or /) ; and the process of ■ finding 
this diflVrential coefficient is called differeniiaiioiu 

Note 1. — The terms derived function and derivative are sometimes used 
instead of the above. 

Note 2. — We shall often write dijf. co. or d.c. for the above term. 

6. Example 3. 

Differeutiaie iflju +1)^ loith respect to x. 

• 

Tiet y — (2j 3 + 1)‘S and suppose x to increase to 05 4- in consequence 
of which y increases to y + I \ then * 

2/ 4- ^ = V2{x + A) 4- !}■» = {{2x 4- 1) + 2/^}3 
/. /.■ = {(2x 4- 1) 4- 2h y - (2a; 4- IP 

= [(2a; 4- 1) * 4- 3 (2a; 4- 1)^ . 24 4- 3(2a? + 1) . 442 + _ ^2x + 1)3 

= G4(2a; 4- l)^ + A?i\6x 4-3 4- 24). 

4/4 = 6(203 4- 1)*-^ -f a term which vanishes with 4. 

Hence the required d.c. is 6 (2a; 4- 1)®. 

EXAMPLES I. 

1 . Find the percentage inci-oase in tlie volume of a cube as compared 

with that of a side, when the increase is indefinitely small. ^ 

2. Show that the coefficient of cubical expansion is three times that of 
linear expansion for the same substance, supposed perfectly homogeneous. 

d. Show that a small percentage error, made in measuring the diametor 
of a sphere, produces a percentage error in the volume equal to three times 
the former? * 

4 . Use the last question to find whait percentage error wiU he produced 
in the computed diameter of a globe whose volume (meoimred, 
weiglit hf water which it will hold) is iucorrect by x per oeut. ^ ^ 
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6. Give a geometrical Rolution of Kx. 1, Art. 2. 

6. It is required to construct a rod of uniform thickness, such that the 
Aveight of any length measured from one end is proportional to the square 
of that length. Show that the density at any jAoint must vary as the 
length. 

7. Show that if the' side of a square increase at a uniform rate, the 
area increases at an increasing' rate, which is proportional to the length of 
the side. 

8 . Show that if the side of a cube increase at a uniform rate, the volume 
increases at an increasing rate wliich is proportional to the area of a face. 

9. Differentiate with respect to x : — 

■ (1) 3x - 5. (2) {x + 1)2. (3) (2 c - a)^. 

(4) — 2x. (5) (5x — 2)^ (6) (ax + 

10. Given that r = 3}. true to 1 in ‘1000: about what error should we 
make in substituting .31 for ir in (1) ir-, (2) \^7r, (.3) ir'^, (4) 

Answkiis. 

1. As 3 to 1. 4. Jir %. 

9. 3; 2(x + 1); 4,2.r - 3); .3.c‘2 - 2 ; 15(5a:' - 2)2; 3a(ax + &)» 

1®' 1 > 10*60 » ffTnnr 


k - .^5 
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FUNCTIONS AND LIMITS. 

7. One variable quantity, or variable^ is said to be a function 
of anotlier when, any value being given to the latter, the former 
assumes a deiinite corresponding value. Thus (1) the area of 
a square is a function of its side ; and (2) the attraction of 
two given masses on each other is a function of the distance 
between them. For in (1), if we fix on a length of side the area 
will^be a definite area — that is, will not be one thing at one time 
and another thing at another time ; and similarly for (2). 

A quantity may be a function of several variables ; thus, the 
pitch of a note uttered by a stretched string (as measured by the 
number of vibrations per second) is a function of the tension^ 
the mass per unit length., and the length ; the actual law being 
shown by the equation 



the letters being the initials of the terms in italics. 

Note. — A ny mathematical expression involving a variable x is called a 
function of x; similarly for several variables. - 

8. Functions are divided into two classes, algebraical and 
transcendental. 

An algebraical function is one which involves only the firat four 
rules, with powers and roots ; e,g. - 8a? + 4, — 2), 

-f 4 • • 

A transcendental function is one which inTt)lves special defini- 
tions ; e.g. 2* (in which, x itself is an index), log sin sinh^^i*?, 
gd etc. ; or any compounds of these, e.g. log (sin x). 
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A quantity whose value is fixed permanently or temporarily 
is called a constant. 

Sometimes the same quantity is regarded as constant at one time and 
variable at another. Thus, in considering ono of a system, or family, of 
circles passing through two points, the radius will be \ariable, sthough 
constant for each circle, o 

9. AVhen one variable y is expressed in terms of another, .r, in 

such a way that y appears singly and alone on the left-hand side 
of the equation, and not on the right-hand side, then y is said to 
be an explicit function of x ; as in the equations y = ^ ; 

a = irsin'br-f • Otherwise, when x alid y are together 

on the same side of the equation, y is said to be an implicit 
functani of x ; as in the equations xy — — 1) = 1 ; 

y lofe' x + x log (// -1) = xy. 

10. Notation. — Any function of x is usually expressed by 

the notation /(r), xW, 

or//*, x-/’? 

when there is no likelihood of confusion. 

Any function of several variables x^, x^, x.jj ... will be written 
/(.fi, x.^ ... ), etc. 

Note. — If the same letter is used throughout a stntemnd^ the same function 
is meant Thus if /(») „ sin x, then sin 2 = ^ I also/(0) = 0, 

11: Dependent and Independent Variables — Graphs 
of Functions. — If y be a function of x, the latter is called the 
independent, the former the dependent, variaUe ; since while 
we choopo any value of ./*, y will have a value depending on that 
givejjito X, 

Jn co-ordinate geometry an equation connecting two variables^ 
X aiid is represented by a plane curve called the loom 6f tits 
; If y be expressed as explicit function of x^ then 
oiDWe ^ trailed the graph of tlte function f{x), ^ 
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12. When the equation is in the latter form, the graph is 
generally easy to trace, since by giving x in succession a number 
of values chosen at will, we can obtain a like number of corre- 
sponding values of y, and so plot a series of points forming a 
curve. 

We might, however, choose the values of at will ; when, by 
solving the equation y - f{x), we 
can obtain the corresponding values 
of X. In this case we should be 
making y the independent, and 
X the dependent, variable. And 
we should then regard x as a func- 
tion of y. Hence, if x and y be 
connected by an equation^ each is 
a function of the other^ and the 

xhoke of the indenendent variable 

^ Fig. 1. 

is optional. 

The actual finding of x from y may bo difficult or impossible by 
algebraical methods. But if we plot the curve by making x the inde- 
pendent variable, we can use the graph to obtain x from y by direct 
measurement. Thus, given y, we can find x by measuring a distance 
OA, equal to ?/, along Oy, and drawing NP parallel to Ox to meet the 
curve in P. Then NP is evidently equal to OM or x, 

13. The Use of Graphs in Physics. 

Whenever a law exists between two physical quantities, the law can 
be exhibited by means of a graph or curve, by taking for abscissae the 
different values of one of the quantities, and for ordinates the correspond- 
ing values of the other quantity. 

We give a few examples in physics. 

1. Boyle* s Law is, that for a constant temperature the pressure of a 
gas is inversely proportional to its volume, or = a constant (c, say). 
The equation ay = c is a rectangular^ hyperbola. 

2. Time of oscillation of a pendulum. If T be the time, and I the 
length, we have T = 2ir /y/ j ■ 
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Since ir and g arc constant we may write = Aly where J 
The curve is a parabola. * 

3. Charles's Law, connecting? the volume of a gas, under constant 
pressure, with the t^nperaturc, is K* = Fo(l 4- «0) ^ being, the number 
of degrees C. above zera K® and a are constant^ being the volume at 0° C. 
and the coefficient of expansion respectively, while is the volume at 

C., and varies with t. 

The curve y = \^o(l + ax) is a straight line. 


14. Limit of a Function. — llefeiTiiig to Art. 5, it will bo 
seen that we have used the expression, “ in its Kltirnate form,” as 
something to which the ratio /r/h approaches as h and k diminish 
indefinitely. We now give two formal delinitions. 

Def. I. — If y he a function of 2 *, the thnUing value or limit 
of y for a given value (a) of 2 *, is tliat value towards which y 
continually approaches, and from which it may be made to 
differ by less than any assignable quantity however small, as x 
approaches a. < 

Thus if a regular polygon be inscribed in, or circumscribed 
about, a circle, the limit of the perimeter of the polygon, as the 
number of sides increases indefinitely, is the circumference of 
the circle. 

Def. 2 . — When two related quantities are both diminishing 
(or both increasing) indefinitely, their limiting ratio is that value 
to whicK their ratio continually approaches, and from which it 
can be made to differ Ijy less than any assignable quantity how- 
ever • small, by sufficiently diminishing (or increasing) eaqli 
quantity. 

Thus the limiting ratio of sin 6 and 9, when 9 (and therefore 
sin 9) diminishes indefinitely is unity. This is written 

« f, 



If we were to make ^ = 0 at once, instead of approaching iC 
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WQ should have the fraction which is meaningless. We find, 
hqrigrever, that as 0 diminishes approaches indefinitely near 
to^ ; we therefore call 1 the limiting value. 


15. It is important to notice tfiat two quantities can only be said to be 
equal when their difference is infinitely small in comparison with either 
quantity. 

Thus supi)Ose x — a ~ A, then 

a (I 

Now, 80 long as ic^aiul a arc finite, wc may put xja = 1, when h vanishes ; 
but suppose that when h diminishes, x and a also diminish, then we can 
only put xja = 1, or a; = a, when 
the ratio ofh. to diminishes inde- 
finitely. 

Fdi’ example, tlio chord of a 
circle and the arc whi(di it cuts off 
become ultimately equal when both 
are indefinitely diminishecTjbut only 
because the ratio of their difference 
to either of them becomes inde- 
finitely diminished also. 

But supjiose OA ^ to be a scalene triangle and ah a straight line parallel 
to AB^ which moves towards 0. Then Oa — Oh diminishes without limit, 

OA - OB 



yet Oa and Oh will not be ultimately equal, since ^ 


OA 


which is finite. In fact, tlie ratio of Oa to Oh is always the same, viz. 
equal to the ratio of OA to OB, 

Similarly, if x and a increase indefinitely, then if 1i rcmaiii finite, 
hja diminishes indefinitely, and ultimately we have oc/a = 1. In this sense 
we may put x = a, the difference h being absolutely insignificant compared 
with X and a. It appears from the above remarks that the true criterion 
of the equality of two quantities in all cases is, not that their difference is 
infinitely small, but that it is infinitely small in comparison with either of 
them ; or^ that their ratio is unity. ^ 
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16. Rational Algebraical Functions. f — 

Suppose we wish, to find /(^) 

rational algebraical functions, each of which vanishes when 

X, = a. 

By (11) [see Miscellaneous Theorems above], x--a is a common 
factor ; hence we can divide above and below by x ^ a before 
proceeding to make x = a, and the ratio will be unaltered ; more- 
over, generally speaking, the quotients will no longer vanish 
when X — a. If they do, then x — a will again be a common 
factor which can be again removed. 

Ex 1 ~ “b 'b ^~) _ ^ _ 3 ^ 

»=a jc'J ^ j (jjc — a) (x -i- a) ~ x + a ~ 2a ~ 2 ‘ 

Note. — H ere a; — a is called the vanishing factor. 


Ex. 2. Find 


H Aja- + 


* ^x\aJ a + X — aJ a — x) 

We can rationalize both numerator and denominator by multiplying 
above and below by the conjugate surd in each case. 

Thus we shall get 

(f^ -f I/;-) — (^2 — y-) ^ + X + ij a — x ^ 1_ _ a/ a + x + ^Ja — x 

(a + x) — (g — x) -h -h aJcl^ + x^ + ^ d^ — x- 

having divided out by 2x^. 

2jJa 


Now put £c — 0, and we get 

X' 


— as the limit. 


— where m is any quantity. 


Ex. 3. Find I ^ 

X=1 X ■ 

Put X = 1 -{- hy then 

ft;"* — 1 _ (1 +70"* ^ d- rnh + higher powers of A) —1 

• a; — 1 h h 

= m + terras containing h as a factor. 


t A rational algebraical functiov of x is one which contains only integral 
lowers of X, or of expressions involving a;, as + ~+ • When, in 

addition to this, x and* its powers do qpt appear as fractions, the function is 
called a raiiona? integral algebraical function; as, o + ^ »*I ^nd 

p* 4* A ^ +!>.{**+• • • + *"f where etc., do not contain x. 
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The expansion of (1 + /?)”* is convergent if A < 1 ; hence when a; = 1, 

i.e. when h = 0, the limiting value becomes m. 


Ex. 4. Find 


It 

X=co 


+ cx + d 
+ Z'x-^ 4 * c'x + U' * 


Putting X = Ijyj tlie expression, which is of the^same decree above and, 
below j becomes, on clearing of fra<itions, 

It « + by + c?/2 4- dip _ a 
a* 4- b' y 4- dip + d'y^ a' 


Wc shall consider the subject further in the chapter on 
Indeterminate Forms. 


EXAMPLES 


1. If/W r ^ prove that and/(l^) = - x. 

2. If J, and /(/x) is denoted hyj'% A/W^)] by etc., 

sliow that/-x’ = x,f'h: =,fxj/*x = x, etc. 

3. If/(;t) a;^ 3a;- — 2x + 1, show tliat — ^ 4- 5a; 4- 8. 

4. Find the limits of the following functions; — 


X 2 

(3) — (x = 0, and x = oo ). 
(x + 4)3-(x-8)3 


( 2 ) 

(4) 


1 — cos 2x 
i>in 2x 


(x = 0). 


{x-^l)(2-3x) 

(3x + 2) (i + 2xr ^ 


2x* + 3 3(,(;2 + 1) 




2x^ 4- X 


(X = 0). 


(7) 


x’ + 2x + 1 


X + 1 


(«) 


3x* — X — 2 


2x3 + 3j;a _ 5 


■ (x= 1). 


4x< - 3x2 + 1 , . 

(2x-+l)2 = 

05^ — 4® 4- 3 

x^ 


w ^ + 2x3 _ &!„* + 2 


( 10 ) 

(IS) 


x“ — o' , ^ 

= “)• 


(x + a)I — a i 


(X = 0). 


(115 

(13) 


V® 4- a -.v'^a 
C® 4- — a* 
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6. Find tlio value of when x = 2*001 and when x = 2*0001 ; 

a;- - 2^ 

lind also the limit when cc = 2. 

6. Through a point, P, two chords arc drawn parallel to two given 
straight lines, to meet a circle in AB and Cl) respectively. Prove that 
as B moves towards, afid ultimately lies on, the circumference, the ratio 
of the vanishing segments PA^ PC becomes equal to the ratio of PI) 
to PB. 


Answeks. 


4. (1) 

, (2)0. 

(3) -2,1. (4) 

(6)8. 

(6) 

-9. 

(7) 3. 

(») 3 - 

(9) ?. (10) 'Ja""". 

(11) ‘iv'S. 

(12) 

1 


(13) 

3a^. See footnote in 

Examples 111. 




6. 300075...; 3000075...; 3. 
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CHAPTER HI. 

NOT A TTON— DIFFERENTIALS— GRAPHS. 

17. Notation.-*lVc shall now express in quite general terms 
the d.c. of a given function, the statement of which may be taken 
as a formal definition. 

Let y = /(a^), the given function of x. 

It is usual to denote by Air, Sx, or A, a small but finite increase 
in tfie value of x, called the increment of x ; and by A//, 8//, or k 
respectively, the consequent increase in y, called the increment of 
y. In practice we shall generally use h and /r, as they are the 
shortest. » 

Now y 4- Ay is the same function of x -f A.r as y is of 
therefore y -f Ay =/(j: + A.f) or/(.r + h) 

and y = 

Ay =/(.r 4* k) -f{x) ; 
and since Ao; ze h 

/. ^ -f h) -/(ir) 

Arr h 

In the limit when An; (or //), and therefore Ay (or ^), have 
vanished altogether, these expressions become the diff. co. of y 

with respect to ir, the notation for which is or dyjdx. 

Hence — 

dx h = o h 

Ex. If y = we have seen that tlie d.c. is 2ac ; this is written ^ — 2x. 
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18. Other notations for ^ are/'(r), V, 

ax ^ ^ dx dx ^ dx 

Pj y\ .Vi> Vj 6tc. Each has its advantages as will be seen 

liercafter. Thus y\ //i, //, Dy have the advantage of brevity, 

but cannot be used if tliere are two or more iiidepeudenb variables. 

In the case of //, time is usually the indep(‘ndent variable ; d\dx 

is usually prefixed to a compound expression ; is used in 

difTerential equations, as well as l)y ; and so on. 

The symbols d dx or T) placed before y or /Cr) denote the 

operaiio)! of differentiating it with respect to .r, and either symbol 

(the latter being generally used) is termed an operator. [Bee 

Art. 509.] 



19. Differential Coefficients and Differentials. — If we 
regard Ay and Aa; an having vanished altogether^ then dy\dx is no 
longer the ratio of two existent quantities, but a single qiutntity^ 
— the limit, in fact, towards w'hich ^yj^x has approached and 
finally attained. We may, however, regard Ay and Aa: as infinitely 
small, or infinitesimal^ but yet existent. [Sec Art. 21.] They 
are then called the differentials of y and x respectively, and are 
denoted by dy and dx. 

,The ratio of dy to dx differs from the limiting ratio, or differen- 
tial coefficient, by a quantity which may be made less than any 
assignable quantity, however small ; hence we make an aosolutely. 
inMffn/ificant error in saying that • 


dy^dx- the single symbol 


dy 

dx 
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III other words, we may regard rf'y/rfaj either as the ratio of two 
infinitely small quantities, or as a limiting ratio as defined in 
Art. 14. 

Ex. If y = then ^ = 2x, /. c/y = 2xdx ; 

ax 

:> 

or wo may write ^( 05 ^) = 2x . dx, . 

Generally, the differential of a functwn of a variable is the product 
of its differential coefficient with resided to the variaUe^ into the 
differential of the variable. 

Or, d .f[x) = /(ic) . dx. 

Note 1. — Ay and (or 5y and 5 j;) are used to denote small but finite 
inerementa ; dij and dx to denote infinitely small increments. 

Note 2. — If x be incorrect by a miidl error Sx, then the error produced in 
/(r) is approximately /'(*) • 


20. Geometrical Illustration. — Let F be some point on 
a curve whose equation is y = f(x). 

If (a?, y) be taken as the co- 
ordinates of F, those of Q, a point 
near to F, may be denoted by 
(x + Ar, y -f- Ay), so that FF = 

MN = A.r, QS = Ay. 

Since Q and F are on the same 
curve, QN is the same function of 
ON as FM is of Oif, so that — 

QN-f{0N), or y + Ay =/(iZ! + A.r), 

FM^f(0M)y or y -fir) ; 
whence, at the point 



Fig. 3. 


!N^ow 


dy ^ Jt as before. 

dx A* = o 

g tan QPS = tan PVx, 


PVx being the inclination of the secant throngh F to the axis 
of X* As Q moves towards P, both A^ and Ao; diminish ; and 
in the limit, when Q has coincided with P/m, when the aecani 
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through P has become the tangent at Ay and A.fj have vanished 
altogether, and the ratio A///Aa* has reached the limiting value 
(h/jd.f', while the angle J^Fx is now the angle, FTx, between the 
tangent at P and the axis of x. 

Hence at any point y) of the curve y = f{x), dyjdx = tan 
where ip is the inclination of the tangent at P to the axis of .r. 


21. There are two ways (among others) of regarding the tangent at 
a point : — 

(1) As the secant througli two infinitely near, or (as it is sometimes 
expressed) two consecutive points on a curve. 

(2) As the limit of a secant through two points when they have become 
coincident. 

In (1) the direction of the lino is perfectly determinate, since there are 
two distinct points. 

In (2) the two points arc ultimately coincident — that is, have become one 
point. And through a single i>oint an infinite number of straight lines can 
l)e drawn. TIcncc, unless we consider the relative positions of the two 
points just before they have coincided^ or the path along which the second 
point approaches the first, we shall have nothing to tell us in what direction 
to draw the straight line through them when they are coincident. 

But having ascertained the position to which the line has settled down 
as the two points are about to coincide, there is nothing to prevent lis 
from considering the points as absolutely coincident. 

The indeterm inatonoss referred to above corresponds exactly to the 

result of putting A = 0 in the expression without having 

examined its value just before h has vanishe<I, i.e. without having examined 
the function /(a?). 


22. Again, the tangent at P gives the direction of the curve at P ; that 
is, the direction in which a particle moving along the curve from Q to P 
would move if it were suddenly released at the point P and allowed (by 
Kewton's first law) to move in a straight line. It is also,^ of course, tht ; 
direction in which the particle would l>e moving at the instant it coincided 
with P. This must* be completely* determinate, for a particle can only^ 
imone absolute directicin at a time. We are asSttming that only onovr 
braAch of the curve passes through P. 
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23. Velocity. — Let s ft. be the distance of a moving particle 
from a given point on its path, / secs, after passing through the 
given point. If the path be curvilinear, s is the distance measured 
along the curve. If in the small interval of time At the particle 
move through the small distance As, then ^ 

As * 

= mean velocity during the interval At. 

f 'Hence dsfdt is the velocity at the time t, as explained in Art 4. 

' It can be similarly shown that if v be the velocity at the time /, 
dv\dt is the acceleration at that time. 

24. Heferring to the figure in Art. 20, if we imagine P to be 
moving along the curve, then dx\dt is the time- rate of increase 
of X, and dy\dt is the time-rate of increase of y. 

Also, since dt is the same in both cases, 

Hence dy\dx is the rale of increase of // as compared with that 
of X ; or the rate at which the function of x increases, compared 
with the rate at which x increases. It is also the ratio of the 
vertical to the horizontal velocity of P. 

Note 1. — The Bteepness of the curve at auy point gives us an idea of the 
vertical, as compared 'yrith the horizontal, velocity; for ^9 

which increases as the curve gets steeper. 

Note 2. — The case in which di//dx is negative will bo discussed hereafter 
(Art. 113), but at present we may note that in this case tan ^ will be negative, 
hence the curve will be in a downioard direction. 

25. Examples. 

* We add examples of differentiation by first principles. 

^ Ex. 1. I^t y Tsz a/ X. 

Then h = Vse + A — V 




differential calculus. [Git. in. 

To find the factor h in the numerator (see Art. 16), we may citlier 
expand by the Binomial Theorem, or rationalize by multiplying above 
and below by the conjugate surd 4-'A + 'x. 

Adopting the latter method, we got ^ 

^ . (>' 4- h) — ai 1 

^ 4- A + + h + 

. 1 

• * dx ~ 2 



Ex. 3. 


Z/ = 



2 — X 

a: + 3’ 


k^^/Lz.^~A 

\/ a - + A + 3 


= V (^ - jg - ^0 , ('>l+_3) ^ + 3)(2 - .t) 

js/x -{■ A 4- 3 yfx 4- 3 


= + 3^- {( » + 3)+Jt} (2^ x) 

V(x + A + 3Xx + 3){ ^ (2 - a: - AX® + 3) + VC® + A + 3X2 - i) } 

The numerator = _ h{(x + 3) + (2 - x)) = - 5h. 

Hence, dividing by A and putting A = 0, we get 

Z.® ■ 6 

2(® 4j3) ^(2 - a:)(a; + 3) 2(2 - a>)” (as + 3)*’ 
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EXAMPLES III. 

Difforentiato from fii'st principles ; — 
i. 2x“ + 3 a' + 4. 2. 3x» - a; + 4. 

4. (2a! -3) (a; + 4)-’. 6.-. 

X 

- . 1 _ £C —•2 


8 . ( 3 . 1 } - 5)3 

T^~i- 
• Ja5 — 4 

0:2 _j_ ^ 5 


10. 

y/tlX. 

11. j^x — a. 

12. 

;V/1 — X^. 

13. 

V.o.t 

14. 'J. 

15. 

/ ar +”I 

V 1' 

16. 

V 27,!'+ 3- 

17. aj + 4“ 

18. 

1 

4- o;- — a; 


19. (VaJ - 3)(;V-« + ")• 


1 + \/x 

1 - aJx* 


Answers. 


1. 4a: + 3. 2. ib-2 1. 3. 9(3a; - 5)3. 4. 2(a: + 4)(3a; + 1). 


6. « 

a* + G.c + 4 

(ar+3J^- 




(■■J4 - 4)^- 

14. :}xK 


7. 1 - V 

a;2 


'2^x — a 

16. 


(a; + 3)2‘ 

» 

12 . - 


X 


(2x - 3)i (2x + 3)3' 


18 ^ + *2 
a2 ;y^ ^ ^2 

f We have — 


(a: + l)J(a; - l)f 

20. —. i — 7 — 

va’(l — va:)2 


- Va? 

A 

?o rationalize ^%/bf we must choose such a factor as will give the 
ifference of the cubes oi !!/ a and ; the factor is — 

\ * 6* + h\ i.e, (x + 7*)^ + (a? + h)* . 

lultiplying above and below by this we get — 

f h = (« + '» )-» : etc. 

* ft[(» + /*/ + (» + »)*»* + 11^ 
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26. Graphs of Functions — Elementary Curve Tracing 

The great advantage of obtaining the graph of a function h 
that we can see at a glance how the latter varies from point 
to point, as we vary »*. 

We shall give a>>few simple examples of tracing curves by 
pi of tiny points, i.e. by giving x driferent values, and finding the 
corresponding values of //. We shall also find the valine of dyjdr 
at these points, and so determine the direction of the curve, as 
given by tan \j/. For the construction of the angle, see Lodz's 
Elem. Triy., p. 80, E\'. 8. 

We give these values in tabular form ; the arrows in Ex. 1 
show the directions of the tangents. 


Ex. 1. Trace ary = 1, or y = l/^e. 
The student can easily show tliat 
of X. 


ilL 

(JiJi 


1 


wliich is — for all values 




3 


2 \ 


7i 


— o 

N ! 

5 3 5 * 5 ^ 

V 





Fig. 4. 


X 

y 

1 

dv _ _ 1 
itx ~~ X- 


rxi 

0 

0 

0 

4 

1 

“■ To 

\0 


3 



2 I 

i 



1 1 

1 

- 1 


1 1 
•2 

2 

- 4 

»♦ 

1 

S 

3 

- 9 

»» 

1 

4 

4 

- 16 


0 

GO 

GO 

w 

■” 2 

-1 

- 4 

- 16 

_ VO 

I 

- 3 

-9 

»* 

“ h 

- 2 

- 4 


- I 

- 1 

- 1 

»> 

- 2 

“f 

- j 

»» 

— 3 

” 3 

5* 

»• 

- 4 

_ 1 

4 


»» 

— 00 

0 

0 

0 


As X varies gradually, y or Ifx varies gradually, as also — l/a;^ or 
tan iff (and therefore iff). Hence we have a continuous curve through 
above points, as in the second figure (Fig. 5). 
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This curve is of course a rectangular hyperbola whose asymptotes are 
the axes of co-ordinates. 



Ix. 2. Obtain the t/cncral form of the carve y = x{x — l)(a; — 2'). 
We have y = 3j' - + 2.r ; 

• ^ - fo + 2 = 3(u; - 1)3 - 1 • 

(X\k/ 

= (v'3.« - V3 + IX-Zar _ ^3 - 1) 

= 3(x — 0-42) (a; — 1*6) nearly. 
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The special points to notice are tlio values of x wliich make y and dyjdx 
vanish ; and also their signs for other values of x. 


Thus, wlien x = 1*6, ^ = 0, 

ax dy 


i.e. = 0, or the tangent is parallel 
to the axis of x at this point. 



(lx 

Here also x{x — 1)(j: - 2), and 

c 00 

00 


therefore y, is negative; i.e. the 

>2 

+ 

+ (K in figure) 

curve is below the axis of x at 

2 

0 

+ (D) 

this point. 

1-6 

< 1 6| ! 


0 (C) 

Similarly for other points. 

and >1/ i 



When the general form of the 

1 

0 

- (B) 

curve has been obtained we may, 

0*42 

0 

+ 

0 

0 (A) 

+ (0) 

+ iF) 

by giving x special values, obtain 

those of y to correspond, and so 
form a more correct figure. 

— 00 


+ « 


Ez. 3. Trace ir = 

We have y = ± x- : liencc any value of x gives two o<jiial and opposite 
values 10 y, wliich shows that the curve is symmetrical with respect 
to the axis of x. Also x cannot be negative, for real values of y. 

ill * 3 

will be found to be + Therefore tan\|/ •-= 0 at the origin, and 


increases numerically with x. 



Z 

y 

dy 

dx 

X 

X 

X 



'i 



6 



iiuagy. 


Fio. 7. 
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EXAMPLES IV. 

[Tho student should only take a few of jhese on a first reading, or at least 
until he has read the next chapter. A very few should bo traced carefully ; 
in tho others, only the general form of the curve need be made, distances 
being roughly measured by the eye.] 

Trace the following curves, finding dyjdx from hiut principles. 


1. 

y = x. 

2. 

y + 

a; = 0. 

3. 

-y 

II 

CO 

1 

4. 

■Jt ^ 3 

6. 

y = 

3?. 

6. 

y = 

= (x - ly. 


7. 7 = - 1). 



8- '/ 

= (x - 

l)(x - 2). 


0. 7 . (x - 1)(^ 

• 

— 2 

)(.. - 

3). 10. 7 

= 

; - 

l)(x - 2)-^. 

11. 

y = {x~ 1)^ 

12. 

y = 

1 + ® 

13. 

y = 

= X + XT + 3/ 


14. xy — X 

+ 1 

= 0. 

16. (x- 

- 2)(x 

- 27 ) = 1. 

16. 

cc2 + 2/2 1. 

17. 

11 

+ 

18. 

y" 

= X. 

19. 

y- = 2x - :J. 

20. 

ir = 

: X'! + 1. 

21. 

y = 

1 

- r 

22. 

1 

y = '^+-_ 

^3. 

y = 

1 1 

1 

24. 

(// 

- ly = xP. 

26. 

(7 + 1)2 = jA 

26. 


(x - 1>'. 

27. 


= (u; + 1)^. 

28. 

y(a;2 + 1) = 1. 

29. 

y{x^ 

- 1) = 1. 

30. 

y = 

= .’(1 - u ). 

31. 

y = x\\ - a:). 

32. 

V = 

x^(l - x). 

33. 

y = 

= .^■ ■-\l - xyK 
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CnAI’TRR IV. 

IIVLKS FOR VIFFKHSNTIATION OF COMPOUNDS OF 
FUNCTIONS. 

27 . Prop. — The ihc. of a constant is zero. 

For, from the nature of a constant, no tnunge whatever is 
caused by any change in r. 

Ileiicc, if /y = c (a constant), 
then y k = c, or k = 0. 

/. ^ = 0 for all values of />, however small. 

Jlence, in the limit, ^ = 0. 

dr 

\oTK. -Tin* “ curve” y — c is a etraight line parallel to Ox^ Bo that 
tan = 0 at all points ; hence dyjdx = 0. 

28 . Prop. — A constant factor may be placed outside the sign of 
differential ion. 

Thus, if y = r. /(*'), 

k = c fix A- h)-c ,f{.r) = f . {f{x + h) - f{x)] 

~h~' • 

Hence, proceeding to the limit, 

dy 

dx ^ 

— cf(x) = cf{x). 

So ftlflO for diflferentialfi, d,cf{x) = cf\x)dx. 


or 
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29. The followinj^ preliminary table of differential coefficients 
should be verified by the student and learnt by heart. 


y 

c 

X 


1 

aJx 

Ijx 

dy 

dx 

0 

1 


iSar* 

! 

1 . 

2^* 

_ 1 
X* 


Zx. 1. V = 7^2; 7.2® = 14®. 

dx 

_ 2^ - 2 . _i „ _i _ 

‘ ^ 3 ’ rfo; 3 ~ 

30. Sum or Difference. — If y = f{x) + </>(/) 4- xW + ••• ; 
then, supposing x increased by A, anti y accordingly increased 
by A, both h and k afterwards being made to diminish indefinitely, 
we have 

y + =/('y + /O + + f*) + x(-^’ + /O + ... ; 

. -./W , + A) - 0(.r) x(« il- /O - xW j 

and in the limit = f'{x) 4- 4- )^{.v) 4- ... 

Similarly, if y = /(./) ± ^{x) ± xW ± ... we can show that 

^ ± «/>v) ± X w ± 


Rule . — The dx. of an expression is the algebraical sum of the 
of all the terms. 


K. 1. 


y = 7®® 4 2a5® — 3® + 7. 

^ = 7.3®!> + 2.2®-3 + 0 = 21®« + 4®-3. 


y = (2^® - 5X3 - 2V®) = - 4® + 16V* - 16- 

-4 + 16.54— -r 

dx 2v« V® 


.= 8 - 4 . 


Es. S. 
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Find the d.c.’s of — 

1. 2x — 3. 

3. Ix^ — 4ic® + Sjj. 

6. 3a5 — 2\^ax. 

7. (x + a)(x + h){x + c). 

/y *3 A 

9.0^, ______ 

11. (3^x - 5}‘-. 


EXA.VJPLES V. 


2. + 3ux — a®. 

4. C2x - 3)(a: + 6). 

6 . “■ 

8. 

a; 

10 . (2^/x - 3X3 ^/x + 2 ). 


12. ( 4- 3 v^'O" d* ( + 3 6)“ 4- ( + 3>^/ c)*4 


1 . 2 . 

5. 3 - 




2. 2-6 4- 3a. 

e-i--/.- 


Answers. 

3. 21jy - Sx -f 3. 


4. 4x 4- 7. 
7. 3^2 _j. 2 (a + l> c)x + l/c + ca + ah. 


8 1--!^,. 


9 . + 1 . 

ViC X- 


10. G-^. 


11 . 9 - 


15 


12 . 


3( X -i- aJ (I •¥ h 4" 


31. Product of Two Functions. 

Let ?/ = f(j’)cl>(x) ; then, reasoning as above, 
k = fix + h)^ix 4- h) —f{x) <fi(x) 

=f(x + fi){4.(x + h) - <t.{c)} + <f>(x){f(x + /,) -/(x)} 
by adding and subtracting the term tf>(x)f(x + h), 

in the limit, ^ + •t>{e)f'{x). 

Or, if u and v be functions of x, 

. dx dx dx * 

1 d.uv ^Idu I dv 
or aj^in» ^ ^ udx’^'vdk* 
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32. Product of Several Functions. 

If y = uvw ; Vy IV being functions of 

by Art. 31, 


dif d . . -dio , dAiv 

= T = uv-r + IV — ; — 5 

dx dx ' ' dx dx 


dw •, / (I V dux 

(f{ a L V — \ 

ch: dxj 


d , , du dv dw 

I.C. ~r {UVU') = -j-VW + V-z-W + IW —r • 

dx ' ' dx dx dx 




1 d,iivw 
urir 


d^ 


1 du 1 dv 1 dw 
It dx V dx ic dx 


This can be extended to the product of any number of 
functions. 


Rule. — l)iffnmfi(dc in turn each factor^ writing down the others 
{left alone)^ and add together the results. 

Ex. 1. y - (x — 2) (2a + 3). llcie w = a, — 2 ; v ■«: 20" + 3. 

/, ij! ^ (e - 2).2 + Cix + 3).l = 4 a - 1. 
dx 

Ex. 2. y — (V**' d- 1)(V**^ + -Xv^ 3). 

+ 3) + (^a: + + 3) 

+ (V® + i)(V* + 2).^^^ 

r 2^a; ^ -h 6 + X + ^Jx + 34-® + 3v^a5 + 2} 

^ 3a; + 12 + 1 1 

"■ 2^x 


Sx. 8 . y = ( 2 a;® — 5 a; — 1 )®. 

Here = ( 2 a;® — 6 a; — l)( 2 a;® — 5 i« — 1 ) ; i.o. u and v are equal. 
^ = <2®* - 6® - 1X4® - 5) + (2®* - 6* -* 1X4® - 6) 

« 2(4® - 6)(2®* - 6® - 1). 
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EXAMPLES VI. 

1. Fiiul the d.c. (by the rule for products) of — 

(1) (2x - - 3). (2) (2x2 - 3)(3x3 - 2). 

(3) (sc* — 3a; — 7)(/a;2 — 3a' — 1). (4) x(x — 2/^x — 1). 

(6) (2x - + l)(a; + Aa/x + 3). 

(6) (» + i)(2a: - (7) (a: + IX® + 1)(® + 1). 

(8) (2w - 3a)(3x + 4aX4a: - 5a). (9) 8x(2v'a: - 5)(3 + 4x). 

(10) + Va)(3v^x — a / cl ). 

2. Use the same rule to find the d.c. of — 

(1) x2 , £c3, x", n being a 4-^* integer. 

(2) (3x + 5)2, (3x' + 6)3, (.3x + 5)S (3x + 5)". 

(3) {ax + J)2, etc., as above. (4) (x® -f- a2)2, etc,, as above. 

(6) fic’ (writing it in the form of xaJx). 

(6) (or v/,.). (7) (or 

Ans>\VEI18. 

1. (1) 28x - 41. (2) 30x« - 27x2 - 8x. 

(3) 2(14x3 - 36x2 - 4Ia; + 12). (4) 2x ~ Sv'x - 1. 

(6)2(2x + |). 

(7) 3(35 + ly. (8) 72xS - 68ox - 43a* 

(9) 8(2035^* - 40x + 9 V® - ir')- (10) 9 - 5^a - 

2 , (1) 2x, 3x2, 4x3, nx"~L 

(2) 6(3x + 6), 9(3x + 5)2, 12(3x + 5)3, 3n(3x + 5)-i. 

(8) 2a(ax + 5), 3a(ax + 5)^ 4a(ax + 5)3, na(ax + 5)*“*^. 

(4) 4d^a^ + a*), 6x(x2 4. a^)^, kx(x^ + 2nx(x2 4. a*)""**. 

wM o) -A- 
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33. Quotient of Two Functions. 

Let y = \ ; then 

<P('7 

k = + _ /W =/(£+ 

4,Ij-. + h) >f>(.rj . if,(x + h)<i>{.c) ’ 

whicli may be written, by adding and subtracting the intermediate 
term 

_ + //) + h ) - ^{r)} 

+ //)^(.r) 


■■ h-li>{.r+h)^{.r)Y^' ’ k 

and, proceeding to the limit. 




<ht ^ - /(■r)4>'(.v) 

dr ' 


dil __ fify 

y = % then 

V (fx V' 


34. This might also have been deduced from Art. i)!, thus: — 
If 7 / = then u = rij^ where v and y are both functions of 


as also is of course. 


Hence 


(lit 

dx 


dx ■ dx dx V dx * 





I idu dt*^ 
v\dx V dx\ 
du dv 

^dx ~ “rTT as before. 
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Ex. Z. y = 


C2u.-.S)(x-l) 

X- - 2 


This may he written 2.ig — 1 + 




whence = 2 + (2LZ^) - • * , - 8- + V 

dji '(j — 2)- — *2;- (x — 2)- 


EXAMPLES Vn. 

Find tlio d.c. (hy tiie rule for quotients) of — 


X + 1 ' 

2. 

• / *3JU 

- -2./ * 


3. 

1 - x' 

5. 

a + hx 
c + dx 


6. 

7 ^ 


■X 


9. 

■ .1- + 1 


1 — X“ 


10. ^--V 

11. 

v/x- 1 
+ 1 ■ 


12. 

+x + 1‘ 

14. 

- 1 )<■.-■ 
(•'■ - ^)(x 

- 4) 

- d/ 

15. 


16. 


A/, -f hx^ 

- hj) 


1 

. ^ r 

r- 1 


1 

a/ r, 


Answers. 


1 . 


(1 + X/ 

he — ad 


9 . - 
,19e 


(c + dxj 

1 

2a: V®' 


6. 


(.'i - 2;./- 
2 


3. - 


1 


7 . - 


-h 1;-^’ 


4 . 


(a;5* + x + ij^ 

>1 

16 . 


(2a: - 3/ 


(I - .r):.^ 

» 1 +a:2 

(I - x^y 

1 

JxQx+ 1)2- 

,4 - 5) 

(a: - 2)'^ (a: « .3)‘i 

16 , 

(a — &»)“ 
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35. Function of a Function. 


Lot u (1) 

and 1 / = <f,(u) . (2) 


so tliat 1 / = Required 

Before proceeding, it should be*iioted that u may have more than one 
value corresponding to a given value of x; and y may also have more 
tlian one value corresponding to a given value of u. This will not affect 
the argument, provided that we fix upon one .set of corresponding values 
and keep to them throughout. 


Now let X be increased by A.r, and suppose 7i to be increased, 
in consequence, by A?/. In (2) we matj me thifi same increment 
as if it were an arbitrary one ; let y be increased acc;ordingly 
by A?/. 

Then since An is supposed to be the same in 

A c Au A./‘ * ^ 


botli fractions ; hence, 
all vanished, we get — 


Or, if // =- 


in the limit, when A.r, A?/, and 

(1y (1y (In 

(Lr da dx 

dy _ d^ df 
d.r df dx 


Ay have 


36. This may be extended. Thus, if n = /(r), 

V =-- <^(//). 


dy __ dy d v du 
fix dvdu dx 

And similarly for the general case. 

Ex. 1. y = (,2x? - 3)2. 

We have y — say, where u = 2xr — 3, 


Also — 2x1, 
du, 


^ = 4«. 
dw 


.'/ = x {>') ; 
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Ex. 2. u = 

- .. ■ 

— . 

= ._ 



V^l 

— 9? 

u 

whore 

V = 

: 1 - x2: • 

,dv 





‘ dx 

also' 

du _ 


, and 



itv 

2 

< 

du 


f? if _ dij dn du 
d.i: dn dv dx 




Ex., 3. y = 


a'V" (1 - a,--‘)v/r- *2 (1 -'a;2)S‘ 

2® - 3 2® - .3 


v'l - 


say, where ii = Vl — = ijv say, 


do 


\frhere u = 1 — — 2a;. 

Also = - — . , 

dv 2yv 

, rfu ^Zm dv 2x 
r/./; “* dv dx ^aJv 

And, by the rule for quotients — 


X 

Tr\ - 


*Ji - 

dx 


2« - (2® - 2 v'l - - ‘5)— “ 

aa; ' 


_ 

(1 - ,7=^) 

_2^1 - + a:e2a; - ^ 

(I — x^)'^ (I — x-)^ 


Find the cl.c. of — 

1. (3a;2 _ 5)2. 

-i- 

Sx - 6* 


EXAMPLES VIII. 


2. (r7a;2 + 5 j: + c)®. 


rta;2 -f 6* 


Vl + x2. ^ 8. 

10 . (2®2-.3x + 5)“^-« + 




13. 


a + as 


11 . . * 
\/ a + a 

a;2 ^7 aa; + a® 


14 . 


V®* + o?* 
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Answers. 


1. 

l2jB(3a;2 _ 5). 

2. 3(2ax + hXnx^ + hue + c)*- . 

3 . 


)\ 4. 

. _ 2ax 

1 C3.e - by 

+ ly 

6 . 

3 

as^‘ 

*7. ■ 

\/l -h 

a®'— of 

9 . 

- 

10 - _ “ ■** _ . 11 . 

2(2.i2 _ -h 5)^ 

a 


1 

+ 

1 

12. 

2.r 

. 13 

+ (i^x — * 

(x“ + - l)- 

• .. 14 . 

(a2 + x^y 

(x^ + 


37. Inverse Functions. 

y = /(/) (1) 

Thon we have seen that / must be some function of ij ; this 
latter is called the mver^o function. 

As examples of direct ahd inverse functions, we bsitVe — 


Direct 

Inverse. 

y = a*’ 

a; = ^ty 

y — sin JT 

X = siu"' y 

y = li>g X 

X =z 

etc. 

etc. 


The last-named arc called togariihmu' and erponenfial fnnctipns 
respectively. * ' * 


38. Let the inverse function be represented by .r = ^(//) , (2) 

Remarks similar to those in Art. 35 ai)ply here. In differentiating we 
must jiote that for a given value of x ia (1) there may bo many values of 
y. If we substitute tliese values in (2) wo may get still more values of x, 
but amongst these values must be included the original given value of x. 
We must then fix upon that value of y, obtained from (1), which on 
^ substitution in (2) gives (among others) the original value of sc. 

P 
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On the above understanding, let a? in (1) be increased by in 
consequence of which y is increased by Ay. Then it follows that 
in (2) this same increase, Ay, of y must produce the original 
increase, A.f, in since x and y are understood to be the same 
in (1) and (2). , 

TIence ^ ~ = 1 for all values of Aa; and A?/ (corresponding) 
A.^• Ay 

however small. And, proceeding to the limit, 

= 1 

dxdtj 
dx _ \ 

Or. fly dy 


Ei. Let y = then x = ?/ ; 

'i?= 2;/ : ^ 

" dy " dx 'iy 

Other examples will follow. (See Aijts. 52, etc.) 

C '«/•.— It ftjllows that the result of Art. .‘)5 may be written — 

= Aif. 

//./: du, ! dn. 


EXAMPLES IX. 

Find the d.c. (by neing the inverse function) of — 
Vl + as + 1. 


/%/! — a;. 


1 . - 


4 . 


2\/i — X 

f 

/'I 


2*^1 -®)* 


6. iri. 


6 . 


Answers. 

1 


iJv'l +x 
3x*’ 


Va + x’ 

e. 

a — 05 


3 . - 

6. 


2(a + fit;)2 
a 


(a + a5)*(a — ac/ 
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CHAPTER V. 

DIFFERENTIATION OF STANDARD FUNCTIONS. 

39. All ordinary expressions in mathematics will be found to be 
built up from the following fundamental forms : — 

(1) The algebrai(5al function, 

(2) The exponential function, 

(3) The logarithmic function, log x. 

(4) The direct circular functions, sin .r, etc. 

(r>) The inverse circular functions, sin“^ .r, etc., 
to which wc may add — 

(6) The direct hyperbolic functions, sinh ar, etc. » 

(7) The inverse hyperbolic functions, sinh”^ x, etc. 

Hence, by obtaining the d.c.’s of these, we can (by the use of 
the rules for the combinations of functions given in the Last 
chapter) find the d.c. of any ordinary expression. 

The hyperbolic functions will be considered separately. 

40. Differentiation of x\ 

Ijet y = ir”. 

(i) Let 71 be a integer. Then 

Jc = (.r -f h)'* — -f higher powera of h 

■ = -f- say, K | being finite 

Bfor finite values of x, 

I = 

t We shall iiso K to denote “ some multiple or,*^ when we lire not concerned 
Bvith its actual value. Moreover, the same symbol will he used for different 
^j^ultiples, as, for instance, in case (ii) below. 
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Hence f ^ 'j = nx’‘-\ 

dji \hJ 

(ii) Let n be negative or fractional. 

Then k = {x hy — x” = x^ (I -\-hjxy — r" ; and as long as 
X is finite, however small, we can make h smaller than a:, so that 
the eximnsiou of ( I + /T/a*)'* is convergent or finite. 

=r .r” ll -f - 4- A’A“j — a-” — 4- JC/i\ A" being finite. 

4- A k ; and, as before, 

/i dx 


Hence, for all values of n, we have 


d 

dx 




41. The ( ases of fi actional and ncc;ati\ o powor'^ may be also taken as 
follows : — 

(1) Let n be a positive fraction = sa}^, where y and q are +' 

intej^eis. 


Then y = ; 

by Alt 40 (1) [see also Ait 35] 


(lx q ‘ q 




- 

— Xq 
!? 


(2) Let 7? be amy negative cpiantity = —m say. 

Then y = x'* = ; 

/. yx^' = 1. 

/, y . + ^”'dx ~ ^ since m is 


^ dy ^ 'iny 

• ‘ ~ ~ X 


— 77? = MX"" h 


Hence the theorem is true for any value of n. 

Cor . — If y = w", u being aii\ function of x, then ^ = nw . 

• dx dx 

d _ .du 
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42. Bxamples. 

E*. 1. If y ^ V X = ; 

- a® - - 2^3,- 

^ - :c + 1 ■= - 3^-= a, + 1. 

,. g . _ 1„-1- . - 1) . _ • 

Ex. 3. y = Vl + a;2 = v'"; 

• _ 1 ® 

Similarly, if w = a/I — x-, ^ 

" dx ^ 

Thcbe iivo results should be learnt. 


— X 4- 1)^ 


EXAMPLES X. 

1. Write down the cl.c. of- 


(1) x^, x'*, 3x'‘\ (2) x“i, x“2, 3x“^^+''’. 


/ Q\ 1 ® 1 

^ ^ x^’ X®’ iOx''>’ 

1 , 

jjn-l’ (1 _ q)x'*~^ 

, _a »»+J 1_ 

(4) X®, X X"-*, X 

(®) X^x, x/x, V^x, ^*lVxf 

^alVx. 

2. Find the d.c. of — 



(1) (x-* - a2)'>. 

(2) 3(5 - 4®2y. 

(3) (ax^ 4- 2/ix 4- by. 

(4) (1 - ®»)-i. 

(6) — a^. 

(6) {a* + x*)^. 

x(2a — x)’ 

1 

W >>- — -2- 

lax — X-® 

(9) Wx + . 

<“) L-J- 

(11) VaT-' + «->• 

n— 1 

(12) (»’•+' + 


3. Find the d.c. of — 
(1) (1 -x2)v'r+x-*. 



w 


(x — fl)"* 
(x + a)"* 


(3) 


x2 - 2a3 
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Answkks. 


(1) 4x^j 5x*y 30x^j (a + x\ 

(2) — x~‘-^j — 2a)”-, — 7205”"”', — 3(2? + 

/'S') _ ?!? _ V _ ^ £. 

'' ^ a;*’ a;**’ a;'^’ a?" ’ x'^' 

(i) - -43;“^, “ ■'■ 'x— ^ 

^ '22- — 1 1 — 7l 


(5) l/3a5*, l/4a;^ 1 / 222 ; »* , —3/./;^, — l/.z; 


+1 »_+} 

« , — ajx '2 . 


2. (1) 10a;(a;-^ - a-)^ (2) -lG8a;(5 - 4a:‘0®. 

(3) 2n(rix + h')(ax^ + 2hx + /j)'*”^. 

(4) <1 - (5) - 

(7) •Y^r ~'“\2- (8) - — " . (9) "(Vx+v 

a;-(2(t - a)* (._>ua: - o;-’)’ V-« ^ 

(10) ax^-iKa" - a’O't". (11) - ,/.:!(»-■ + «-’)~»' 


(9) ,.(Va; 


(11) - + «“’) 


(12) (;t-l)a;"(a,'‘+l +a’*+‘)~”fl- 

3 /'I') - (2^ x(.^; » - :?) , . _ 9;3 

V 1 -f- a;- * (1 + —X*-* (a- - a;-)* 


43. Differentiation of e* and a*. 

Let y = e*. 

Then, k = 6*+^ — ^?* = — 1) 

= cf |(1 + A + .,J +...)- ^ J > ** convergent series, 
= Ae* + JTA" ; •■ 

A ^1=. It (^')= t'. 
dx /«o \ h / 



§ 43 , 44 .] BTFFERENTJATION OF LOG^X AND LOGaSC. ’ 3[) 

Again, let ^ = a* = (e ®)* ^Misc. Theorems ( 1)] = e ^ =z e‘ 
say, where z = x log 


. dz , 
..^ = log« 




/. ^ ^ = e* log a = log a. 

dx dz dx ^ ° 


flence = e* ; = a* lo:; a, 

dx dx 

Cor , — If y — 6“, 2« being a function of a:, then 

du du d du 

dx ^'\lx ’ dJ' " ® 


44. Differentiation of log^.i; and log„.f. 

Let // = log r. 

Then L = log (t + r- logx = log = log^l + 

- -L 

convergent for all finite values of x when h x >< 1. 


h 


i + Kh 

X 


= i. 

** dx x' 


f 


Again, let y -= log„^ = log^e log^.^; 


. dy 

■ ■ dx 


1 lo",^ = , ^ \_Misc. Theorems (4)], 

X ,f log n ' 


lienee log .;■ = 1 ; log«.i; = , — . 

dx xdx X log 


Cor , — If y — log M, u bfing a function of a?, then 

dy 1 du d , 1 du 

: or -j log m = - - 7 -. 
dx u dx dx udx 
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* 46. The proofs in this article and the next do not involve expansion 
into series. 


If 2/ = a"', we have, 

a* — 1 

Now let — (which is undetermined when h — 0) ■— m. 

/. a* = 1 + mh . 

and h log a = log (1 + mh) 

= mh log (I 4- 

/. m = 


( 1 ) 


( 2 ) 


log^/- 

log (1 + rnhy^h 


Bat . « (1 + = c, since 7 nh vanishes with h [as may ho seen by 

/i=0 

putting h — 0 in (2)].t 

d'^ ~~ 1 

the limit of /ti, or — , is 


/. in (1) 


i- log a ; 
log e 

^ log a. 
dx 


46. Jfy = log«a;, 


+-)* = <■; 
h=o\ xj 


. 1 1 1 

• • > ■ 

ax X X log a 

dx d'u 1 

Or, ifj/ = log,®; ® = ^- = aOogft = ®loga; ^ 


t This statement is necessary, for it might happen that m is infinite in the 
limit, in which case mh might not vanish with h. 
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47. Examples. 

Ez. 1. 2/ = i where u = ax^ 

. du 


dx 


dy tht du 

-r = • 

dx du (U/c 


Or, at once^ by Art. 43, Cor., 
dx 


^(ax) = ae"*. 
dx 


Ex. 2. y ~ c = c“ say ; where u = *J\ — x^. 

. du _ X 

dx V 1 — x^ 

“'r/a; dudx Vl — Vl — a 

Or, ,t onr,c, 2 = cV-.-' 

Similarly, if y ^ 

Ex. 3. 2/ = log «a? = log a + log x. 

• = 1 
' * dx X 


Ex. 4. y = log {2x- — 5). 

We have, once, by Art. 44., Cor., 


^JL = . _'!?/-2x2 - S'* - 

da: (2®3 _ 5) rfx'- " “ 2a:3 - f 

Similarly, if y = log,(2a;“ “ 5)> J ^5)168 a 


_ _ 1 'V^ i + £C*^ + { 

Ex. 6. y = log- 


^ V 1 ■\- — X 

liationalizing the denominator, 

'> ® 1 + sc* - iC* 

where u = + x. 


2 log ( \Zi 4- x^ +*a;) 


,2 


= 2 log 
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1 . du _ ic ^ j _ V 1 4- it" + jr 
’ ' ~dx ~ V] + a;- ~ Vr+ 

* . dy __ dy du __ 2 \^ \ + x^ + x _ 2 

du dx u V 1 + x^ a/ 1 4- x^ 


Ex. 6. y = 


fic'(l 4- 

~(1~- a;-0" 


When products, qiiotiojits, powers, and roots occur exclusively, it is an 
advantage to take tlio logarithms of both sides, and then dillcrcntiate 
This process is called loyarithmic diffcreiitiation. 


Thus logy = log a: 4- » h'g(l 4- x*) — :] log(l — x-). 

• -4- '1 

* ’ y dx 2.C 2 i + 2 1— j - 

:) <V_ ^ :\n 4- -I 0 

' J - .id ■ 2.WI- y'‘) 


MuUiiilying up by y and substituting its value, 

_ *'d1 4- l.c" — .<■*) .'i fl 4- .r-)^ _ .T/J’(l 4-'>'")' / 1 _j_ 

i/x 2.»'(1 - x^) (t _ 2(1 - x~y 


Ex. t. y — u'^, u and v heing hofh fnuclious of x 
Wo Iiave log y = wlog u. 

1 <l>/ - 'l» [Alls. 31 ; Cor.] 


« dx 


y dx dx 

dx u(x a axj 


dif , «_i 

\n . + yit** ‘ 

tfx 


du 

dx 


This is an important case, and the following rule should be noted : — 
Bulo. — (1) Diflrcrcntiate on tlic .suj»pnsition that u is constant. 

• (d} ., ,, ,, y ,, 

(o) Add tlm tw'o results. 

Thus, . 

(1) Supposing uQOXifitOiXit, ^ 


C^) 


An’ = A u’. 1“ = v«— 1‘ [Art. 40]. 
dx du dx dx 


Adding, we get the same result as before. 

See the Chapter on “ Partial Ditferentiation.” 
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EXAMPLES XI. 

1. Write down the d.c. of — 

(1) e2^; e*"; a«*. _ 

(2) eV'' ; ; e"^+; ; a'^w, 

(3) 2-; 7/iV^*; {a + />)" ; (2.^^ ; (.5)'^“^ 

(4) lo^2x; log (2a;- 3); log(a;-+ 1); logA/a/TT- 
(6) log,„a;; log^oo;; log,(rt.a;‘-^ H- 2/ia; + 6); log„a;. 


2. Find the d.c. of — 

(1) (2) <!* ''■ 

(4) 1os{n'..;(^'x-1)}. 


(6) log 


Vl H- ■xi 


<S, 


- 1 ; 

,i; + 1 


(3) log \{x - 2)(a; - 3)}. 

(5) log(a;4- 

'’>h-(v^£;V"2> 


(10) lo<. 


(9) 

1 4ri))3 _ 1 

1 4- + 1 


( 1 — «;-)(] 4- 2a:- j 
(i ■h a-’^Cl - 2x2)’ 


3. Find the <l.c. of — 

(1) X- (2) (2x - 3)2-3 ( 3 ) _ i)V*. 

(4) (1 4- l/x)^ C5) ?6’‘. 

4. Trace the gra|>hs of the fiiiictioiis e% logx. 


Axswf:rs. 

1. (1) 2e2^; 2a2^1oga; c*^+3j 2a2j+3jQg^, . 2xe*‘' ; 2cxa**"logffl. 

( 2 ) 


1 V* t ^ vsjx 1 

c , —-a log a; 




2y/x 


- - IX log a. 


(3) 2* log. 2; (« + log (a 4- 2>) f (2e)*(log. 2 4- 1) ; 

-2x(J)- -Mog.2. 
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(4) 

1 . 2 

2x 

X 



X * 2a; — 3 

’ a;-* + 1 ’ x'* 

+T 



(6) 

1 

1 

2(frx 4- k) 

1 

X log m ’ X 

10 ’ (ax-^ 

4- 2/ix - 

f- b) log a ’ a;(l 4- log a) 


(1) 

. 0 — 

- eW^-^. 


(2") 

®(2-3®2)^..^(=I! 


27® 

- 1 



7i — x‘ 

(3) 

2a; — 5 
(x'^2)5c^ 

;i)- Wo 

2 ^/x - 

x(^ y/a; 

1 

(8) 

V a;- — 1 

(«) 

2(i-®=-®r) 

a'(i — a:*) * ^ ^ a 

X 


7,<.3®^^ + 2®-3) 

^ 2(®-l)i(®+l)’ 

(9) 


2.r(l 4- 2a *) 



3 

(1 -®-')ki 

+ 2a:~)-(l + 

®^)5(i - 


! ®7r +v 


3. (1) xf(\ + log®). (2) 2(2® - + log (2® - 3)}. 

o - 1) - 1) + 4^-}- 

(4) (l + i)'{log (l + i)- 1 I ,)■ - W “X' + ^^SU)2- 


Differentiation of Direct Circular Functions. 
48. Sin 2 ; and cos a;. 


Let f/ = sin x. 

Then k = sin ( 7 ; -f- /<) — sin 7 ; = 2 cos ^ 7 * -f sin 
/. I - 1/1) = 

dx ® \ 2/ \ 2/2/ 

Similarly we can show that if // = cos x ; then = - sin x. 

Otherwise, y = cos x = sin 

= cos f- - .ci). '[{r, - - sin ®. 

dx \2 / / 

-r- Sin a; = cos x \ cos ar = - sm x. 
dx dx 


Hence 
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49. The following is a geometrical method : — 



'k = It 91 = cos FQR = cos ar. 

(Ix PQ 

A similar proof can be given for the other circular functions. 


50. Tanx and cotr. 

r . . sin X 

Lot -y = tan x = 

cos X 

Then “ 5 ~ (mle for quotients) 

(/x cos- 

cos- X 4- sin® x ^ ^ 

cos® .V 

Similarly, if y = cot ./*, = — cosec® x. 

Otherwise, as in Art. 4S. 

Hence, r tan x = sec® x ; 4 cot x = — cosec® a?. 
dx dx 


51. Sec^ and cosec 2 *. 


TiCt y = sec x = 


2 

cos x' 


dy 

dx 


cos® X ’ dx 


cos X 


=r sec X tan x. 

cos® J? 


Then 
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Similarly, if y = coscc a", = — cosec x cot x. 

jXgiicg — SGC X = SGC •/* tnii X coscc £c = — COS6C X cot Xm 
tix 

Note. AU of the fatioa might have been difTerentiateJ from first 

principles, as in the case of the sine. 


Differentiation of Inverse Circular Functions. 
52. Sin“^ X and cos"^ x. 
liGl !J = d\ 

.r = sin /y. and \vg shall use Art. 3 h. 

/. = cos /y = t — » 

iff/ 

1 

* ' (i.v Vi— 

Again, if If = cos"^ ^ ~ ^ 

dij ^ _ 1 

dx V 1 — .r 

H»C. ' - + -J , y, ■ I - V , 


63. Tan~* x and cot"* *. 


Let !/ = tan~' x. 

Then a: = tan y, = sw® y = 1 + a* 

”di 'l+x?' 


. Again, if y = cot"’ * = | t ‘ = 

Hence ^ ^ = + l^b ’ £ * 


1 

1 

_ 1 
1 + 





first 
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54. Sec“^ X and cosec-^ x. 

Let y = 860 “^ X. 

X = sec y ; 

(lx 

= sec y tan y = x^x^ -> l ; 

.dy^ }_ 

'' dx iV.t“ - 1 * 

Again, if y = cosec*'^ = - — see”* x ; = - — - ^ 

^ dx^ x'J j} - 1 

ileiice sec”* x = ~ cosec”* x , . — 

dx _ 1 dx - I 

Or, y — sec”"* x = cos""’ 1 = co8“* ft, where = 1 ; = — I; 

X X dx X- 

. t/v/ _ _ 1 _ 1 / 1 \ 1 

Vi — i/*" \ ^'/ » 1 

65. Vers”* .r and dovers”* x. 

TiCt y — vors""^ x, 

Thun X = vers // = 1 — cos 

sin ij — “ cos- f/ = - (I — x)' = 

. 1 ' 
dx V*-j; — x^ 

Agfain, if y = covers”^ a: = - — vers”^ x: ^ — 

’ 2 ' dx V2x -'x*^ 

Hence -f vcrs“^ x = -.— 3-- - ; ^ covers"' a; = — , ^ — . 

V2x — X- V2x — x'-^ 

[ 56. All the inverse functions may be differentiated by direct 
[methods. ’ 

Thus, if ^ = sin“"' x, 

_ sin"' (x + h) — sin"' x _ sin"' {(x + /t) Vl — x* — » Vl — (x + | >. 

T A ' 
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Now, when h is small, the numerator is an angle whose sine is small (as 
may be seen by putting h = 0). And since sin 6 and B approach equality 
when e is diminished indetinitely, we may replace either- by the other. 
[See, however. Art. 15.] 


Hence U-=-.Uik (■« + /Q Vi - - xVl - (x + hy 

h dx * h 

= (rationalizing the numerator) T, ^ 

U x\l - 4- 2 a;;<l - + ^(1 - a;2{(l - x ^) ~ 2x7i - h^} 

h{(x + h) Vl — X- + x\f 1 — (a5 + A)^} 

which easily reduces to — — ^ 


To differentiate cos"' x in the same Avay, we must put 
k = cos"' (x 4- A) — cos"' X 
= sill"' [jr v^l — {x 4- hy - (a? 4- A)v^l — x ^] ; etc. 


67 . The expression double-signed. It should be noted, 

VI - 

however, that have taken both sin~^ x a)(d cos"' x to he angles in the 
first quadrant. In this case sin"' (x+A) is greater than sin"' x\ i.e, 

therefore sin"' x, is 4- Similarly, cos"' (x 4- A) 

is less than cos"' x ; whence cos"' x is In reality, sin"' x and 

cos"' X are many-valued functions, and in the case of both of them the 
d.c. is ambiguous in sign. 

Thus, suppose x to bo -f then sin"' x represents an angle in either 
the first or second quadrant. In the former case we have seen that the 
d.c. is 4-^*; hi the latter case sin"' (x -f A) is less than sin"'® (or the- 
anf^e diminishes while the sine increases, as may be seen from a figure), 
whence the d.c. is — 

If X be — then sin"' x represents an angle in either the third or 
fourth quadrant, and wo can show that the d.c. is — or 4-^ accordingly. 

Similarly, for cos"' x ; the other inverse functions may also be discussed 
in the same way. 
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68. Table of Fundamental Forms. 


V 

k.. 

dy 

dx 

y 

dy 

dx 

9 

a;" 

nx“~^ 


1 

a* 

log a 

sin"”’ X 

Vi — 

1 



1 

log^a; 

1 

COS“‘ X 



' . ' X log a 

^ 1 

X 

tan~’ X 

1 

log X 


1 +x® 

Bin X 

cos X 

cot~' X 

1 

1 -t- X® 

1 

X\/x®— 1 

cos X 

tan X 
cot X 

— sin X 
sec® X 
— cosec® X 

sec~’ X 

sec X 

sec X tan x 

COSOC“* X 

1 

coseo X 

— cosec X cot 


xy'x®— 1 


This table should be committed to memory. 


59. Examples. 


Ex. 1. y 


sin^ X. 


dy 

dx 


3 shi^ X 


d sin X 
dx 


3 sin- X cos x. 


Ex. 2 . y — sec'-^ x cosec x. 


r= (sec2 x') . Gosec X + sec2 x. — (cosec x') 
dx dx dx 

= (2 sec x . sec x t*an a;) cosec x + sec^ x{ — cosec x cot x) [Art. 36] 

= 2 sec^ X — sec x cosec^ x = sec x(2 sec^ x — cosec^ a;). 


Ex. 3. y = cot 


/5^2 . 3N 

Vcc + i 7 


= cot u say, where u = 


6a;2- 3 

x+1 


• = ^x(x H- 1) — {5x^ “ 3) _ bx^ -j- lOx + 3 

"dx (j^+~l)2 


• *jy ^ 

* ' dx ^ dudx 


— cosec^ u^- 
dx 


(a? + 1)2 
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£z. 4. y — ; say, where u = cos x. 

V 1 4- cos‘^ X V 1 + 


To find dy/du, wc^liave — 

log y = log u — \ log (i 4- w-)* 

i 1 3 -o. Y Oor.J 

'// ,/u I + du^ ^ * -* 

= 1 - 

u 14 ^^(1 4- ti-)' 

y }_ _ . 

" ■ r^7i 'U(l 4- tir) (1 + ?«-;! ’ 

. _ dy da __ _ sin a; 

" ■ dx du dx (1 Y cos*-^ 


.*. = 

dx 


[Art. 35] 


Ex. b. y = scc-i i) ” ^since scc”i a = cos~ 

.-. ^,.=— ^ - ---^ • -^ „ [Art. 35] 

tZa; / 4x‘^ tZic 1 4- x- *' 

V “ ( i ■+ 

1 4“ x^ 2 ^ 

V(1 -f- ^ 

_ _ 2 ^ “1" I — a4 _ ^ 2 

‘ \l~+x- p ~ 1 4-~x^* 

OtJierwisejimt X — tan 0; 

. 2 tan 0 

... y = co.s-1 J-— - = cos-' .Sin 29 = 5 - 20 = ^ - 2 tan"' ai. 

_ _ 2 L. = _ A__ 

' ' (Zx ' 1 'f a;- 1 4- a;-^’ 

For a list of substitutions, see Art. 337. 


EXAMPLES XII. 

1. Write down the d.c. of — 

(1) sin (x 4- 1), cos2x, tau (1 - x\ cot (3 - 5x;, sec hx, cosec (a - lx). 

• 

(2) sin x®, sinjflj, cot Vx, V cot a-, cosec (1 — \f x). 

(2) tan sin x cos x, sec (x — -\ cot^ x, — 

> ' X \ X/ ' cos x^ 



§ 69.] EXAMPLES. 

2. Find the d.c. of — 


(1) 

sin 

X cos^ X. 

(2) 

sec X coscc X. 

(3) 

sec X 4- tan 

w 

cosec X + cot X. 

(6) 

sec- X + tan2 x. 

(e) 

sec" X. 

r*r\ 




a 

a — i 

fo'i 

^ 2x - R 

rio> 


1 

rii 1 

1 + tan X 


sec X 4- tan •, 




1 — tan x' 

{^14) 

sec X — tan : 

Find the d.c. of— 





(1) 

sin~ 

* -. 

a 

/O) 

i lan”^ - 
( 

(3) 

- sec * 
a a 


• - 

t / 

tK\ 


(6) 

tan”* — 

(7) 

tan" 

■* (1 - 2x). 

(8) 

coscc”* V‘2 —Ic. 

(9) 

-1 1 
sec * , — - 

1 — X 


(10) siri“i X + sin”* — x. (11) taii*"^£C + tan”*-. 

QO 

(12) sec”* X + ycc”* -j- '^ ^ — . (13) cos”^ V2 - us + cos”^ •J x 

\ X- — 1 

^14^ vor<?—* 


4. Find, b}" two methods, the d.c. of — 

(1) sin”* Vl"- a;2. (2) sin”* 2x- VT-' 

(4) tan”* — 1. (6) cot”*— — - 

(7) cosec * - . 


^0) p — 1 v^~. 




/I 


6. Differentiate botli sides of the following identities, verifying the results 

fl) cos X = — (2) sin 2x = 2 sin x cos 

' sec X ^ ^ 

(3) sin 3x = 3 sin ac — 4 sin^ x. 

,.v . .*7 d h 

(4) sm ax + sin hx = 2 sin — x . cos — ^ — x. 


51 
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(6) tan“^ X = sin“i — ^ . (6) 3 sin“i x = sin"* (3cc - 4a5'*). 

V 1 + 

(7) tan“i 33 _|_ taii“* (1 — ac) = cot”^ (1 — as + as^). 


( 8 ) = 

^ ^ 1 + COS05 2 


as *2; 

COS _ — sm - / V 

/•S') bin - 5). 


6. Differentiate from first principles : (1) tan as, (2) sec as, (3) tan”' as. 

7. Differentiate by a geometrical method: (1) cos as, (2) tan as, (3) sec as. 

8 . Trace the graphs of sin as, cos as, etc. ; also those of sin"' as, cos”' as, etc. 

9. Illustrate geometrically by means of the graphs in the last question the 
fact that in the case of tan”' as and cot”' as, dyjdx is single valued for any 
given value of x; while it has equal and opposite values for the other 
inverse functions. 


Answers. 

1. (1) cos (as + 1), — 2 sin 2as, — sec2(l — a;), 5 cosoc2(3 — 605), 

h sec Z>a!,tan bx, b cosec (a — 6as) cot (n — ?w). 

1 cosec^ <J3 

(2) 2a: cos 2 sin as cos as, — 5—7“ cosec^ v^as, — . » 

2v'cotx' 

2^^^ cosec (1 — Vas) . cot (1 — x). 

(3) - cos3 X - f,in2 X, (l + sco (a: - tan (a: - 

— 3 cot® as cosec® x, 3x- sec a:'^ tan x^. 

2. (1) cbs® as(cos2 as — 3 sin® as). (2) sec x cosec as (tan as — cot as) 

‘(3) sec as (sec as + tan as). (4) — cosec ac (cosec x + cot as). 

(6) 4 Be 0® as tan as. (6) sec" as tan as. 


(7) —7 — cosec® V ttx® + b. ($) 
^ * Vax® + h ^ 


€t Ct , €t 

^sec — — . tan-^^— • 

2(tt-a;)S Va-ac Va-x 


13 o2x-3 

(1 - tan®)!!' 


( 10 ) 


(1 — tan x)® 


(12) 2 sec X (sec x + tan x)®. 
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3. (1) 

1 

(2) 

L 

• 


(3) 

X 

x^ x^ — 

(4) 

1 

‘iViC Vl — X 

(8) 

1 

2xV X ■ 

— - • 

- 1 


(6) 

1 

2xV a; — 1 

(7) 

1 

1 ^ '2x + 2x^‘ 

(8) 

1 

2(2 - a;)Vr 

- X 

(9) 

1 

^ix—x^ 

(10) 

0. (11) 0. 

(12) 0. 

(13) 0. 


(14) -i, 

4. (1) 

VI — x^ 

= costf]. 

(2) 

2 

'^/T^ 

X^ 

\x - sin fl]. 

(3) 

1 r * 

^ , \x = sin 

Vl-x^ 

«]• 


(4) 

L 


- [;£? = see e]. 

(6) 



(6) 

1 

^l2ax ' 

=r^[a; = acoverse]. 
- ct*- 

(7) 

„[x = a tan (?]. 

«!* + 0)2 '• ’ 


(8) 

^I\ 

1 

--[x = cos e]. 
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CHAPTER TI. 


MISCELLANEOUS EXAMPLES. 


60. We sliall now work a few examples on all the preceding 
rules, and involving combinations of all the functions considered. 
Hyperbolic functions will be treated in the next chapter. 


61. Ex. 1. Differentiate y = sin {sin (sin x)}. 

Here y = sin w, where u = sin (sin x) 

= sin V say, whore v = sin x. 

Also dyjdn = cost^, clujdo = cos v, dvjdx = cos sc, 

dyjdx = cos u cos v cos x - cos {sin (sin a:)} . cos (sin x) . cos x. 

Ovy dyjdx = cos (sin (sin sin (sin x) 

= cos {sin (sin a?)} . cos (sin cc) . — sin a? = etc. 

In fact, the answer can be written down in one line with very little 
practice. 

Ex. 2 . y = sin“”^ (log®). 

iy = - (log®) = — , . 

dx a/1 — (log®)-^ dx a;v 1 — (log®)^ 


Ex. 3. y = (® + Vl - ®^) e*'"" = uv say, 

• / du _ , X _ a / 1 — — ® 

where « = ® + Vl - - 1 - i 


and 


dv 

dx 


1 


■ Vr- ari’ 




Vi — 


= ~~ (® + Vi - ** + Vi - *» - «) = 
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Or, put a; = sin S ; = cos 9. 

(lid 

y = (sin e + cos 0)e^. 

rf?/ _ dy do _ dy /dx _ (c os 0 — sin 0) + (sin 0 + cos 0) 
dx do dx do/ do cos0 


Ex. y = (tan a?) 

log y = sin“i a; . log tan x, 

= sin“^ X -f- log tan x + log tan o: • ^ sin“i x 
y dx dx dx 


. _t se(;^ , 1 i. 1 

= sin ‘ X . + Jog tan x . , 

tan X ' V 1 — 

siii“* X loii; tanjc 

sin a; cos a; aJ x^ 


. d\i 

* * dx 


(tan xV*" 

^ ' i^in fl 


Jog tan X I 

V 1 — 


Ovy l*y Art. 47, ?lx. 7 (Rule), 

= (tan a;)"‘““'"'.log tan x . ~ siii"’i x + sin"i x (tan 


, ^ _i fh)<x tan X , sec^a; sni ^ X) 

= (tan ^ + I = 


etc. 


tan X 
dx 


Notk. — T he second method should be adopted as well as the first. In 
fact, the second method is the preferable one for the more experienced 
student. 


Ex. 6. Jf x-’ + y'* = 3axy (1); find dy/dx, and determine for what 
values of yi and y, dy/dx is zero or infinity. Give the geometrical inter- 
'pretation. 

Here y is an implicit function of x. If we were to actually solve the 
equation, and substitute for y its equivalent expression in a;, the equation 
would become an identity. We may therefore suppose this done, and 
regard y as the symbol which stands for this expression. 

Differentiating both sides, we have 

+ 3^*2 = 3a»^| + 

. ^ _ ay — 
dx y* — ax 
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We leave the answer in this form, as is usually done when the original 
equation is troublesome to solve. 

Now (i) dyjdx = 0, if ay = x*. Substituting in (1) 

+ a;® = /. ® = 0 or o\/2. 

To find y, substitute for x in (1) ; 
we have y ~ 0, or y^ — . y + 2a^ = 0, 

which is satisfied hy y = a^4:. Or, we may put x- = ay in (1), giving a 
quadratic in y". 

The values are oc = 0, y = 0; and x = 2'a, y = 2"a. 

(ii) dyjdx = ac if ax ^ y-^ and the method is similar to the above. 

The values of x and y are evidently interchanged. 

The geometrical interpretation is that at the points (0, 0), (2*a, 2^a) 
the tangent to the curve (1) is horizontal; and at the points (0, 0), 
(2‘*a, 2^a) it is vertical. 


Ex. 6. A ladder y of length 1, slides in a vertical 'plane between a vertical 
wall and a horizontal plane. Compare the velocities of its extremities. 

Lot it and v be the velocities of M and N 
respectively; and lot 

DM = sc, ON= y, AMNO = 0; 
dx/dt = u, dy/dt = v. 

Now sc2 + _ 12 ^ X and y being variable 

while I is constant. Hence y may be , re- 
garded as an implicit function of sc. Differen- 
tiating in sc, 

^y. 

dx 

= = "[Art. 24] 

dx dt/ dt u 

vju = — tan 0, 

', it follows that as sc increases, y diminishes ; and 



But 




X 

y 


tan 0. 


Since the ratio is 
vice versa. This can be seen from the figure. 


Ex. 7. Differentiate f(x) with respect to 
If M =f(x), V = <^(sc); 

' dv dw/ dx 
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EXAMPLES Xlll.—MISCELLANEOUS. 

Differentiate with respect to x — 

1. X sin X + cos X. 2. x log x — x. 3. t^{x — 1). 

4. c* since. 6. e-^(sin cc + cos a;). 6. Vlo^. 

7. log sin X. 8. log tan x. 9. log (tan x + sec x). 

10. sill cc . log sin cc. 11. acsinlogcc. 

12. a;(sin log cc + cos log a;). 13. a: sin(ir/4 + log cc). 

14. \ 15. 16. 

17. (1 4- 6*“"”'*. 18. tail”* Vcos cc. 19. logtan(ir/4 + .t/2). 

20. tan tan cc. 21. tan tan tan cc. 22. log sec taii”^ tc. 

23. av^**""* 24. sin^^cc.logsin'ia'. 26. /(cc).log/(cc). 

a ~~ V X 


a — 2x' 

. , a—x 

28. V 2«cC“iB2cos”‘ ~ 


30. (1 + xfx. 

33. (cos cc) 

36. cc'*. 

39. (v'aJ+ !)»»*= 


31. (1 + lixy. 
34. e**. 

37. CC-*. 


27 . y tzj 

V « — . 

29. V2ax — x^ ver! 

» I 

32. (logcc)i. 
36. e'*. 

88. cc’"®*. 


40. 


log s in cc 
log cos cc’ 


* Most of the following examplesj as far 70, may he omitted on a 
first reading. 

41. loga, a. 42. log, sin x. 

43. logp u and v being functions of cc. 

44. ~~~ 2 " — ~ + cosec"* cc. 46. log (a/® — a + Vcc — 6). 

46. log /y/ - tan 47 . f eo"! (sin ? + cos |). 

48. sin"* (cc - 49. ^ sin-i ® 

2 2 a 
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60. + 

a- 1 

.j loR 

^^■ + 

. 

ri~ 4" X~ } . 


61. 

log . A'>Z-J _ * 

\/ tan £C 4 - 1 


62. 

log 

tan ^ (tan“ 

x 4- tan 1 '}). 

63. 

\ V m + n 2/ 


64. 

tan 

-i_ -? 

Vl — x 

1 

. — see ^ - 

Vl-ai- 

66. 

cosec""^f 2 cos- Y 


56. 

log 

a cos X 4- 

b sin X 

_ — , 


V V 




acosx — 

b sill X 

67. 

(coscc-^ X 4- ‘2) cos X 4- log lan^ 

58. 


sco“ bX‘ 



59. 


(1 + x-)^ 


61. log 




e*" + — (i^ 


Vb + a ^- ^/b — a tan ^7 
^b + a — Tf 


62. tan' 


-1 ■" 

- 3nj:0' 


63. X biii""^ X log 4 - \/ 1 — o;'^ log - + log -,■ - - 7 . 

X X 14 -Vl — a;^ 

64 i \os4^'--^y\ + \ tao-‘rli’ +i. 

0 + a;'^ 4* 1 jy/'i >\/ 3 

66 . Diircrontiate x with respect to sin x. 


66. 



V 1 — x\ 

67. 

5» 

sin a; „ 

cos X. 

68. 

»> 

log cos X „ 

see X. 

69. 


Vi - X- „ 

sin”! X. 

70. 

»T 

^nln *1 

^ V 



Find at what points of the following curves the tangent is equally 
inclined to the positive directions of the axes of co-ordinates : — 


71. y = sill X. 

74. y 


= l(e^ -f e «). 


72. = Aax, 

76. a;3 — y3 4 - 2axy = 0. 


73. 2 ^ = ^ Va^ - a^.’ 
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76. Q is a point on tlie line y = X, and the ordinate QPN cuts the 
curve y = x in P. Show that the tangent to the curve at P is 
parallel to OQ, 0 being the origin. 

77. The axis of a parabola is vertical, the vertex downwards. At what 
point is the curve twice as steep as at an extremity of the latus rectum ? 

78. A and B are two points facing each other on opposite sides of a 
river .SO feet wide. A person is walking on the bank, on the same side as' 
Ay and 40 feet from it at the point P. Use ditrerentiation to show that 
tlie rate at wliich PB diminishes is |-ths of the rate at which PA 
diminishes. [For the method, see answer.] 

79. When x = 0*6, find the increase in tljc function x^/ i — produced 
by an increase of 0*001 in the value of £c, approximately. 

80. Show by diffen3ntiation that when x = the function ^ ~ ^ 

V 1 + a; 


is unaltered by a small change in the value of a?. 

81. If X be the length of the diameter of a sphere, and also that of a 
diagonal of tlic square base of a prism of height h ; compare the rates of 
increase of the volumes of those solids as x increases. Also show that 
for the value of x at which the volumes arc increasing at the same rate, 
the areas of the surfaces (not including the square ends of the prism) are 
increasing in the ratio of : 1. » 


82. Draw the grai)h of the function 



and show that at no 


point is the direction of the curve parallel to the axis of x. 

Find the inclination of the tangent, at the point where a; = J, to the 
axis of X. 

83. From the identity 


log(l - £c) + log(l + a?) 4- log(l + + ... + logCl 4- 

= log(l - 

establish by differentiation an algebraical identity, and verify the latter. 


Answers. 

1. a? cos 33. 2. log 05. 3. xt^. 

6. 2c* cos 03. 6. — cot 03. 

203 V log 03 , 


4 . €*'(sin X 4- cos o;). 
8 . 2 cosec 2o3. 


9 sec 03. 10. cos 03 (1 4- log sin 05 ). 11. siwlog x 4- cos log x. 

12. 2 COB log 03. 13. sin (w/4 4- logo;) 4- cos (ir/4 4- logo;) = V2co9 logos. 
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14 15 . sec^aje**"^ 16. scc-x. 17. (2ac + 1). 

V'l - 

n a “ . — = — \ tan ^ • V see x. 19. see x. 

2 V cos re (1 + cos x) - 

20. sec- a; . sec^ (tan x). 21. scc^ a: . sccS (tan x) . sec^ (tan tan x). 

X „ ai a(cos ag - a; sin a;) (loga i n"^ a; 4- 1) 


no _ 

(^1 + a;2y ’ 2Vxcosx 

26 ./'(®){log/(a:) + l}. 26. 


Vl “ a ;2 


ISO. /- =;: — • 

{a — x) \ a*(2 ct — 3a;) 

- 


27 


o« . COS-1 + 1 . 29. . veis-i - + 1 . 

fj2ax — £c‘^ \2ax — as- “ 

(1 + xY ^a; - (1 + a;) log (1 + x)] 

30. ^,4 ■ ■ * 

32. A(loga5)'-i{l - log a;, log log a:}, 
a;- 

33. (cos £c)*‘" *-i . (cos‘^ X log cos X — bin- x). 34. c^* . a;’’(log a; + 1). 

35. e** . e* = e**'*'*. 36. e' . (1 -f a; log as). 

37. . {1 a;loga;(loga5 + 1)}. 38- 2 log a; . as’®* *-*, 

39. -^\og(Vx+l).W^ + 

An ® CO® a ; + t an x . log s in x) 

* (log cos x)- 

_ 1 _ — log a (x cot X . lo g a; — lo g sin x) 

(log.a;)2.a;Iog,a “ £c (log a;)*-*' ' acHoga;)'^ 

43 - v'ulogu 44, ~ - i 45. 


tti;(log v)* 


- 16 * 


fic^ ( sin - -1- cos 
\ ® 


x^ 2\f (x — a)(x — h) 


48 . 
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48. - a’ - - 1 _ -(Vx + l-Vw-l) , 

- 1)* '~'K^ 

60. >Jdi + x-2. 61. 2/(taa2a: - 1). 

62. 1/(1 + a!2)siii (tan-i® + tan-i £•) = 5/(1® + 3)Vi'+'x^ 

63. m2 - ^ a; / / 

04. U. 66 . tan 77 /^/ 4 cos^- — 1 

^\^rt€, -r ttisKjnijcj 2/ 'y/ — — x, 

ot>. 2abl(a- cofi^ X ~ Hin^ x). 67. - 2cosiBCOt3a?. 

lan“'- 

.#w. .-o ux \ux -t- u lan bx). 69. — jq^ 

*'1 + x^y * « + bco^x' 


Ve--" — 


.. 62. - . 

+ a;-' 


WU. {sec X. 


63. sin-J X . ]o<r - + — 

— ic'-* 


■ - 1‘ 

68. — cos X. 69. - X, 


- Vl - 


67. — cot 05. 


70. C**” ‘a+CO*—'.*’ _ ^7r/2 


71. ihjldx = 1 at (0,0). 72. («, 2rt). m. ( IL — + \ 

\ 'V^a'-* + S'*' V rt'"® + 6v 

14. {clog(l + V2), C-/2}. 76. (y> - 5) '‘•“j («,«)• 

r7. For the paral.ola »2 = 4„y_ ,1,5 ^4^^ 4^^ 

rs. Tf = a:, P71 = y/; <7j,/f7a: = xj!/. Now put 

X = 40, y rrr 50, CtC. 


7. U WUV70U. 


n. TTx : '^h. 


a 1 a!+l'^x2+l‘''i?i+i + — + 


“■ “"-'(sfs) 


*2“ + 1 _ i‘ 
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• CHAPTER YTT. 

HYPERBOLIC FUNCTIONS AND THEIR DIFFERENTIATION. 

62. Direct Functions. — The hyperbolic functions coshx^ 
sinhx (pronounced cosh, sltin) are provisionally defined as 
follows : — 

cosha; = ; sinha; = ^ ^ 

and are termed respectively the Injiurholic cosine, and hyperholic 
sine of x. 

For an explanation of the terms, see Art. C8. 

The other hyperbolic functions arc Umhx, coihx, sechx, 
rosechx (pronounced thn7i, colh, shoe, coshec), and arc thus 
defined : — 

tanhir = ; cot ha; = — ^ — • sccha- = — ; 

cosh a; tan ha; cosh a; 

cosccha; = — ; 

smha; 

the relations being quite similar to those connecting the corre- 
sponding circular functions. 

63. The following relations can be easily verified from the 
above definitions, and should, if possible, be committed to 
memory. We place them side by side with their analogues in 
the case of the circular functions. 
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Hyperbolic Functions. 


Circular Functions. 


COB® X + sin® 35 = 1 

1 4- tan® 35 = sec® x 
cot® 35 + 1 = cosec® as 
sin ( — 35) = — sin x 
cos ( — 35) = cos 35 

cos (35 + y) = cos 35 COS y — sin 35 sin y 
sin (35 + y) = sin 35 cos y + cos x sin y 
cos 23* = cos® 35 — sin® x 
— 2 cos® 35 — 1 
= 1 — 2 sin® 35 
sin 2x — 2 sin x cos 35 

cos 35 = J (jer + c~**) 
sin x = 


fV f~y 1 

] jct y = siTili”^ a : ; tlien x = sinh y = — = ’ 

/. - 2.ixy - 1 = 0 , or ± 

y, or sinh"^ j*, = Io£^ {r ± fj [i^ +T). 

Since x is numerically + it follows that ?rc cannot 

I alee the lower i^iyn for real values of y (the logarithm of a 
negative quantity being imaginary). 

Hence sinh-^ x = log {x, -f + 1), 

n'liere x may have any valm betiveen — oo and + od . 

66. li y = cosh“^ we get e^ = x ± ^ x^ — i ; 
y, or cosh“^ x^ = log (a? ± V — T) ; 

or, since x ^ — 1 = ^ , 

cosh”^ 25 = ± log {x 'f Jr — 1), 

the -f value of the root being taken. 

Hence, cosh~^ x is double-signed ; also, /or real values of cosJr^ x, 
X must be and > 1 , since (1) a; is numerically > 
and therefore if x were — x -f ^ x^ — \ would also be — ; 
and (2) 2 ;^ — 1 must be 4-'^®. 


cosli® X — sinh® 35 = 1 

1 — tanh® jc = secli® x 
coth® 35 — 1 = cosech® x 
sinh ( — a) = — sinh x 
cosh ( — 35 ) = cosh 35 
coBh(3;-f y) = cosh35 coshy +Binh35 sinliy 
8inh(35-j-y) = 8inh3; coshy -j-coshss sinby 
cosh 235 = cosh® 35 + sinh® x 
= 2 cosh® 35 — 1 
= 1 + 2 sinh® 35 
sinh 235 = 2 sinli 35 cosh 35 

Note also that cosh 35 = ^ (c^ + c“’) 
sinh X = h (e^ — e~*) 


64. Inverse Functions. 
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66. if y = tanh"*^ .r ; then .v = tanh /y = - — ^ = 

(comp“. and div®.), = Ldl 5 ; 

1 — 0 ! 

a J.1— 1 1 " 4 ~^ 

y, or tanh ' .t*, = - log 5-17- » 

?r/i^re x wmt lie let ween + 1 and — 1 for real values of ianJr'^ x. 

67 . Similarly, coth”^ x = ~ log ^ 

i2? ““ 1 

7 rh€re x cannot lie hehreen 1 and - 1 for real values of coth-^ x. 
Again, sech-^ x = cosli"^ 1 = -t loo- 

O'' X ’ 

where x must lie between 0 and 4- 1 for real values of secJr^ x. 
Note. — S ech*"* a;, liko cosli“* ar, is double-signed. 

Finally, cosech-* x = sinh"* 1 = log f-±x/-+l') 

x \.c \r / 

X 

And log — win be real only if » is +*“, while 

, 1 - -JT+l? .... , , 

log will be real only if » is — Hence cosech-' x 

will have one real value for any value of x between -«and 

+ «. 

68. Reason for the Term “ Hyperbolic.” 

Let a point P (2;, y) move on the circle a;2 ^ 2/2 = .... (1) 

Then, since » = o cos <1,, y = o sin ,p satisfy (1) for all values of *, we 
may-regard the latter expressions as the co-ordinates of a point on the 
circle. ^ 
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Similarly, if P {<c, y) move on the rectangular liyi)crbola 

then since x ~ a cosh y ^ a sinh u satisfy (2) 
for all values of u, Ave may regard the latter 
expressions as the co-ordinates of a point on a 
rectangular hyperbola. 

■ But while we know that <p is the angle AOP 
in the circle, we do not as yet know what ii 
represents in the hyperbola. 

It will be shown, however, that whereas the 
area of the circular sector A OP is that of 
llie hyperbolic sector AOP is ^ahi [Art. 439]. 

Now let hi^e = 0, \o?u = ^; or ff = 2&/a^j u — 2UI<i^\ then for the 

circle wc have x = a cos y = a sin and for the rectangular hyi)orbola, 
. 217 

X — acosli --,y 

if we express, in each case, the co-ordinates of P as functions of the sector 
bounded by OA and OP. 

For a geometi'ical treatment, see I.eveli and Davison'' s Trigonometry. 



Fig. 10. 


: a sinh Idie analogy is therefore more apparent 


69. The Gudermannian. > 

111 Fig. J 1 draw NR to touch the auxiliary circle. 



t.- 


Nie = - 072 “ = = NP^ 

NR = NP. 


Then 
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If Z RON = 0, then x = a sec 0, y = NR = a tail and 
these latter expressions satisfy (2) for all values of 0, This angle 
0 is called the yuihrmannian of w, and is written ^ = gd 
Tims, if ^ = gd u, this means that see 0 = cosh n. 

Note. — e is many valued, but the principal (or smallest +^'') value is 
hero taken. 


70. Inverse Gudermannian. 

If ^ = gd ii then we may write u = gd“^ 0. 

And u = cosli'^ sec ^ = ± log (sec ^ 4* V sec" ^ — 1) [by Art Cri], 
= ± log (sec 0 4- tan 0), 

or = ± log tan (tt/I 4- ^, 2). [Ilific. Theormns.'] 

XoTF . — u ia double-signed for any given value of but hereafter wo shall 
take the upper sign only. 


EXAMPLES XIV. 

Prove the following identities : — 


. , sill XI . . X 

1 , siiih X = ---. - = I sin . 

''L % 

sinh xi . . . x 
sill X = ~~ =z I sinh - 

i 't 

, tana;^' x 

3. tanh x = — ; = i tan — 

i ^ 

tanh xi .. . x 

tan X = ; = ^ tanh - 

^ t 


2. cosh X = cos xi = cos 

% 

cos X — cosh xi ~ cosh % 

i 


4 . X = log (cosh X 4 sinh x) 

= — log (cosh X — sinh x). 


5. (cosh X -f sinh a;)” = cosh nx + sinh 9ix. 

^ . . tanh X a/ 1 — sech^ x 

6. sinh a: = - = ^ . 

Vl-tanh^a; sech as 

« 1 1 1 + tanh a; 1 4 tanhoc . ^ secha; 

7. « = :7 log . - T~ T— = ^og — — , = log . 

2 1 — tanh x sech x 1 — tanh x 

^ , , V tanh X 4 tanh y 

8. tanhCcc + y) = 


9. tanh 2x = 


2 tanh x 


1 4 tanh*-* x’ 


. 1 o 2 tanh 37 
10 . Binh 237 = - T T • 

1 — tanh^ 37 
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- , cosh 2 .K — 1 . ,9 

11. — - - — — — = tanh^o;. 
COsJi 2cr; + 1 


12. e2- = 


1 + tanh X 
1 — tanli X 


/I + tarili a V _ ^ -Maoh 2.x 

\1 — taiih x) 1 — tunh 2.r 


- . cosh 2a’ — 1 siiili 2x . , 

14. — ^ - = — -- - = tanh x. 

sinJi 2a; cosh 2x + 1 


15. coth X + cosech x = coth 16. coth x — cosech x = tarili 

17, sirili”! * = log (a; + V x^ + — log a. 

18. cosh“^ - = log (x + X- — u^) — log c 


19. tanh->^=ilog^ + “’. 

a 2 ^ a — X 

IC 0 = gd prove that ; — 


j 1 1 1-1 X — 1) 

20. taiih'i — , ~ 77 log — • 

Zx — a — b 2 X — a 


21. sin 6 = tanh wl . cos 6 = sech ?n . cot 9 = cosech 

tan 9 = sinh u) * sec 9 = cosh tt) * cosec 9 = coth it) 


22. e’* = tan 9 + sec 9. 

6 , u 

24. tan ^ = tanJi 

Prove that : — 

x^ — 1 

26. logo; = tanh“^ - ,• 

° x^ + 1 


23. 9 = 2 tan“‘ e** — '.^/2. 
25. sioh u = cosech log cot 


£7. log cot X = tanh”^ cos 2x. 


28. sec X = cosh log (tan x + sec x), 

29. sin a? = sech log (cosec x + cot a;). 

30. gd”^ 9 = tanh”^ (sin 9) = -- HL?. 

“ ''^‘21 — sin 9 

31. gd“i 9 = sinh-i (tan 9) = log (tan 9 + sec 8). 

32. gd-* 29 = log V — ! = 2 tanh”^ tan 9 = tanh"i sin 29. 

® 1 — tan 9 

13. sin"i tanh x = tan”^ sinh a;. 34. sinh**'^ tan x = tanh“^ sin x. 

15. e—-* = 36. = a, + 

v 1 — a; 


36. e""""'* = x+ + 


tC] c 



Qg differential calculus. [Oil- VIT. 

71. Differentiation of Hyperbolic Functions. The 

hyperbolic functions, sinha; and cosher, can be differentiated y 
incthods similar to those adopted for the circular functions. 
But tlioivdi this would still further briii;; out the aualojry 
between the two classes of functions, yet the following method 
is obviously simpler. For the rest the methods are the same as 
for the corresponding circular functions. 

72. Direct Functions. 


If y = sinli X = 


-- = coshic. 


Similarly, if y = cosh.r, = sinh x. 


73. If y = taiih./‘ 


sinh£. (Jil ^ wli" ^ - siiih "5 for 


coshx’ dx 


quotients) = —I-.- = sech'^*. 


louems; - — j-.- - 

Similarly, if y = coth.r, (/y/i/.B = - cosech"®. 

1 _ _ 1 . '/'f = — = — tauh X sech x 

74. If y — sech X ^ cosh'br 

Similarly, if y = cosech j-, di/iil-i' = — cothx cosecha:. 

75. Inverse Functions. 

If y = sinh->x = log {X + + T) ; then ir = sinhy. 


■ — 1 I ^^X _ I — — ~ — 7 ^— . 

” itx~ I (7y cosh y V .r^ + 1 
■ Similarly, if ff = «“sh-‘ ir = log (;«+ - t). [«>>*> 1- 

• 7-=^. 

dx V — 1 

76. If y = tanli"’ ® = | [1 > ® ’ 

X = taniiy. 

. (fy ^ 1 = 

(lx I dy 8ech“ y 1 - tr 


then 
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Hiniilarly, if // - cotli~^ x = i log ^ ^ ),[> > 1 or < — 1] ; 

ji iC ~~ J. 



__ 

1 

’ 




tlx 




77. 

If /y = SCcli'^ X 

= log - 

X 

5>a]; 

then 

X = scch y. 





=x 

^dx 

1 _ _ 

1 


ilx ! 


scch y tanli y 

^Vl - X- 


Similarly, if // = cosccli-' j- = lop- l-=- r'," (ayeording as 

,/■ is or — 

= 4 : ^ ^ (;i coord ing as x is d-'"® or — 


78. gd iv. 

Let 1/ = gd X ; tlicu see tj = cosh v ; 


see y tau y = siuh x ; = 

ux (lx 


siiih X 
sec y tan y 


~ cosli .r siiih7 


79. gd“^ X. 

Let y = gd“^ x = log (tau x -f sec x) = log tan (tt/I + x,'2), 

Tlien X = gd y ; = 1 /^-^ = -A — = cosh y = sec x. 

(I c I (ly scch y 

80. We append a table, subject, however, to the remarks made 

^above and in Art. 57. . 
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OOMPAUATIVK TABLE OP CIBCULAU AND IlYPEKiJUlAO 
FUNCTIONS. 






Circular 

'unctions. 

Dlffiircntial 

Coefficient. 

Hyperbolic Functions, 

Differential 

Cocflicient. 

Bin X 

cos X 

si nil X 

cosh X 

cos X 

— sin X 

cosh X 

sinh X 

tan X 

sec^x 

tanh X 

sech* X 

cot X 

— coscc’ X 

coth X 

— coscch*x 

BCC X 

see X tan x 

BCCh X 

— fecch X tanh x 

cosec X 

— cosec X cot X 

cosech X 

— - cosccli X coth X 


1 

sinh ' X = log (x + V x'-’ + I) 

1 

a/x'*’ 4- 1 

sin"’ X 

Vl - X* 


2 


1 

cos"’ X 


cosh"’x = log(x + Vx- — 1) 

A^X- — 1 

Ian"' X 

1 1 

1 4-x« 

tanh"’x = i log J + ^ 

1 

1 - X2 

cot"’ X 

_ 1 

1 + X* 

cotli"’x = i log 

ji ““ J. 

_ 1 

X- — i 


1 

1 4" — X- 

_ 1 

see "’ X 

X — 1 

scch"'x — log 

^ X 

1 

> 

CUSCO "’ X 

1 1 

j X x^.c' — 1 

c.>sccU-'j;-.log^ "*■ "t-?' 

_ 1 

X V^l 4- X- 


i 

g(l X 

scchx 



gd"’x 

SCO X 


.Diflferentiate : — 

1. sinh X + cosh x. 


EXAMPLES XV. 

2. X cosh X — sinh x. 
4. log (sinh x + cosh a ). 

C. log (coth X + cosech x). 


3. log sinh x. 


6. log tanh 


7. log {sinh a; + V sinh^ as 4- 1 } 


8. loi 


cosh ^ 1 

cosily + 1 


0. log 1 

1 — tanh X 
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10- sinh 11 . a;sinli“* x - xK 

12. sinh“i tcan x, 13. tan“i sinli x. 14. taiili“* sin x. 

15. sin"^ tanh x, 16. cosh“i see x, 17. see"' cosh x, 

19. 

20 . siijli”^2a5 21 . tanh“^ /. — 22 . taiih"^ . 

VI x^ 1 + a;- 


18. tan“^ - + tanh”^ -. 
a a 


23. tanh"i - tanh“^ - 24. tanh”* -y 

a b 2u 5 — tt — 5 


Answers. 


1. cosh X + sinh x. 

2. a; sinh a;. 

3. cotlia;. 4. 1. 

6. cosccha*. 

6. - COSGcll X, 

7. 1. 

8. cosccli X, 9. 2. 

10. 

11. sinh”*iz;. 

12. s(3ca‘. 

13. scch X. 14. see X, 16. sech a?. 

16. sec a;. 

17. sechcc. 

18. 19. 0. 

20. 

V 1 + a;'-^ 

21. , L— . 22. , 

V 1 4- a:^ ^ 

9 

2i 

' h — a 

- X- (. 

2fi-xX2l>-xy 

1 

1 
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CHAPTER VIII. 

SMALL QUANTITIES—INFINITESIMA LS— ERRORS. 

81. Large and Small are Purely Relative Terms. — 

The magnitude, or size, of a ((uantitj, although in itself an 
absolute thing, cannot be estimated by us except by comparison 
with another like quantity. When we say that a quantity is 
large or small, we only mean that it is larger or smaller than a 
second quantity which we have in our minds, and which we are 
unconsciously taking as the unit, or standard of comimrison. 

Thus a foot is regarded as a small ({uantity when we arc 
considering the distance between one town and another, but we 
call the same quantity enormous when considering the lengths of 
microscopical objects. Hence the sftme q^anlUy may be reyarded 
as large at one time and small at coi other. 

Suppose now that we have chosen our standard of comj)ari{5on ; 
then the relative value of the quantity under consideration will 
be expressed by an abstract number. According as this is greater 
or less than 1, will the quantity tend towards “ large ” or “ small.” 

82. Errors. — An error in measuring a given length is only 
properly estimated by comparing it with the true length. In 
practice, of course, the error is always considerably less than the 

error 

true length, so that the fraction lcn<^th 

therefore “tends towards “small.” 

But yet we sometimes speak of an error as being “ large,” the 
reason being that we are comparing this with some smaller error 
which we take as the standard, and the latter depends either on 
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the amount of ac^curacy desired or on tlic amount actually obtain- 
able. In practical everyday life we only desire a moderate 
amount of accuracy, but in work such as is performed in observa- 
tories we desire as much as possible, the limit being only set by 
tlie imperfections of our instruments. 

83. Approximation. — IVe have seen that in diflfercntiatioii 
from first principles, as in Art. 6, we usually obtain a series of 
terms involving h and its powers ; and in the final stage when h 
is indefinitely diminished (whether we liave divided down by k or 
not) all terms beyond the first are rejected. So long as h is finite, 
however small, the final result is only an approximation ; but by 
including more and more of the terms which were otherwise 
rejected, we can (without further reducing k) approximate as 
close as we please to the true value. 

For example, the error in the computed volume of a cube, due to a 
small error, /i, in measuring the length of a side of (correct) length £C, 

= = 3x^h + + 4 ^. 

Now suppose X = 3 feet, h — 0*001 feet; the error 

= 27 X 0-001 + 9 X 0-000001 + 0 000000001 
= 0-0-27 + 0-000009 + 0*000000001 = 0-027009001. 

Hence, to a fiist upproxhnatiori, tlie error = Sx'^h — 0*027. 

„ second „ > „ SxVt + SxJi^ = 0*027009. 

„ third „ „ + = 0-027009001. 

84. In practice, this error 0*001 would itself be only roughly accurate ; 
hence there is no value to be set upon the second «and third approximations, 
since the first term 0*0*27 is only roughly true, apart from the other terms 
being omitted. 

86. Small Quantities. 

Def. — A maguitude, whose ratio to a standard magnitude 
(chosen at will) is finite, but smaller than a given ratio (previously 
agreed upon and taken as the standard), is termed a S7nall 
quantitf/. • 

Two quantities are said to be comparable with or to each other 
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when the ratio of tlic smaller to the larger is not so small as to 
come within the meaniug of the term “ small quantity.” 

Taking unity as the standard, if .r and y be small quantities, 
and y = /a*, where k is comparable with unity (so that x and y 
are comparable with each other), then y is said to be a small 
quantity of the mme order as which we may regard as of the 
/irst order. 

Again, a quantity whose ratio to a small quantity of the first 
order is smaller than the standard ratio, is said to be of the second 
order. Thus, if x and y are the same as above, then ;r//, and 
if are each of tlic second order. We may similarly define the 
third and higher orders of small quantities. 

Note. — Precisely similar remarks apply to the term large quantity. 

86. It should he observed that (t;ivcn their ratios to each other) the 
smaller x, y, 2 , ... arc compared with unity, the more distinctly do the 
different higher orders stand out from each other. 

We shall illustrate this by a simple example. 

Ex. T.et as = 13?/. 

(1) Then if a: — O-Ol, y - 0*001, the standard ratio being 1:100 say, 

■= 1000/y'^ = y-, since y = 0*001 . 

Hence the second and third orders arc not distinct, but arc confused 
with each other. 

(2) Again, let x — 1/10^*-^, y — 1/10^^, the standard ratio being 1:10'^ 
say. 

Then = 1000^'* as before; but 1000 is not large enough in this case 
to alter the order of tlie term y '-^ ; hence the 2nd and 3rd orders are quite 
distinct from each other. 

But = 2 /^ 2 . hence the l‘2th and 1.3th orders are confused with each 
other. ^ 

(3) Generally, let x = 1/10'*, y = l/10"+h fh^ standard ratio being 
1:10” say. 

Then cc’*+i = 1 /", and the ?ith and (w + l)th orders are confused with 
each other. ^ 

When n is very large, then x and y become very small, and it is only 
the very high order, viz. the wth, whicli becomes confused with the next 
higher order, the lower orders standing out distinctly from each other. 
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87. Infinitesimals. 

Def. — A magnitude whose ratio to unity is indefinitely small 
is termed an infinitesimal quantity^ or infinitesimal. 

By “ indefinitely small ” we mean “ smaller than any quantity 
we can conceive, without being absolutely nothing.” 

If X and y be two such quantities, and y = kx^ where k is finite^ 
then y is an infinitesimal of the same order as x, which we may 
regard as of the first order. 

Again, if x and y be of the first order, then the quantities 
iT//, and are each of the second order ^ as also are kxy^ and 
Inf \ k being finite. And similarly for higher orders. 

£z. Lot. 0 ])c infinitesimal. Then 

e — sin 0 — 0 — {0 — + 0^/51 — ...} = 0‘y3l — G®/5! 

which is of the 3rcl order of infinitesimals, the higher powers of 6 being 
quite negligible in comparison with fl'73!. [See Art. 00.] 

Notr 1. — If 0 bo small, the error in writing 0 for sin 0 is 0 — sin which 
is of tlie 3rd order of small quantities, i.e. of the 2nd order aa compared 
irHli 0. 

Note 2. — The confusion of dififerunt orders in tlio case of small finite 
quantities (Art. 80), does not occur in the case of infinitesimals. 

Note 3 — Wo sliall hereafter, for brevity, speak of infinitenmah only, 
thougli what follows will generall}" apply to small quantities if wc subetitute 
“comparable with unity ” for “ finite.” 


88. Infinitesimals in Geometry. 

liCt ABC be an isosceles triangle whose vertical angle, 2^, is 
indefinitely small, and draw AD If to BG, 

DE A" to AB, EF to BD, 

Let AB= AC = rq which is finite. Then — 

(1) AD = «cos 0 and is obviously finite. 

(2) BD = a sin 6 = aifi — + ...) = 1st 

order of infinitesimals. 

(3) DE= BDcose=a(0-...Xl-Gf2l + ...) 

== a{6 + ...) = ^st order. 

(4) BE = BD sin 0=a sin® 0 = a(0^ ...)® = 

4- . . . ) = 2nd order. Otherwise, BEjBD = 

BDIBA ; BE==BD'^la =2nd order, since BD is of the 1st order. 
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(5) EF = y>/7cos Q = 2iul order, since cos 6* is finite. 

(G) BF = BE sin 0 = a siii"^^ = a{B^ = Sr cl order. 

(7) AB-AD = r/(l~cos^) = a{l- (I - 0\2\ + ...)} = 
a(0‘^l2\ + ..)== order. 

(8) Similarly A/J — AE = 2ii(l order. 

(9) BD—ED = ^iid order compared with BD or ED = Srd 
order. 

(10) Similarly EJt — EF = Ilk order. 

89. Infinitesimal Arc of a Circle, etc. 

Let BQ be an infinitesimal are of a circle of radius r ; and 



Fro. i:5 


let 0 be the angle at the centre of the circle subtended by PQ. 
Then — 

( 11 ) Arc PQ — chord PQ = rO — 2 / sin^ 6 » 

( 12 ) Sum of tangents PI\ QT -- arc PQ 

“ ' l("“2J-X' + « ■•■) ■ ‘’1 “ S' "■ “ 


(13) RQ=On-OQ = i (kci: 0-1) 
t r.28iii“fy'co8e=2r.|(|J- -[/(I - —) = 3 nd order. 
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(14) JVQ = »•(! — cos 6) = 2)1(1 order. 

(15) RQ-QN = r {(sec - 1) - (1 - cos 6)} = 

= 4th order. 

From (11) and (12) it follows that the error in substituting 
tlie chord PQ for either the infinitesimal arc PQ^ or the sum of 
the tangents PT and 7'^, is of the 2nd order compared tvith 
either of the three. 

This statement, which is important, can be shown to be, in 
general, true for any curve. See Williamson'^s Biff. Calc.^ art. .S7, 
and footnote. 

90 . The sum of the series aiO -f ^ 2 » etc. 

being finite, and 0 infinitesimal) can never be finite ; for suppose 
(tn to be the greatest coeificient, then the series is 

< a,n{e + ^ + ... ad inf.) 

• ^ 0 
t.e. <«„ 

and since 6 is infinitesimal, the denominator is finite ; therefore 
the fraction is infinitesimal. 

From this it follows that the sura of the series + afr -j- ... 
is an infinitesimal of the second order ; and so on. 

Ill the scries It — ] + — + ... + ) there are 

n=oo \n n 1 n 2 2n/ 

n terms, but all of the same order, and in this example the sum of 

the scries is finite and equal to log, 2 in the limit. [See Ex. 1, 

Art. 415]. 

91 : General Statement — Method of Infinitesimals. 

Prop.— i/'f(x,y,z,...) he a function of several rariahles x,y,z..., 
and if each of the latter he increased hy a quantity which is 
infinitesimal compared with it, then the function itself will, in 
general, he increased hy an infinitesimal of the first order. 

This follows easily in the case of one variable, for if ^ bo 
infinitesimal, /(a; + h) — /(a?) = hf'{x) to the first order ; and we 
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have seen that for all ordinary functions /'(■'') is finite, except for 
special values of x. It can also be shown to be true in the general 
case. (Sec chapter on “ Partial Differentiation.”) 


92. Tlic following is a short proof for algebraical fiiiictions : — 

Let x' -- X + a, = $/' -h /3; a and /3 being infinitesimals of the first 
order. 

Then we must show that 


(1) x' + ;//' — X -h '// + infinitesimal of 1st order, 

(-') - y' ^ - U + »» »» 

(d) x' y' — xy + „ ,, 

(4) X -x~^y „ „ 

(^5) (x )'* = av* 4- f, „ 

for all values of 

(1) (2) and (3) follow readil 3 ^ (4) is thus proved : — 
x _x + 


y' y + ^ 






i + “— 


■) 


=r ^ 4- / “ — higher orders 

y yJy 

= ® 4 - infi. of 1st order. 

y 


(5) follow's similaily from the Binomial Theorem. 

Since any algebraical function is but a combination of the above 
operations, the proposition folbiws at once, for algebraical functions. 


93. The truth of this proposition justifies the use of the method of 
infinitesimals^ which is due to Leibnitz. In using this method, if a?', y\ z\ 
etc., are any quantities which difier from a;, y, etc., by infinitesimals of 
the first order compjared with each respectively ; we may, in reasoning with 
these quantities, replace x' by x, y' by y, and so on. If ono of the quan- 
tities (Xf say) is Already an infinitesimal of the first order, then od must 
differ from it by an infinitesimal of a higher order than the first. 


94. Example on the Use of Infinitesimals. 

A straight line of constant length slides hetiveen two fixed straight lines 
Ax, Ay. If BC he a given position^and DE a consecutive position maJeinq 
an infinitesimal angle with BC a7id cutting it in F ,* prove that FB = GC, 
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where G is the foot of the per 2 >endicular from A on BC, the error being 
infinitesimal, 

(1) Formal Proof , — We shall use the symbols etc., to denote 

respectively some infinitesimal of the 1st, 2nd, etc., orders; so that if 
re[)etited during the work they do not necessarily denote the same injini~ 
tesimal quantity. 

Di*aw BU, FjK perpendiculars to DE and BC respectively. 

Then, since BE — BO, or DF + FE ~ BF FCj 


A 



BF - BF = FO - FE, 
or BE + 02 = KC + e , ; [Art. 88, (7).] 
BIJ = KC-\-e^’ 

BJI cot B = KE cot C + e ., ; 

/, B/f cot (B - 0,) = KE cot a + e., ; 

1) II (cot B + e,) = KE cot 0 + 0.; 

B II cot 77 + ^2 = KE cot C, 


/. dividing by KE cot B, 


cot G tan B\ 


~ + 01 = cot C tan 7? ; 

/, = cot f7tan i? + 0, 

I U 


GO GA 
GABG 


GG 

BO' omitting the error. 


, (componendo) or Fli = OC. 


t Since KE is of Ist order. 
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(2) Practical Method . — Adopting the method of infinitesimals prope. , 
we omit errors which arc of the 1st order compared with the quantities in. 
error respectiwly. Thus : — 

RE -- IW, or DJI + 11 F + FE = BF FK + AX^ 

/. /)// = KU. 

/. BlI cot B = A7\rcot 6^ (for the error in B being infinitesimal, the error 
in cot B is the same, by Art. 91). 

/. cot C tan B = BIljEK = BFjEF (since BIT and EK be 

regarded as arcs of circles) = BFIFC ; etc., as above. 

EXAMPLES XVI. 

1. If X be an infinitesimal of the first onlcr, state to what order the 
following expressions belong : — 

(1) cos X. (2) sin X. (3) tan x. 

(4) 1 — cos X. (6) sec 05—1. (6) cosec x — cot x. 

(7) x cosec 05 — 1. (8) tan 05 — sin x. (9) cc — 2 sin 

(10) — siu2 X. (11) + X sin 05 — 4 vers x. 

(12) e-x-l. (13) log (1 + x) - ^ (2 - x). 

2. ABC\i^ a triangle, B and C being infinitesimals of the first order -, 
AD is drawn perpendicular to BC. State to what order the folh.win ; 
belong : — 

(1) AB'^ AG. (2) AD. (3) BD - DC. ( 4 ) AB + AC -- BC. 

3. ABC h a triangle, A being infinitesimal; AD is perpendicular to 
BC. State to what order the following belong: — 

(1) AD. (2) DC. (3) BC-'BA. 

( 4 ) A C - AD. ( 5 ) AC^ DC. (6) AB + AC -- BC. 

4 . In the preceding question, show that the area of the triangle BAD is 
of the first order, and CAD of the second order. 

6. If x' = X + a\ y' — y + a and )3 being infinitesimals of the first’ 
order, prove, by forinulaj (1) to (5) in Art. 92, that an error of the first 
order is made in writing x and y for x' and y' in the following ex- 
pressions ; — 

(1) Vx' + y\ (2) ^x' -if r+1^. (3) - /V — -r 

. wl + X w I + y 
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6. If X* is as in Ex. 5, prove that, neglecting orders beyond the first — 

(1) sin £b' =r sin x + a cos x, 

(2) tan x' = tan x + a sec^ x, 

7. P and Q are two poipts indefinitely near to each other on a curve. 
PM and QN are their ordinates, and PP is drawn parallel to Ox, Prove 
that the error in taking the rectangle PN for the figure PMN Q is of the 
first order of infinitesimals compared with either. 

8. If a ^ h is an infinitesimal of the first order, show that ^ a — \/b is 
also of the first order, as also is — n being any quantity except zero. 

9. In the preceding question, show that the A. mean of a and b is greater 
than Jhc G, mean by an infinitesimal of the second order. 

10. ■ OAB is a sector of a circle, centre O, and radius r, the angle 
AOB (= fi) being infinitesimal ; ^7’ and BT avQ the tangents at A and B. 

Prove that the area of the triangle ABT — nearly. 

Hence show that the error in taking the area of the triangle OA U for 
dliat of the sector, or that of the figure OABT., is of the third order at least 
(i.e, the order may be higher than the third). 

11. OH, OB are any two straight lines drawn from O. MN^ M’N’ 
are two straight lines intercepted between OA and OP, and inclined at an 
infinitesimal angle to each other; they also cut off equal areas, MON^ 
M'ON\ Show that their point of intersection ultimately bisects either of 
tlnJ mtercepted lines (see question 4). 

■Deduce from this that the portion of the tangent to a hyperbola, inter- 
cepted between the asymptotes, is bisected at the point of contact. 

V12. In question 10, if 07'jnect the circle in O, and AB in F; and if 
the tangent at C meet ATm P, and BT\n E] prove that ultimately 

' AT = DE= 2AD ; (2) TO = CF-, 

(3) Aabt= ^Adte = 2ACAB, 

13. is an infinitesimal arc of a circle, centre P, and radius p. O is 
any origin. Prove that OQ^ OP = pocos</>, where a is the angle PEQ, 
and the inclination of OP io the tangent at P. 

Answejjs. 

1. (1) finite. (2) 1st. (3) 1st. (4) 2nd. (5) 2nd. (6) 1st. (7) 2nd. 

(8) 3rd. (9) 3rd. (10) 4th. (XI) Gth. (12) 2nd. (13) 3rd. 

2. (1) finite generally. (2) 1st. (3) finite. ^4) 2nd. 

3. (1) 1st (2) 1st. (3) 1st (4) 1st (6) 1st (6) 1st 
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CnAPTER IX. 

SUCCESSIVE DIFFERENTTATION. 

95. Notation. — AYbon a fnncLion has been clifTercntiated once, 
the result may be again dilTereiitiated, and the inocess repeated 
indefinitely. This is called siiccpsslve difforptifidiion . 

The second d.c. of y with respect to x is the d.c. of the d.c. of y 

with respect to x, i.c. - is written 

(t.(\dxj (l.r 

Similarly the 3rd, 4th, etc., are written d^y'dx^y d^y’ph'\ etc. 
Other notations are //„ y^y //•, ... 

y, ?/', v"' ... 

myro},ro) ,„f%c) or f%r), 

Jty ... />"//. 

Each has its advantages, and the notation used may be varied 
according to circumstances. 

It is sometimes convenient [ride Leibnitz's Theorem] to put 
yo instead of //, to make the notation uniform. 

Further, the notation {dyldx)^, {d^i/'djF)^, ... or 

Wo (y»<)o. is used when x is to be put equal to 0 after one, 
two, ... n, differentiations ; while (//)o or (/yy)o denotes that x i.; 
put equal to 0 in y itself. These may be also written /(0),/'(o), 
y"(0), etc. 

96. Except in a very few cases, the higher d.c.’s of y become 
more and more complicated,* a?", e*, and log x being the only 
functions for which can be found directly; for one or two 
forms, however, a compact expression can be obtained by means 
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of special artifices, such as the use of subsidiary an^^les. Some 
of these given below. 

97. X”. 

Let y = x^\ /. y, = ; y, = h(/i - ; etc. 

Vr = - 1) ... {n - r + = - — — ^ Qj. 

{Ji — 7’)! 

.Valsoy,, = 71 !, and y„+i = 0. 

Ihyice the (71 + l)tli d.c. of a;” vanishes, 

98. 6“" and e"'. 

Let y — ef \ y, = e'"; y^ = e’’; etc. /. y,, — 

Similarly, if y = y„ = aV". 

TTence, differentiaiiity 0 “^ 11 /.s equivakat to nmltiplyuig it by a". 

Tin's may also be written = a”, e"-*. 


99. log.c and log,, .r. 

Lot ij = logic; ■•,»/, = i; y~.= - h', y, = (-1X-2)-*.; 
y, =(-!)( -2)(- 3)],; etc. 

Similarly, if y “ log,®, ?/„ — • 


100. Sin {mx a) and cos (mx + a). 

Lot y = sin (inx + a). 

yj = 7n cos (?na; + a), wliich may with advantage be written 
= m sin (^77ix + o + = m sin (mx + a,), where ai = « + ^. 

Hence, differentiating sin (mx + a) is equivalent to inultiplying it by 
m, and altei'ing the constant a into ai, without altering the iiature of the 
fn7iction, 

Wc can therefore write down y„, y^y etc., at once; f thus — 

t To show this more clearly ; since a is any constant, suppose we write o, 
instead of it. Then y = sin (ma; + a,) ; hence, by the aboVe reasoning, 

1 = m sin {^mx + a, + If, therefore, y, = sin (mx + oi), then y® ss 
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. y , = in- sin {mx + a2)> where a2-aj+^ = a + 2 .^; 

— 7 iL^ sin (mx + a i), where a3 = a + 3 . - ; 
y„ - iu» sin (mx + aj or ?»’• sin + a + 

This may he written, Z)’'sin ( 7 nx + a) = m’* sin 

Oor.— If y - sin w, y, = sin (^a; + ; y., = win ^a; + j. 

Similarly, if y — cos (mx + a), y, = wcos^ma; + o + ; 

/ 7 Jir\ 

2/„ = COS I 77/a; + a + 1’ 

and if y = cos;r, y, = cos (x + ^ ; y„ = cos^tr + ~y 

101. e'“ sin (w.r + a) and e"'' cos (/«.r + a). 

Let y = e"' sin (tnx + a). 

= ac''-' sin (mo' + a) + cos (77?£r + o') 

= c''-* [a sin (77/ a* + a) + 7/1 cos (mx + o)}. 

Ihlt = 7 * cos </>\ ,, , . „ , 1 

on = r sin (p) ^ y 1 -r 

y^ — 7’e^'’ { cos <{> sin (tux + a) + sin 0 cos (vix + t^)} 

= I’e"-*" sill (7itx 4- o -h ’p) 

= 7’c"^ siu(ma* + Oj), wliere — a + 

Hence, diffeyentiathiy e“* sin (wsr + a) is eijuirahiit io miiUiplying it hy 
the constant r aQid altering the constant a into oj, wilhont altering the 
nature of the function. 

We can tliercfore write dowm 7/3, etc., at once ; t thus 
7/2 = m\(mx + + «?>) = 7'V* sin (nice + o^), wliero a , = a + 2 <p. 

' y^ = rV*" sin (w£c + a, + (p) = rV'^ sin (mx + O3), where = a + 3<^, 

and y„ = r”e"-^sin (mx + a„), wdiere o„ = a + iKp. 

i.e. yn = + o + rap) 

= (a^ + e^^ sin ^nx + o + .77 tan”^ 

Misin^j 77 a; + «i + beginner may best satisfy liimsclf by goinj 

through the tiriginal reasoning a second time, for y^. 
f* The beginner should, however, go j^irough the samo reasoning for y., a 
Note that a is ne^ involved in the^asoning 
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Cor, — If a = Of y = sin (mx 4- a), r = m, <j> = tan"^ co =; 7r/2, 
and y,f = wi^siii as before. 

Similarly, if y = e'’* cos (jnx + a), y^ = r”e"* cos Qnx + a 4- n(p'). 


102. tan-^x. 


Let 7/ = tan”^ £C. 


^ L_l- 

■ 1 + ;ir i as 4- M * 

(zJ )’2i J (!^ - V:- _ ' I 

2i [(u; — /)'• (x + iy\ 

^ (-1)»^i(n-l)! | J__ _ 1 _) 

2t ( (x — i)" (a; 4- O'* 


Put 35 = r cos 0\ .1 , o It* .w ♦ 

. / so tuar t 1 -f- x~ 1 X ~ cot 0, 

1 = r sin 6) 

„ = (-l)’-'( »-1)! f I 1 I 

’ 2a?’’* l(^cos fl — t sin 0)'* (cos 0 + 

iri L„, ^ _L^_. I 

2//’“ ( cos n0 — i sin tiB cos ?/0 4- i «in ;t0j 

fby Domoivro’s Theorem], 

(_ _ 1)1 • 

= --- 4 ^ *[(cos ue 4- /sin 116) — (cos iid — i sin 7i0)] 

?•'* ’ (14- a;-)’"'* \ a/ 

or ( — l)’»"^(7i — l)!sin"0sm w0, 

•/ r — coscc 0. 


We can prove lliis also by induction, for assuming 

VfC— (— 1)'*“^(m — 1)! sin'* 0 sin 710, we have 
d ^ dd _ dy,, I dx 
de dx d9 j dd 

= ( — l)’*“*(7i — 1)! [7i siu'*~* 0 cos 0 sin nO 4- 7^ sin” 0 cos 770] 

-j- ( — cosec^ 0), V X = cot 0, 
= ( — 1)” 77 ! si n”"*'^ 0 (sill 11 0 cos 0 4- c’os 77 0 sin 0) 

= ( — l)'*7i! sin’*+i 0sin (77 4- 1)^, 

which is of the same form as before, but with 77 4- 1 in place of n. 


103 . Tn Ch. XXIV. (q.v.) we shall show that a rational algebraical 
function of the form f(x)l<p(x) can bo split up into partial fractions, whoso 
denominators aro of tho form a; — a or (ac — «)*■, a being real or imaginary. 
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See lliG notes at end of Arts. and 373. TJie case in which a is real 
presents no difficulty as regards finding the 7ith d.c., but when it is imaginary 
the work is rather involved. Exs. 1 and 4 of the next Article will throw 
some light on the subject ; see also the preceding Article. 


104. Examples on Successive Differentiation. 

£x. 1. 

_ 1 _ 1 _ some quantity , some quantity 

^ £C- — 'J.y -f 3 (.<; — 3)(a; — 1) a; — o a; — 1 

.By rough trials wc can soon obtain the numerators ; thus 
_ 1 / 1 _ 1 1 - 
^ aVic-S a-'-lJ '.ix-s ■2x-\' 




1)-^ 


So 


;)- -'{.c 

= ’ - J I- 

•2 \\x - a)-i (x - 1 y) ’ 

= (-1X3!/ J _ I 

'2 Ua;-3> Ix-iyl' 

J 1 \ 

2 \{x - 3)“+i {X - 1)‘+'/ 

Ex. 2. Jf y = sec x, find (yi)o, to inclusive. 

The work will be shortened if we use s and t for sec as and tanas 
respectivel 3 \ IMureovcr, as wo approach y,j, we shall be able to omit from 
our work the higher powers of t which will occur, since t vanishes with'as. 


Hence 


Wc have 

y = s 

(2/)o = 1. 

yi = St 

(yi)o = 0. 


y2 = + iP 

( 2 / 2)0 = 1- 

(Omit terms)! 4- 2s^t + = sP + 5s^t 

( 2 / 2)0 = 0- 

( If fj 

) 2/, = ... + 3.v'<2 + ISy'f'i + 5sS 



= ... + 18s^^2 ^ 5g6 

( 2 / 4)0 = 

( j» ff 

Va ~~ ••• ••• d" + 25fl'’^ = ... + Cls®^ 

( 2 / 0)0 = ^1* 

( *> ^ v 

) 2/0 = 

(yc)o = Gi 


t. To find what powers of t are to be omitted, reckon backwards from ; y,, 
however, has no t* terms. , 
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Er. 3. J/y = ^m^x^fuid v/„. 

Here y = J(3 sin tc — sin ocr) = sin x — J sin 3x. 

• • 2'“ = 1 “'"(*+ 2 )" 4 '*"* + 2 } 

Ex. 4. 

Wo have V ~ ^2x + 2 (a: — 1)* + 1 2t lie — 1 — i a: — 1 + j}' 

”22“ 2t^ ** ' {(a; — 1 — *)"+^ (ic — 1 + »)”+*} 


Let cc — 1 = 9" cos O’! 

1 = r sin ej 


, tar\0 = -» and /- = — 2x+ 2. 

X — 1 


• • 0 _ ^«+i 0 i sill 0)**+*} 

_ 1 Jr 1_ 1. t 

2i r'‘+^ (e'")'*+*j 


^ - r (J+ 


(— 1)“ n ! sin|^(» + 1) tair' 1 , } 


= - >+i - + 1)9 -= - „+i 

(x^ -2x + 2) 2- 

or = ( — 1)" u ! sin’'+^ 0 . sin (u + 1)0, since r = cosec 0, 


EXAMPLES XVII. 

1. If y = x"^, find d^^yl(Jx^\ 

2. If y — 3a;'' — 4.x'* + 3x'* + x- — x — (3, find //j. 

3 . If y = (ax^ + Z»)^, find y^. 

4. If y = X sin x, find y^, 

5. If y — x^ log X, find y^, 

6. If y = show that y^ = ^a^x(3 + 2ax^)y. 

7. If 7/ = Vl + x2, find y^. 

Find y^ in the following Cases : — 

y = l/x. 9. y = x^\ 10. y = 

11 y = 12. y = 13. 2/ = 2^ \ rs 
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14 . 

y = 

1 

16 . 

y = 

a ^ X 


16 . 

y = 

X'^ 


a — bx 


a + X 



\. — X 

17 . 

y = 

log (a + a;). 

18 . 

y = 

-- log (2 - 

- 30)). 

19 . 

y = 

1 a — X 

-- log — — . 

a X 

20 . 

y = 

cc"-^ log X. 

21 . 

y = 

= sinacc. 


22 . 

y = 

- sin X cos X, 

23 . 

y = 

cos* X. 

24 . 

2 / = 

= COS^iT. 


25 . 

y = 

- cos 3x sin x. 

26 . 

y = 

sill (lc + «,) «in 

(a; + 

ft). 

27 . 

y = Y: 

1 

- X- 



28 . 

y = 

1 

;i;2 — 5 . 1 ; + 0 



29 . 

^ ~ (x 

— a 

1 

)(rc- 



30. If y = (a; - 1)”, prove lliat y + y, + + |'; + 


+ 



31. If y^i = aiiiiK, allow that — etc., and that y„ = 

32. Prove that a coa a; + ?; sin a; = (a- -h 7/-^)^ airi 
Hence show that if y = cos x + h sin a;, 

2 /« = ( 


[ a; + tan 




1 / 1.^11 i •A./j 

6- + ain ^a: + tan"^ ^ 

33. If 2/u = c*" ain cc, prove that yj = \^2 e’ sin 

and that y„ — 2 '^i‘c'' ain 

Prove alao that y^ = - = ... ?/^.- 

( ( n - I - 1 '^ ttI 

34. If 2/y = C-" (aiii a; + cos x), prove tliat y„ = 2 & sin |a: + -- 

, , It / IV 

and that yo = - 7.V4 = ^^2/8 = ••• = I “ 4 ) 


where 


-x \ ■*/ 

If (a cos x-\-h sin x'), prove that y„ = re-' sin + </> + 

r® = a 2 + 7)2^ ^ _ tan~i and that 

1 _ 1 _ /IV 

27 o — 4774 - ^22^8 4J 274 „. 


36. If y = cos (7aa3 + «), 

37. If y = cos iac, find 
)^8. If y = 6“-' cos* 6ac, find y^. 
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39. If y = sin (x sin a), prove that y„ - yjn ^ _j. 

40. If?/ = a" cos 3./;, prove tiiat y„ = r’Vi^ cos (3a; + n<p), where 

=z (]oga)2 + 9 ; tan <p = 3/log a. 

41. If 7/ = e-" cos X cos 2a;, find y„. 

42. If y = log sin Xj find 

43. If y = log sec x, find (y^%. 

44. If y = tan2 x, find (?/ 2 )oj etc., to (f/,)o inclusive. 

45. If 2 / = e=*^sec x, prove tliat = 4. 

46. If 2 / = e*'" prove that y^ = (.s* + Gs^ + 5s^ — 5.s- — 3)c*. 


47. If 2/ = g'% prove that 2/3 - (u^ + 

and that 2/4 = (it^ + + ftu^^u .2 + 

it. being any function of Xj and ztj, u.,^ ... the derived functions [Note 1. 
Art. 5]. 

48. If y — — s, show that 

^ u;- 4- (tr 


_ ( — 1)” n! sin (n 4- 1)^ (— 1)" ! sin (// + l)6.sin’'‘*'i 0 , 

a(a;- 4- ti-) 2 
where x = a cot d. 

49. if y — ^2 ^ that * 

2 /,„ = 

or ^li+a cosh ^2/i + 1 )m.cos 1 i 2 '‘+> m, where u = tanh~* 


50. if y = ^ - 2 ’ P^eve that a’*+* 2 /,* =: (- l)’*n! cos(n 4- l)0.sin’*+J <?, 

where x = a cot d. 

t a;sino , 

61. It y = Uru ' prove that 

2'” “ (i - 2a;cosa + 
and that (yjo = — 1)1 sin 7ia. 

52. If y = tanli"*^ — 

_ ( -1)"0^-1 )! 

[( 05 - a)(a;-5)l’‘' 

= ^ ^ T ll ! sinh wy , sinh" y* 

(a - ^ 


6’ 

• sinh Jw tanh“^ 

( 2a; — a — p 
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Axsavkr.s. 


1. 

l\x. 

2. .3G0j; - 9(1. ,3. 9! 1 

'.i.\ 4. 

£c COS X + 5 sin cc. 5. 6!/x. 

7. 

+ 

i l'3 

1 

-1) 

ty rS 


9. 


(p — n + !>*' 

10. 


. 11. 


12. (- 

'll ! 

(x - a)“+i' 

13 

(2«-5)'‘+i 

Id 

] 


( — iy*2a7?? 

1C 

16. 

- - - - 17 

(-ly-'O'-i)! 

Xv. 

(a - Aa)"+‘' 

(TT+xr^^ 


- »;»+>• 

(a + x)'‘ 

18. 

3”(« 

(.2- 

-1)! 

3cc)“ 

19. (»- 1)! 

-1)» _ 
+ a-)- 

--- 1. 

(a — x)"/ 

20. 

X 


21. a"Hin^aa5 + 22. 2'*~i sin -\- 23. 2'*“^ cos 

24. I |3’‘-icos^3u; + + cos^cc + 

25. 2'*”^ |2’*bin ^2 ^ ~ ^ 

26. - 2«-*co.(2x + a + 6 + 7). 27. 

28. (-1)")!’. [^~ 3^,.+i - ^-- .j^,.+i}- , 

-a-i? {(x - «/.- - (u= - ft/-)- ■*■ “ 7 ) 

37. r^e"-^ cos (hx + W(/>), it’ r^ = + Ir, <p = tari“* -. 

iff 

38. + (a^ + 4/j^)"^-cos ^2^:/; + w taii”^ 

41. ie" C08 (3ic + 71 taii-i 3) + 2»/a cos 


42. 00. 


43. 0. 


44. 0, 2, 0, 16, 0, 272, 0. 


105. Leibnitz's Theorem. — When wc know the nth d.c. 
of each of two functions t»f x, we can obtain by means of this 
theorem the •^nth d.c. of their product. The statement is as 
foflows : — 
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Prop. — If Uq = 'Uq and Vq leing any functions cf x, Him 

Vn = + ... + r'^n-r^r'^ ••• 

We can easily verify that = u^Vq + 
yi = 

yi = thVo + 4- oU{V2 + UqV^, 

which shows that the theorem holds good when w = 1, 2, or 3. 
Hence, adopting the proof by induction, assume the theorem to 
be true for and differentiate both sides of the equation with 
respect to x. That is, assiiinc, 

Vn = Vo + + ... + 4* ••• + V«* 

l/n^X = 4- yut\) 4- /'l(Vl + Vl?’2) 4" ... 

+ J'r^\{yn-t+'J\-\ + 4- n^' 1 (^^i— r+l^r4 r4’l) 

4- ... + {yg\, 4* Vn+i)* 

The general term is (/7,_i 4- ,/v)?'«~r+i?'V» 

[J//.sr. Theorems (1)] ; while 7^„^’l+,/7l^^„?/3=:(/^+ ; 

• • 2/»+l 0 ”1" I “h ... “h ^ r^^n+1— r^V ••• ^^0^7»+l> 

which is what wc should have obtained by merely changing n 
into n + 1 in the given equation. Hence, if the law is true for 
y„ it is true for //„+i ; but it is true for t/i, ^ 2, ^^nd y .^ ; therefore it 
is true for 7/4, and therefore again for y^y and so on. Hence it 
is always true. 

106. Comparison with Binomial Theorem. 

If we differentiate U',„v„, we get 
If we multiply u^’v^ by u -i- v, we get 

Hence, by changing suffixes into indices, and the operation of differen- 
tiation into that of multiplication by u -P v, we shall see the analogy 
between Leibnitz’s Theorem and the Binomial Theorem, as shown in the 
table below. The indices are inserted in the case of w®, wh v', to make 
the analogy complete. 
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COMPARATIVE TABLE. 


JMITei'eiitiation of Mo't’o 


Vo = ^0% 

2/l ^ MiVo + 

2/2 = ('^2^0 + + “0^2) 

= i/oi’o + ^M^ri + ?V’2 

2/3 = W3*^'o + + «1^’2 

+ Wo'<’i + 'lu^Vz + UqV^ 

~ Wan + yw2^'i + ""''Win + Wo’’3 
etc. 


Multiplication of mouO by m + w or y 


2/® = M®t’® 

~ m’v® + w®y' 

y" = (u-r® + + (n’v* + w®/.*") 

= w^u® + 2 m' + M®t’" 

+ 2?/.^y‘ + w'l;" 

+ M“p‘ + 2ifc'y“ + 

= tt^y® -\- [iu^v^ + 3 m'i;® + w®r^ 

etc. 


Similarly for the general case. 

Cor . — If y = XU] yn — since tlic higher d.c.’s of a; vaiiisli. 

Again, if 3/ = cc^m ; ?/„ = x^u,^ + + n(n. — l)w„_y ; 

and so on, the number of terms in y,, being one more than the index of u; in y. 


107. Examples. 

Ex. 1. Jf y = x\^,fiud y„, 

If = Uj = V, tlien, since u„ = c, 

2'” = - 

=: &x^ + ne^ >3x^ + — ^ c^.Gx + e.G (the re- 

maining terms vanisliing) 

= e^ {x^ + — l)a' + uQ/t — 1)(m — 2)]. 

Ex. 2. 7/ y = lo^xjx, find y^ imd ?/„. 

Let u = Ijx] V = log X. 

71 ! 

Then Un = ( — l)"^,;+-i; ^«i<l therefore etc., may be found from 

this by putting w = 5, 4, etc. We may differentiate log x successively as 
we come to each term. 

(1) 2/6 = j W4V1 + Wan + \\y + ~ . 

1_5.4 \ , 5.4 2!/2\ 

1 ' X' 'X 1.2 ■ x^\ x^J 1.2 * \a;V 

1 x\ x^ / x\x*J 
5! , , 5! ^ 5J / 5! , 5! , 5! 

“ afi . ® ® ■*■ it" ■*■ 2a.« ■'■ 3 » Ajfi 5^ 
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(-)»/« = + «0«» 

' (- ’)■>« ^ + 5 + 3 + - + ;))' 

ft)r all the terms after the second will have the same sign, since each 
term is made np of two factors, each of which is alternately +''* and — 

Ex. 3. If 2/ = c" siiiic. 

IMaking e* = 7/, sin x = v, wo liave 
2 /^, = /^J'^j^sin X + sin x + + ... 

= er jsin x +„0, sin -f ,. 0 ' 2 sin + ... + sin ^r, + 17)]’- 

Cor. — On rofeiTing to Kx. .‘33 of the previous set, 

}/„ = 2" /-c"^ sill 

TIeiico, dividing each expression for ?/„ hy e', we have the identity 
sin X + shi sin + ... + fiin 

This result can he written 

sin X + „Ci/> sin x + ^ + ... + 7)” sin x 2^^^ sin ^x + 

or, treating the operators Z>, D'^, etc., as if they were algebraical quantities 
connected with sinx by multiplication only, we have the following 
symhoUcal notation : — 

(1 4- By sin X = 2”/2 sin ^x + 

This is a particular case of a more general theorem given as an example 
below. [See Ex. XVIII. No. 29.] 

108. Formation of Differentia) £quations>-£limina- 
tion of Functions. , 

Tf y =f(x) (1) 
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then an equation which involves any of tlio quantities a:, y, 
etc., or their ])Owcts is called an ordinary differential equation. 

If we diffei-entiabe (1) one or more times, we shall obtain 
equations involving y^, j/o, etc., and from these and (1) we may 
or may not eliminate any quantity we please ; the resulting 
equation, however obtained, Avill be a differential equation. The 
formation of differential equations is useful in expansions of 
functions (see next chapter), and we shall see that in cases where 
an involved function occurs it is usual, if possible, to eliminate 
the function by preference. 


109. Examples. 

Ex. 1. If 2 / = sin X ; then =- cos x ; 

+ 2/i^ = Ij 01* + (dyllx- =1 (a) 

Differentiating (a), "sve have 2yyi 2^iy/2 — 

dividing by 2v/i (which is not necessarily 0), y -h y , ~ 0. 

Dr, since y^ -- cos x, .*. y.^ = — sin x = —y ; .*•?/ + y^ = 0. 


Ex. 2, If 2/ = ; 

-V'i.y, ^1 (1) 

Differentiating both sides of (1) 


Vi -xKy, - - .y, = 0 

/. (1 - a:2)yjj - = 0 . . 


(V, since y, — 


Vi - 


•2/2 = 


(1 — 1 — X* Vl — x^ 


(1 — xP‘)y ,2 — xy^ as before. 

Now differentiate (2) 7i times by Leibnitz’s Theorem, 




( 2 ) 

1 - 


, - = 0 , 

tlie higher d.c.'s of 1 — and x being zero. 

(1 - x^)y,+2 - + ^yVn+x “ nhj^ = 0 . 

Again, if A^ be the value of y, when sc is put equal to 0 (/tfler differen- 
tiation), we have 

" A^^o ~ ^dA„ = 0 . 

Note.— S quaring (1), wo have (1 - a;=)y,* = 1 : by differentiating this 
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equation, ond dividing out by 2y, [which does not vanish, see (1)]. wo shall 
obtain (2) as before. 


EXAMPLES XVIII. 


Use Leibnitz’s Theorem in the following examples : — 

1 . If 2/ = e^sin as, find 2 . If y = find y».- 

3. If 2/ = aiV', find 7/3, 2/™- 4. If 2/ = £clog x, find 2/^, 2 /ii- 

5. If 2/ = log X, find 2/4, 2/«. 6. If 2/ = find y^. 


7. If 2/ = find 2/c. 8. If 2/ = -y-— find 2/». 

VI -r 

9. If 2/ = + h cos mx, prove that y.^ 4- - 0. 

10. If 2/ = prove that y^ = m^y, 

11. If 2/ = cos'’*f/£r, then (1 —• a^xr)y2 = <i^xy^, 

12 . If 2/ = - «ec“^ then a;(£c2 — cL^)y .2 -h — a‘^)yi — 0. 

<Jb Of 


13. If 2/ = ' -7— — , prove that 

Vl — a-2 

(1) (1 - ai'Oyi = »:?/. 

(2) (1 — x^)y. — Ixtu — 9»/., = 0. 

(3) (1 - - (2« + =-■ 0. 

3a' 4- 4 

14. If 2 / r= 

16. If 2/ = sinli”^ a; “log(a3 + V 1 + a;-), then (1 + £c2)y., + 'xy-^ = 0. 

16. If 2^ = sin (msiiih”! a?), th^n (1 + x?‘')y^ + xy^ + rahj — 0. 

17. If 2/ = (1 — £c‘^)”* siii~* £c, then (1 — £c‘^)2/] xy ^ \ 

18. If 2/ = log ^-7,^; then 35^2 = (2/ " 

19. If 2/ = sin (wi tan“i x\ and ^ iyr\, prove that 

^n+2 + — 1)2 (w — 2) A „_2 = 0- 

20. If 2/ = sin (m sin“i a?), show that (1 — x^)y2 — xy^ + tnhj = 0, and 

tliat = («.2 — ?n2) ^4„. 

21. If 2/ = c*" sin as, prove that 2/2 “ "h that 

-^x+2 "" + 1) ^„ + 4n(» — 1) ^„-2 = tl* 
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22. If y = a sin (w log x 4- a), show that + xy^ + mhj = 0. 

23. If 7/ = .r“”Uog £c, find , and show that the result = — ^ , as 

obtained b\" the direct rnethod. 

24. If ;/ = prove that 

(1) 2///a + 3 ;/i7/2 = 0. 

(2) yy^ + %,?/4 + 10;/>y3 = 0. 

(3) ?/2/g + + 10;// =. 0. 

25. If ;/ = then ^1„ = -* (« — 1)(77 — 2)A„^q, 

26. If y = aV*, y, = x''-- + ... + 7i ij, the 

()• + !)•■“ term being e> “-f ’ 

27. If y = ae® sin Xj find y„. [See Ex. 33 of the previous set] 

28. If y = a;V^^ sin a?, show that 

y„ = sin ^x + + 7fx sin ^a* + ^ 

29. If y = e®®w, where ti is any function of x, prove that 

D*y =i e^®(a + the notation being symbolical. 

30. If 4'(^) 3, rational integral algebraical function of i>, prove that 

(1) i|/(/)).e'’® = 4/(a)e‘“. 

(2) + D)u, 


31. From the identity cos ax cos lx = l{ cos (a + l)x — cos (« — l)x}\ 
prove, by differentiating w times, that 

a" cos + n 4- „Ci ct“"^ Z> cos ^ax 4- (ti — 1) ^ cos 4- ... 

+ „Cra^'~’'b’' cos ^ax + (n — r) cos ^bx 4- 4- ... 


= i(a 4- by cos I (a 4- b'jx 4- t<^| 4- i(a — &)" cos |(a — h)x 4- n^. 

32. Using two ihcthods for finding where ?; = c" sin ?nx, prove the 
identity 

a" sin TTTx 4- sin 4- 4- sin ^mx 4- 2-^ 4- ... 

= (a- + m^y’- sin ^twx 4- wtan“'^^ • 
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Answers. 


1. — 4e* sin oj. 2. e*(5 + x ) ; t^(n 4- ®). 

3. + 9a^£c2 + \%ax + 6); + 3w(/i — l)ax 

+ w(7i - l)(n - 2)}. 


*• ^ e.i„ {120108*- 154}. 


7. cos £c 


/120 _ 20 ^ _ 

V ^ i 


1 \ . . /24 12 , 1 \ 


»• — • 1-3 5 ... ( 2 ft - 3 X* + 2 ft)/(l + *) 
27 . e*|2"/*.a!flm^a: + + ».2 ‘‘ sin ^a: + 
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CHAPTER X. 

INTER PR ETA TION OF SIGNS. || 

110. Continuous Functions. 

Let 1/ =J(j‘) ; then if (I) for every value of x between two 
given values a and there is a correspoiiditig finite value of //, 
and (2) for an indefinitely small increment of x there is a 
corresponding indefinitely small increment of then y is said 
to be finite and continuous between a and x = h. 

Similarly, if for every value of x between a and h there is a 
corresponding finite value of dyldx^ and for an indefinitely small 
increment of x there is a corresponding indefinitely small incre- 
ment of dyjdx, then dyjdx is said to be finite and continnouh 
between x = a and x = b. 

And so for the higlier derivatives. j 

In the adjoining figure, y satisfies condition (1) between thJ 
points A and G, between G and //, and between K and L. liiil 



^ at ^ it is Unfinite, and does not satisfy (1), neither does it in tli^ 
space between x = Oh and x = 0/c. 
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Again, at D it suddenly clianges by the amount ED^ hence 
I condition (2) is not satisfied. The function y is therefore said 
to be discontinuous at the points Z>, //, and AT. 

Again, dyjdx is infinite at 7i, C, i>, and while it suddenly 
changes at F. It is therefore discontinuous at the points (7, 
D, F, G \ and obviously at H and K. 

111. We may remark, that even when these singular values^ 
as they are called, do occur, they are usually very limited in 
numhei\ and are separated hy an infinite number of ordinary values. 
Hence, it is usual to deal with functions on the supposition that 
they are finite and continuous, as well as their d.c.’s ; and to 
bake the exceptions singly. 

If y have more than one value for a given value of x, we may 
ix on one value at a time, ignoring the others. This is equiva- 
(ait to considering one branch of a curve at a time. 

112. Example in Electricity. 

A simple example of discontinuity occurs in tlie case of the potential of 
point in the vicinity of an electrically charged sphere. If q he the charge, 
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and r the distance of a point N from the centre O of tlie sphere, then the 
potential of the point N is known to be gjr. In the first place, however, 
the potential is always and in the second place it is constant for all 
points within the sphere, or on its surface. 

The variation of potential is exhibited in the upper curve of the above 
figure ; thus the ordinate PiST denotes the potential of the point N. This curve 
consists of three distinct parts, namely, <7P, DEy and EF. Taking 0 as the 

origin, the equations of the curves CD and PPqj*e respectiv^ely y = Ip 

and, if a be the radius of the sphere, the equation of I)E is ?/ = qjn. 

The lower curve represents the force on a unit charge at dilforent 
points along x'ox ; thus pn denotes the force at JV f in magnitude and 
direction, and is the value of dyfdx at the point P. 

Hence the three portions cdy ab, efy have for their respective equations 

y = + Js ; y = 0 ; and 3/ = — • 

The points at which the discontinuities occur are of course Z>, E in 
the upper curve, and dy e in the lower curve. 


Sign of dyjdx and d^yldx‘— Maxima and Minima. 

113. Let be a Unite and continuous function of x, and let us 
suppose X to be always increasing, so that dx is always +™. ThenI 
if dyjdx be +” for a given value of x (a say), dy is +", o 
y is increasing as x increases. Suppose that for a Idgher vain 
of X {b say), dyjdx is — ^ ; then dy is — ”, or y is diminishin 
as X increases. 

But if y is increasing when x = a, and diminishing when x = h[ 
ib must have reached its greatest or maximum value at soini 

intermediate point. And 
is when a; = «, and — ’^•'whej 
® ib must have passed througl 
zero at some intermediate poiiij 
In fact, when dyjdx is zero, y 
’ constant for the momenb, and 
neither increasing nor diminisi 
ing ; it has reached its maximui 
,, e value. 

In the above figure, dyjdx is -4-^ at P, and — at <2, au 

' Jf convenience, the charge has been taken as a negalivt charg4 
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at the intermediate point, it is zero, while y is a maximum 
at that point. 

Similarly, if dy\dx is - when a; = ^, as at Q, and + when 
X = by as at R ; then y is first diminishing and then increasing. 
Hence at some intermediate point y must have its minimum 
value, as at i>, while dy\dx is zero at that point. 

It should be noted that in both cases dyjdx changes sign in 
passing through zero. 

Hence the condition for a maximum or minimum value of y is 
that dy\dx = 0, and changes^ sign. 

114. Distinction between Maxima and Minima. 

We have seen that wlicii dyldx is -f y is increasing with x. 

Similarly, when i.e. is is increasing with x, 

i.e. tan \f/ (and therefore xp) is increasing ; hence the curve is 
getting either more uphill or less downhill as x increases ; as 
between Q and R. 

The curve is also convex to OXy between these points. 
Therefore, at a minimum valm of j, d^yjdx^ is -f*''*’. 

Similarly, when d^yjdx^ is — dyjdx is diminishing as x in- 
creases, the curve is getting either less uphill or more downhill ; 
as between P and Q. The curve is also concave to Ox between 
these points. 

Therefore, at a maximum value of y, cPyjdx^ is — 

Ex. If y = 1 — X + ; dyjdx = — 1 + 2a; = 0 for a max. or min. 

.*. X = ^. 

d’^yjdx^ = 2, anil is -f ; hence y is a minimum when jd = |. 

Note. — B oth of the terms maximum and minimum are included in either 
of the single expressions, stationary-, or turning-value. 


116. Points of Inflexion. 

When d^yjda? is first for a give 5 iL value of x, and subse- 
quently passes through zero and becomes — then, Ijy the above 
reasoning, dyjdx (or tan tfr) is at first increasing, becomes 
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stationary, and thon diminishes. At the point where (Pi/ldv^ = 0, 
lirovided it is changing sign, we have a pomt of inflexion as at G 
in Fig. 18 ; for as we move from P to Q the curve gets 
steeper until we arrive at G, the point of maximum steepness, 
after which it gets less steep. 

ifence, at (7, dij\dx and ij/ are each a maximum. 

Similarly, when (PgjdP is first — and passes through zero 
and becomes then dgldx is first diminishing, becomes 




stationary, and afterwards increases ; and when dP‘yidx^ = 0, we 
have a point of inflexion^ w^hich is also a point of minimum 
Btjfepness, as at G' in Fig. 10. 

The condition that dyldx should be a maximum {d^yjdx^ being 
zero), is, that d^yjdP is — ; and for a minimum, that (Fyjdx^ 
is -f''". 

£z. y = X — + cx^. 

= 1 - 2a; H- 

«/2 = — 2 + 6a; = 0 for turning values of dyjdx ; x = J. 

^3 = 6, which is Hence y^ is a niinimum. 

Also where x =i,y = 2/i = S- 

Hence there is a poinc of inflexion of the second kind at the point (^, ^^7); 
the value of ^ being taii“i 

116. Example on the Signs of y, 

We give in a tabulated form the signs of y, y^,^ for every point of the 
accompanying curve, in each of the four quadrants ; these should be 
carefully verified by the student. In passing from 3 to 1 , or from 2 to 4 
^here is a point of inflexion, and y^ will be seen to change sign in botl 
cases. 
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Note tliat in 3, y is — but increasing algebraically as wc pass from 
left to right ; while in 4, y is — and diminishing algebraically. 
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117. Velocities and Accelerations. 

If time bo the imlepcudent. and space the dependent, variable, we have 
seen that rfs/dt is the velocity of a moving point at any instant. And 
given the function which s is of t, we can llnd the velocity at any time t. 

Also the rate of change of velocity, i.e. the acceleration at any instant, 
is represented by dvjdt^ i.e. d?sjdC^. 

If V or dbjdt is — the body is moving in the — direction, since s is 
diminishing as t increases. 

If dvjdt or dh/dl'^ is — the velocity is diminishing. ^ 

118. Simple Harmonic Motion. 

T^et Rj Q, R, aS be four positions of a point moving uniformly round a 
circle, and if, A, AT, N their pro- 
jections on AB. Then the latter 
will be four positions of a point 
moving in simple harmonic motion 
along AB. 

Suppose t to be reckoned from the 
instant that P is at i/, and let co be 
the uniform angular velocity of P 
about O. 

.’. Z POB — and if OK = s, 

OP = a, we have 



8 = acosw^ . . 

s or dsjdt = — aw sin uit 
8 or d^sjdt^ = — cos wt . 


Fig. 21. 


Cl) 

(^) 

( 3 ) 
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From (2) and (3) we can obtain the sign of s and * in each of the four 
quadrants, these depending on the signs of sin Q 
and cos e for the different values of 0 between 0 
and 2v. We give these in tabular form. 

The student should try to interpret these F 

signs. Thus, for JV, s is s is — which 
shows that the point is moving to the right, but y 
is stopping. 


EXAMPLES XIX. 

1. Find the maximum and minimum values of : — 

(1) a?-ZxJr 1. (2) ® (8) ®(® + IX® + 2). 

(4) X log X. (6) (8) <^08 aj + ® siu ®). 

2. Find the points of inflexion in the following curves, stating 
whether is a max. or min. : — 

(1) y = ar’. (2) y = x\x - 3). (3) y ~ sin x. 

(4) y = x(x + IX® + 2). (6) y = log x (take e = 2'7). 

3. If y is the number of gallons in a leaking tank of water, x the 
number of hours since the tank was full, wliat does dy\dx represent, and 
is it +’* or — If d^yfd'j? were +^*, wdiat information would this 
convey ? 

4. If X denote the popiilation of a country, and y the ^umber of years 
that have elapsed since a fixed date, what is the meaning of dx/dy and 
d^xjdy^ respectively ? 

6. Let X denote the annual expenditure, and y the annual receipts of 
a trading company. If dyjdx be and d^y/dx^ be — for a given 
value of oj, what inference would you draw ? What additional statement 
could you make if you also knew whether dyjdx were greater or less than 

unity ? « 

n 

6. Give, in a tabular form, the signs of y, y^, and y^ in the case of the 

circle x^ A- for each quadrant, as ascertained by actual differentia- 

tion ; and verify your results geometrically. 

7. Draw a curve at every point of which 

(1) » ta — y +~ y, — ", y, — " 

(2) as is +", y — ", y, — ", y, +" 

(3) ® » — ", y — ", y. +", y, — 
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8. A particle moves along the axis of a, so that x = t%t — 3), t being 
the time in seconds reckoned from a given instant. 

(1) Find its velocit}- and acceleration at any given time. 

(2) What is happening when t = — 1, 0, 1, 2, 3 respectively ? 

(3) When is the velocity a minimum ? 

(4) When is the velocity constant for an instant? 

(5) Describe its motion from ^ — 10 to + 10. 

(6) Representing times by abscissae on the axis of y, and distances by 
abucissae on the axis of x, draw the curve representing its motion. 

Answers. 

1. (1) - f, min. (2) 4* 2, min.; - 2, max. 

~ e> 

(6) 7, min.; -1, max. (6) 7r^/4, max. 

2. (1) (0, 0), rain. (2) (1, — 2), niin. (3) (0, 0), max. 

(4) (-1, 0), min. (5) (-22, --076), min. 

3. The rate of increase in gals. i)er hour ; — ; that the rate of leaking 
was diminishing. 

4. The rate of increase (at any moment) in units per i^ear ; the rate at 
which this rate is increasing. 

5. That an increase in the annual expenditure brings with it an increase 
in the annual receipts; but that the latter increase tends to become 
smaller as the expenditure becomes greater. If dyjdx ]> 1, a profit is 
made, 

9. (1) - 2); ~ 1). (3) and (4) When < = 1, 
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CHAPTER XI. 

EXPANSION OF FUNCTIONS. 

119. Definition. — When a function of any quantity x is ex- 
pressed in the form of the series -f- a^x -f- (foC^ 4- , 

where the «’s are independent of x, \t is said to be expanded in 
positive integral ascending poorer s of x. 

Thus the expansion of (1 -f xy is 1 + nx -f -f- ... 

It is not every function that can be expanded in this way ; 
log X cannot, for instance, as we shall sec hereafter. But at 
present we shall, with one exception, deal only with those 
functions that can be so expanded, reserving to a later portion 
of the chapter the consideration of the possibility of such an 
expansion, as well as the conditions for convergeney. 

120. Odd and Even Functions. — A function of x is said 
to be even when it is not altered in magnitude or sign, on 
changing x into —a;; it is said to be bdd when it is altered in 
sign, but not in magnitude. 

Thus, cos (— ic) = ^ ; { — xy^ = \ hence cos x and a?* are 

even functions. 

But sin {—x) = —sin x ; {—xy = — ic® ; hence sin x and \ 
are odd functions. 

If f(x) is a function capable of expansion in -f ascending | 
4)Owers of a?, ,we may write — 

(!) 
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Now (i) suppose f(x) an even function ; then/(r) =/( — a*), 

Uq + ayX 4- -f 4- ... 

= (f^o + 4 - + fh{ — xf 4 - ... 

= «o “ 4- — a^tf' 4- ... 

transposing, a^x + a^'i^ 4- + ... =0. 

Subtracting from (1), we have 

f{x) = «o 4- 4- 4- 4- (2) 

Similarly, (ii) suppose f(x) an oiki function ; then we can show 
that 

f{x) = a^x 4- 4- (3) 

Jlcnce an even fiinctioti of x contains even powers of x when 
expanded ; and an odd function, odd powers. This might have 
been expected, for if in (2) wc change x into —a;, the series is 
not altered because of the even powers of a?, while in (3) all the 
terms will be altered because of the odd powers. 

121. Algebraical Method. — By help of the known expan- 
sions of the functions (1 ± a)’*, «*, log (1 4- a^), sin a;, cos x, sinh a?, 
cosh ar, and any others that we choose to include, we can expand 
combinations of these functions, but only to a Yew terms. If, 
however, x is small, this will not matter, as the higher powers 
of X will be negligible. For the expansions, see Miscellaneous 
Theorems^ above. 


Ex. 1. Expand log cos'x as far as the term containing x*. 


Wo have log cos x = log ^ 


--1 



(--"•'■-•I 

2 24 ^8”1 2 12’” 

Ex. 2. Expand x"** 

X 



1 + ® + ^... 

^ a! ^ ^i! 


24 120 )\ 
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= 1 - 




a’ 

24:' 


+ 4*^^ + ^ >V •* 

- 4053 - lx * ... 

+ IVX* ... 

= 1 — ^£C 4- A.^- - ••• 


£z 3 


Expand coscc x, as far as x^. 


cohec X — - 

bin X 



1 


a '-* , X* 

'* 120 ‘ 



120 

X* 

]20 


...)j- 

■x-y ! 


-iii+ 


7x* \ 

o()0 f X 6 300 


This rase should be noted. 11 x = 0, coseex — oc , ^vhi(h points to the 
fa( t that coseex cannot be expanded in positive iiitct;i,il powers of x; for 
refenin^ to equation (1), Ait. 120, we sco that f[p) — a,„ which is finite. 
The expansion of coseex, howevci, contains the tciin 1/x, or x“^ (a nega- 
tive power), which becomcb infinite when x = 0. 


122. Inverse Functions,— When wo know the expansion 
of a direct function, x = /(y), say, in +" integral ascending 
powers of y, we can find that of the inverse function // in ascend- 
ing powers of or, provided that the known expansion, tf an infinite 
series, has no absolute term for terra without x). 

In this case the resulting, or reversed, series will be fouud to 
have no absolute terra, since by hypothesis the graph of x = /’(y), 
and therefore the gi*aph of y = /“\*^)> passes through the origin. 


123. Ex. 1 . Expand sin"* x as far as x*. 

Since &ui"*x«i8 an odd function of x, we may asbumc 
y =8# sin*** X =s a|® + a^x® + 
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The known scries is ® = sin y = y — +'r> ~ ••• 

o ! o! 

X = (a^x + a^x^ + («i® + ••O® ••• 

= ajX + (^3 - Jai3)j5® + (% — 

Now, if «!, ... were all known, this would be an identity in », and 

therefore (conversely), assuming it is so, the coefficients of like powers of 
X should be the same on both sides. 

Equating these coefficients, we have 


(Coefficients of x) 1 = aj, , = 1, 

( „ a/) 0 i= ft., - JftiS . ttg = j. 

( „ as'O 0 = ftfi - |fti‘%s + • «o = A- 

Hence sin“i x = x 4- 4- ... 


124. If the series is not infinite, then, if it contains an absolute term, 
the reversed series will also contain one. To find it we shall show that 
we have to solve the eq«iationy(fto) = 0, where x = /(y), and y is assumed 
equal to Oq 4- ft, a; 4- a.pS^,,. 

For if cc = f{y) 4- p^y 4- P 2 y^ 4- ... 4- this being the given series, 

a? = + i^i(ao + 4- ...) 4- J»2(c^o + ...)2 -f ... 4- 4- ftia;...)” 

= (Po + Pxafi 4-i>iV + ••• 4- 

- /(^o) 4- 4* ... , 

and equating coeflicients of x^, we get /(fto) = 

The other equations for finding ftg, etc., will be found to be all of the 
fii-st degree only. 

Ex. 2. 7/^ X = (1 — y)(l — 2y), expand y in ascending powers of x. 

Assuming y = fto 4- ftiic 4- api ^ ... , wo have 

05 = {(1 — fto) — <HX — a^x ^ ... }{(1 — 2fto) — 2aifl5 — 

llegin by equating coefficients of 05® ; /. 0 = (1 — ao)(l — 2ao) ; 

/. fto = 1 or 

(1) If fto = 1; X = ( — ft, 05 — ftaos^. ..)( — ! — 2a,® — ,,,) 

= (ft,® 4- ftj®® ...XI + 2ft,® 4- 2ft2®® ...) ; 
and equating coefficients, 

1 =ft„ 

0 = ftj 4- 2ft,*, etc. 

• • ft, “ 1, ft^ “ “ 2. 

/. 2/ = 1 4* ® — 

(2) If fto = J; ® = (J -^ft,® - fta®*...)(-2fti® - 2ft2»^„.) ; 

and we shall get y = i — a? 4- 2a5* ... 
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Tho reason that there are two alternative expansions is that we have a 
quadratic in y, which has two roots. 

Thus 2,y2 - 3^ + (1 - cc) = 0. 

/. y ■“* ^ ^ ~ i (•‘^ + Vi 4- Bac), or i (3 — Vl + 8x). 

If wo expand the surds, we shall get the same two series as before. 

Ex. 3. X = (1 4- yY = (1 -I- ^0 4- «!« 4- ...y suppose ; 

(1 4- t»u)^ = 0 , /. X = («jX + a.jX- ...y. 

But this gives, on equating coelUcieiit of x, 1 = 0; an absurdity. 

In fact, 2 / cannot be expanded in integral powers of x; as may be other- 
wise seen, for 1 + y = i.e. y = — 1 -h x^. 

125. Implicit Functions. 

The same method may be adopted in this case. 

Ex. 4. r/ 4- 2ay ~ 7/3 q. ^ ^ 1 

expand y in ascending powers of x. 

Assume y = aQ + a^x 4- ; 

in (1;, x'^ + 2.1 («o 4- a^x -f ...'f — (a^ -j- a,x 4- a.jX^ ...y -\- x = 1. 
or x''^-P2x(af-\-'2d^,<f^x+...)— {ay’* — 3a/a^x^-(3^/o^/,-+3c^^,-a2)x^...} q-a:= 1. 

= It 01* «o = “1 ; 

2a y- -h + 1=0, 3(ii + 3 = 0, or = —1 ; 

4ao«i ~ 4- 3ay2(/p = 0, 4 + 3 - 3^2 = 0, or ^2 =. J ; 

2/ = — 1 — X + 7jx2 ... 

Since is the value of y when x = 0, we may obtain tliis at once by 
putting X = 0 in (1). This gives (y)u, or «„, = — 1. 

Practically tlie same remarks as those made in the last article apply in 
the case of implicit functions, when algebraical, rational and integral. 

ITor a rigid discussion of the subject, see Chrystal’s “ Algebui,” vol. ii. 

p. 349. 


1 . Prove that 


EXAMPLES XX. 


m lo"!i^ - _ La _ 1 a4 _ 
'Oo — - g® - , 


( 2 ) «•'"• = 1 + a: + J** - i®' - 
( 3 .) Bin* (sin ®) = ® — J®’ + ... 

,(*) tan®. 2 = ® + Ja^ + I'aai*..., 
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(6) tanha: = cc - Jay> + 

(8) scca: = 1 + ... 

(7) secli a; = 1 - ia;2 + .^Sj-aji - ... 

(8) log {1 + log(l + *)} = a: - a;2 + 4^’ - . 


(9) 


1 + e* _ 1 I-... _i_ 2 

- ^ = 1 — — £C + 

2e* 4 32 


(10) g(l ^ X ~ log (sec 5C + tan oc) = x + ~ 


2. Stale wlietlicr tlie Ibllowing fiiiiotions are odd or oven, or neither 


(a) sin *£c; secac; + e"* ; coshx; siiih a;. 

(b) tan“^a;; log (x + V I -f a:-) ; 

1 — a; 


W cus X — sin X , 

. : lo' 

costc + snix cos cc 4- sin X 

rdii (a tan*'* a:) ; log tan~^ x. 


cos X — sin X 


; log (x CUSCO x) ; log (x cos x) ; x- 


e* 4- 1 . 
r_\' 


3. Employ the method of reversion of series in the following 
examples : — 

(1) Given tan"** x = x — Jx^ 4- JaJ* - . , expand tan x as^ (lir as x\ 

(2) Given y = log (I -f- x) — x — ^ , show that x-y + 

^ iS 21 3! 

(3) From Ex. 1 (10), deduce that ?d x = x — ^ 4- ^ 

(4) If x" 4- -h xy - 1 = 0, prove that y = 1 — Jx — ffx^ ... 

(6) If y'* — (1 4- x)y = G, expand y in ascending powers of 1/x as far 
ns 1 JxK 

(6) If Gx = (1 — y2)(l 4- 2y), expand y in ascending powers of x as far 
as X-, giving three series. 


Answers. 


2. (a) Odd ; even ; even ; odd ; even ; odd. (b) Odd ; odd ; odd ; even ; 
neither, (c) Neither; odd; even; neither; even; odd; neither. 

3. (1) * +-y + 2 s ... (b y = - 6 + 4 - i ... 

(6) y = 1 -x- {x2 y = 1 - 3ar 4- V®*--* Tory = - J + 4x - ... 
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Method of the Differential Calculus. — 

126. Taylor’s Theorem. 

Prop. — To prove that, if f(x + h) a function ^ x + h, cmd 
capable of expansion into a convergent series of positive integral 
powers of h, then 

/(.r + h) =/(^) 4- hr (A + + JJ/"'(.r) + ... + + ... 

The proof below is given strictly on the assumption that 
f{x + 4) is capable of expansion ik positive integral powers of h, 
which is by no means the c^e always ; so that the above equation 
must not be taken as true unless the condition is satisfied at the 
outset. And even when the function is capable of such expansion, 
it is necessary to consider for what values of x and h the series 
is convergent. 

A strict proof will be given below (Arts. 136, etc.). 

We shall first establish the following — 


127. Lemma. 

//x and h he independent of each other ^ then 

+ = + 

where h is regarded as constant in the first case, since it is not 
a function of x ; and x as constant in the second case for a similar 
reason. 

Let y =f{x -I- III =/(^), say, where z = x h \ 

/. dzldx = 1, and dzjdh = 1. 

Then ^ = = 

. dx dsdx dz' 

- 1 .- ^^dydz dy^ 

A dh dzdh dz' 

OtJierwise, let x increase by a snaall quantity a, which ultimately 
vanishes. Then 

* d 


dx 


f{x + A) = 


It nx + h+A-Rx + h) 
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Again, let h increase by the same small quantity a (which is 
quite permissible, since a is merely some quantity which ultimately 
vanishes) ; then 

±/(x + h)= If ° 

which is the same expression as the other ; /. etc. 

Ex. If f(x 4- /*) " (ac 4- 

^ = 3(2! + hf + *) = 3(2! + A)3 

.g=3(2! + ;i)^^(2: + S)=V.^. 

If we expand fas 4- the theorem is not so obviPrely true ; thus 
if /(x 4- h) ~ x'* -h 3xVi 4- 4- 

* d/fdx = 4- 6a;A 4- 3A“ =- 3(a; 4- hy 

df/dh - Bx^ 4* 6a;4 4- 3/t- = 3(x 4- ^0** 


128. Proof of T^lpr’s Theorem. 

By hypothesis we may assume 

y*(.'c -j- = -A 0 -h Aih -f- A,j/y -4" AsA* . . (1) 

where Ao, Ai, etc., are functions of a?, and do not contain h. 

Then -f = + A . + h- . ‘ifh + (2) 

dx dx d.t dx dx 

ij^=Ai + 2AJt + 3 ^ 3 /^“ + 4 ^ 4 /-!* (3) 

(Ifb 

Since (2) and (3) are identically equal, we have, comparing 
coefficients of like powers of 
d 4 

==/'(x) ; since, putting = 0 in (1), = /(a;). 

dx ^ 

/. in (l)/(a! + h) =/(x) + h/'(x) + I /"W +- 3 */"'(•«) +... 
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129. Maclaurin’s (or Stirling’s) Theorem. 

Prop . — "To prove that, if f(x) be a function of x capahto of ex- 
pansion into a convergent series of positive integral potvers of 's.., then 

/(*•) =/(0) + rm + |l/"(0) + g /'"(O) + ... + + ... 

Originally this was proved from first principles, the proof being 
similar to the above ; bat it can be at once de duced from Taylor’s 
Theorem, thus : 

Put 2 ; == 0 in the formula of Art. 12G ; 

:./{h) =/(.)) + + ... 

Since it is immaterial what symbol we use, put x for h ; 

=/(o) + + -J, y"('>) ... + + - 

where, in yXd),/"(0), x is put = 0 after differentiation. 

Other modes of writing the tln.'orem are 

y = + l-j + ... + (//„)« + - i 

and sometimefs 

y^A, + A,x + Aa S + .'Is I’ - + .'I- 5; + ■•••. 

These two thcorejns arc of exceptional importance, since they 
embrace as particular cases all the well-known expansions. 


130. Ex. 1. Tf f(x -f h)^(x + hf] then f{x) = ac", f(x) = 
f'(x) = 7i(n — etc. 

by Taylor’s Theorera, (a; 4- /*)" = ac" -f nx^~Ut -f ... . 


Tx. 2. If y = (Ei*, tlien 7/1 = a* log a, y, - a*(loga)2, 2/3 = tt'(loga)^ ... 
And {y\ 1, (.yOo = log«, ( 3 ^ 2)0 = (loga)^ (y,)o = (h>ga)*,... 

whence by Maclannri’s Theorem, 


a* 


= l+irIoga + ^L':fi‘>i* + i 


y0gjl)3 

d! 


Ex.3. If y = log(l +flj); = j— 3/2 = 




. .*. (. y \ “ (2^1)0 — (2^2)0 “ (2/3)0 “ 2 ; 

Iog(l +®) = ®- ^+ ^ 
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Moreover, = ( - !)"-> (y„)o = ( - 1)”-' (n - 1]! 

Hence the general term = = ( — 1)""'^. 

£z. 4. If y = sin sc; = cos a;, = — sin as, yj = — cos sc, = sin sc, etc. 

(2/)o = 0, (yOo = 1, (y 2 )o = 0, (yaX = - 1, (y 4 )o = 0, {y^\ = 1, etc. 

.-.sin. = 

Similarly for cos x. 

131. An objection miglit be raised that, in order to apply Taylor’s 
Theorem to the expansion of (sc + Zi)“, we have to differentiate sc* ; while 
the proof of the rule for differentiating a;" depends on the expansion of 
(flc + 7i)". But there are methods of difterentiating sc" without the use of 
the Binomial Theorem, and similar remarks apply to the other functions 
e*, logac, etc. [See Plx. VI., 2 (1); and Arts. 41, 45, 46. j 

Hence it is quite possible for Taylor’s Theorem to have been discovered 
before these other theorems (altliough such was not actually the case) ; 
and in this sense it may be regarded as the parent of all the latter 
theorems. • 


132. Further Examples, 

Ex. 5. Ej'pand Iog(l + cos sc) as far as x^ 

We have y = log (1 + cos sc) = log ^2 cos^^^ = leg, 2 + 2 log cos ~ ; 
(2/)o = log. 2. 

y, = - tan f ; (y,), = 0. , 

y, = - i sec® (yj)„ = - i- . 

l i sec | tan | = - ^sec®? tan * ; 

(ya)o = 0. 

y,= -l|(2sec|.|seo|ta„|)tan5 
(2/4)0 = i‘ 

Hence log(l + cos x) = 'oS. 2 - ^ J' - 1 ^ - 


+ sec®|.l8ec=|f 
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Ex. 6. Expand y — e*' cos b.x. 

We have j/, =»'e"' cos (6 .k + <(>), where r = (a- + h^)*-, tan <> = -■ 
cos (hx + 2^) ; etc. 

(.y\ = 1. (2/1)0 = rcosp, (y„)„ = i'2cos2<>>, etc. 

^ ^ . af-r-cos2* , , a;"r'‘cosMA 

= 1 + StTCOSt^ + ^ + ... + — ^ j ^ 

This can he also expamled algebraically, tliiis : — 

e" COS 6a! = I + e"''**) = i 

= I { 6 "*'"^+ = A [(I + re<l“x + ...) H- (1 + re- 

= 1 + rcos^.cc 4- 


EXAMPLES XXI. 

1 . Use Taylor’s Theorem to prove that — 

(1) + A + + ... + 

(2) log (a: + h) = log® + ^ - - ... 

1 _ 1 A Af _ A» 

^ ^ X 4- /i <x as** 

. 32 q 3 

( 4 ) bin (a 4- / 3 ) = sin a + /8 cos a - sm a - cos a + 

, ^ , 4 1 ^ 1-1 . 1 . 1-3 

( 6 ) Vm + n = 7 / 1 * + 5 


2.4.0 


2. Use Maclaiirin’s Tlieorem to prove that — 

(1) log (1 4- g*) = log 2 4 - Ja: 4 - ... 

(2) log (1 4- Ian x) = X — kx^ 4- ^x'-^ — ... 

Hx* 

•( 3 )e— = 1 +«> + i7“-4r- 

( 4 ) sm 1® = x -h-Q + 

(6) sec* = 1 + |! + ^ + ... [see Art 104 , Ex. 2 ], 

(6) tan* = * + ... [see Art. 101 , Ex. 2 J. 


[Art. 101.] 




t Binco a =s r^oBip^ h sr 9’sin^ 
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3. Prove that — 

(1) fix + A) =XA) + ®/(/0 + 27/"W ... 

(2) /(I + x) =/(*) +/(») + ... +^(?) 

71 1 

=/(i) + »/(i) + J/''(i) + ... 

(3) tan-i (a: + A) = tan’i a: + - — ... 

1 + (I + 

(4) (1 + a;) = x + - ^ 

1 + a- (1 -h 3(1 4 - 

^ ^ ^ ^ 4“’- 2 4 ^ 12 

(6) taii"'i (x 4- ?i) = tan*"^ x 4- h siri% sin2tf 

4- Ih^ sill’* 0 Bin 30 — ... , 
where 0 = cot^^a;. [See Art. 102.] 

(7) tan"i(l 4 - tun 0) = 0 + cos d. cos 0 — sin 20 cos^ 0 — J cos 30 cos® »... 

( 8 ) e* sin {x + h) = sin a; 4 - 7i . 2 ^ sin ^a; + + |] * 2 * sin ^a? 4 - 4 - . . . 

+ ;j. 2 *'=sin(a= + '^’')... 

4. If e®* cos 4a; = y, prove that = 5’'c®'cos(4x 4- r^'), where <f> = tan“i J. 

Hence prove that e®' cos 4a; = 1 4 - 5 cos a; 4 > .a;® 4 - ... 

n ! 

= 1 4 - 3a; — Ja;® — ®/a;® ... 


133. Expansion by the Use of DifTerential.Equations, 
and by Leibnitz’s Theorem. 

Ex. 1. Let y = e* ; then y^ = e* ; and we have 

2/1 = y, .......... ( 1 ) 

which is the differential equation required. 

Assume y = + a^x + aasc® 4- ct^x^ ... 

Put as = 0*1 .*. «o = (2/)o = c® = 1. 

Also yi = rtj 4" 2^205 -f* 3(IqX^ ... « 

from (1) ai 4- 2%® 4- Sa^os* ... = a© 4- c'l® 4- ... 
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Comparing coefficients of like powers of x, since this is an identity in x, 
[see Ex. 1, Art. 123], we get 

ftj ~~ 1 } 

3^3 = Og, tta 1/3! ; etc. 




Ex. 2. Let y = tau“' £r, then y, = 


_1 
1 + 


/. (1 + * 2)^1 = 1, the differential equation required. 

Assume y — a^x q- + etnas'’ ..., since x is an odd f unction. 

/. + 5ff . . . 

/. (1 + x-)(aj + ?ia^x‘^ q- ...) = 1 ; 

wlienco a, = 1 ; 

3ot'3 + otj = 0, • . a^ — “ ^ » 

hetg *4" 3<Z3 — Oj • . fig — ^ ) etc. 


/. tan~* X — X ^ 


X^ I ^ 

3 '"^ 5 


Otherwise ; since y^ = = 1 — a;- + a;"* — as® (2) 

and y^ = + oa^x^ + 5«ga;* ... 

we get the same result by equating coefficients of 1, a;^, ... 


N'ote, — If the student has begun the Integral Calculus, he will sec that, 

since the integral of , ^ 2 tan~' sc, he can obtain the expansion by merely 
1 + a; 

integrating the series (2). 


134. Ex. 3. y — sin (m sin~* ac), a7i odd function, 

Vx = w cos (?« sin“^ x) . . .3 . 

V 1 — 

Vl — x^ .yi — m cos (m sin“^ a?) . , 

Differentiating both sides, 


vyy_ 


- xKy^ - 7i%p == ““ 

(1 — a; 2 )y 2 “ ^Ifx = 0, the differential equation 

There are two methods of proceeding from this point 


. (A) 

Vl - 

. (B) 
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First Method : — 

Assume y = a^x + ... + ... 

2/i = »i 4- + ba^x^... + (2/i - I)a2„_ix2«“2 

+ (2n + l)a.,„+i!»2- (C) 

= 3.2«.a; + SA.ariX^ ... + (2n - - 2)a2,._ia;2'‘-3 

+ (2w 4- l)2«a2„+ia;2»-i ... 

.-. in (B), 

(I - x^){3:2a.^x + bAa^x ^ ... + (2n - X)(2n - 2)a2„_ia;2«‘-3 
4- (2n 4- I)2>m2,.+ia52»-i ... [ 

- x{ai A 3a^x- + ba^x^ ... A (2n - t)a2„_ia;2«-'2 4. (^2n A lK„+ia;2’ ... } 
4- rti-la^x A 4- a~x^ ... 4 - + c«j«+i£c2’*+i ...} 

= 0, identiciilly in a; (D) 

From (C) and (A), putting a; = 0, we have Xi = (^1)0 = wi. 

Fcpialing coefficients of x, x^j ... we liiive 

[cocflr. of x] 3.2^3 - (Xj 4- = 0, A , 

[ „ (5.4cr5 — 3.2a..;) — 3^3 + 't)iraj = 0, 

^ 9 - 7/?2 __ m^)(V ^ , 

• • «6 - 4 - rj j " ’ 


[ » {(-'» + l)2na2.,+i -O - 2)a2„.i} “’(2^ - !)«,„., 

4 - = 0 , 

•*• “ (2li -h'l)2/i ~ "■ + 2/i - 1 - 

_ (2/1 - 1)2 - 
“ T2«+l)2/^ 


Since tJiis is true for any value of w, it will be true if we change n into 
rt — 1 throughout the equation. 


So 


/- d'n—l 


®Ai-S 


(2n - 3)2 -_m2 
(2n - l)C2"n - 2) 


(2n - 6)2 - m2 ^ 

(291 - 3X2r. - 4) 


and so on. 


. — {(2^ “ 1)^ — m2} {(271 — 3)2 — 7712} ... (32 — 77l*)(l* — 77l2)77i 

. . a~,n+i (2rt + 1)1 

which is the coefficient in the general term. 

TT • J ‘-IN , m (12 — m 2 ) 3 ^ m( 12 — m2)(32 — m 2 ) . , 

Ilcnce Bin (m Bin ^x)=^mxA --- — "^sc24- — ■-'a-® 4- ... 


5! 



[Ca. XI. 


1 2 0 DIFFERENTIA L CAL CUL US. 


Second Method : — 

Differentiating (B) n times (n being odd) by Leibnitz’s Theorem, we 
have 


(1 - a ; 2 ) y „^.2 + 

- - ny„ 

4 - = 0 . 

Now put ac = 0, and wiite A„ for (y„)o [see Art. 120]. 

/- ^«+2 + (Wt2 — 7i^)A^ = 0. 

/. A„+, = - m^)A,, == (n^ - 'm'^)[(ji - 2)2 - m^}A^_^ 

= ... =. (n2 - wi2){(w - 2)2 - ... (32 - m2)(l2 - m^)A^ . (K), 

n. being odd. 


From (A), or = m. 

But, by Maclaiiriii’s Theorem, omitting even powers, since y is an odd 
function, 


A..x^ 




— A j A- » 

“ “3r + 51 


Hence, putting n = 1, 3, 5, etc., in (E), and substituting in the above 
equation, we get the same series as before. 


Cor, — Put X = sin 0, and the expansion becomes 

. 7n(12 — m2) . , m(12 — 7?l2)(32— 0/2) . 

sm mB = m Bin + - ■ “ o | — ~ sin^ B 4 sm^6 -p ... 


or, 


3! 

.9 - ... 

31 5! 


This series can be shown to be convergent for any value of m. 


Ex. 4. y = log (1 4* e») (1) 

Denoting the given function by /(x), we have 

/C-x) = log(l + e~*) = log = y - X. 

Hence, iiy = toj® 4- 4- 4- a^x* . . . ; we have, changing x to - x, 

y — a; z= Oo — a^x 4- agse* — 4- a^x * ... 

/, adding, halving, and transposing the x term, 

y == + g + 4- a^x* 

* •*- yi = i + 4- 4(1405* ... 

. - yg = 241.^ 4* 12a4a;2 ... 
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Now from (1). 

/. evy^ = 6*. 

Differentiating again, + e^fy^ = c». 

••.^2 + 3 /.* = 5 = 2 ^, . . ( 2 ) 

2a2 + 12 a ^ x ^ ... + (i 4 - ...)2 = J + 2a2a3 + 4a4X® ... ^ 

.*. equating coefficients, 

[coefft. a;0] 2 a 2 + i = i *, or ag = i ; 

f ,, a;’’] 2 a 2 = 2 a 2 > an identity, due to our having found otherwise ; 

[ ,» 12^4 + 4(22^ = 0, ; etc. 

Also tto = (y)o - log, 2. 

/. log(l + e*) = log, 2 + \x 4 - - xJa** ••• 


EXAMPLES XXII. 


1. Expand by means of differential equations : — 

(1) since. (2) log(l +£c)- (3) (a + x)”. (4) sinhx. 


2, Given that y = sin"^ x ; — 

(1) Prove that (1 — = ^Uv 


^3 3*^® 

(2) Hence show tliat sin”^x = x + > + /a ••• 

o 40 

(3) Show that 

(4) Hence show that 


5p2ii+l 

2ir+ 1 ••• 


(5) Show that A „^.2 = 

(6) Hence obtain the above expansion of sin**^ x. 


8. Given that y = V ^ x^sin^*^: — 

(1) Prevo that (a® — x^^y^ + (2 — yj)x 4- y = 0. 

(2) Hence show that y = ® — Ja?®/®® "* AW®* ••• 

(8) Show that except when n « 1. 
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(4) Hence show that 

_ 1 _ 2 if _ 2.^ _ 2^4 G^.. (2n -_2) 

^ 3 a2 i.3.6’(i< 1.3 5.7 it«‘" 1.;! 5 ..."(;2 m + ij a=*'* 

_ 1 

(5) Show that except when n = l\ and that 

Aq — a.2 = a ^ — ... = 0. 

( 6 ) Hence obtain tlie above expansion of 


4. Given that y =- *: — 

(1) Prove that (I — 

( 2 ) Hence show lliar a„+, = C^+UXu + l)''"' 

(3) Hence show that 

a2x2 , a(12 + «>3 , rf^(22 -f a2)x^ 
e— • = 1 + aa= + -^ + — jy--- + -41 

_j_ a(12 4- a^)(6^ + 


( 4 ) Show that = («" + fi')A.„» 

( 5 ) Hence expand y. 

( 6 ) Ol)tain a second expansion of e'**'"* * in ascending powers of 
(asin-'x); and show, by equating coefficients of a in the two scries, that 

1 7-3 

sin“^x = X H- - , as in ICx. 2 (4). 


(7) Show, by equating coefficients of a*, that 




X* , 2.4 
4“ 1.3.5 * 


2.4.G 
1. 3.5.7’ 


( 8 ) Putting a = mi, m beitig veal, deduce that 

j (main-* a;) = 1 - ^7--^ - 


sin (m Bin“^ x) = mao! — — > 


_ m(m^ — 12)x2 m(m2 — V‘)(rn^ — ^ 

_ - 


(9) Show that 

1 2 5 90 

«** = 1 + sin 9 + 2 j ®'"* ® + . 3 ! * + 41 “”^*■*'51 ® 

S. Expand cos(m 8 iu~‘ x) by means of a diSerential equation. [Seo 
Ex. 4 (»).] ‘ 
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6. Show that siiih~*a:, or log (a: + Vl +1?) 

= 0! -1.?*+ 

3 2.4 5 2.4.6 '7 ~ 

7. Show that f.in(OTsinh-ia;) 

= »»»:- y_(j^. + + m(l‘ + m^(.V + _ 

01 

8. Show that sinh (m siri-i x) 

= wa- + 4. m(12 + ,« 2)(32 ^ „j2) 

3! 51- + •■• 

9. SIiow that sinh (m sinh-* x) 

= ,nx - + W(l^ - m %3‘ - 

10. Sliow that >v^i 4- £c^ sinh”* a: 

= a=+ia'3-_2 

3 1.3 5 ^ 1.3.5 7 ••• 

!!• If 2/ = 2 ^r~j> “I'ow that xi/, + y(jj - 1) = ^. 

Hence show that 

y = I - /'V;^ + Ws*" - + ... 

whore B., B„ ... (called Bornouilli’s numbers) 'are lespectivcly 

S< itb) iVi A'. ••• 

12. Putting xi for x in Ex. 11, deduce that 

(i)|cot|=i-A-;-7j,|.;_^,|-... 

13. Using the identity tan® = cot® - 2cot2® (which prove), deduce 
tliat 

tan® + 2X2^pi)il,®3+ ^S^^b,x^ + ... 

and show that it agrees with the expansion in Ex. 2 (5) of the preceding set. 
Using the identity cosec ® = tan J® + cot ® (which prove), deduce 

cosec® = 1 + 2i?.® + ... 

15. If y = (sill-* a:)2 prove that (1 - x^)yl - xy^ = 2. 

Hence expand y into the series given above [Ex. 4 (7)]. 
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16. Verify, by algebraical expansion, the scries 

sin me = m .sin 9 - sin^ e + 9 _ 

o! 5! • 

in the cases in which m — 2 and ^ respectively, as far as tluec terrhs only. 


*135. Strict Proof of Taylor’s Theorem. — We come 
now to the two conditions: (1) that ,/(./; -f- h) may be capable of 
expansion in positive integral ascending powers of /i ; (2) that 
the expansion may be convergent. 

The method of treatment is as follows : — We shall first impose 
the condition that f(x) and all its d.c.’s as far as the n\A\ are 
finite and continuous for values of x hetiveen iivo given values, 
a and b, whatever may happen beyond those values. We shall 
then show that, if this is the c^m, f{x 4- li) can be expanded into 
a series of n terms plus a single expression, called the remainder 
after n terms ; and that if, on increasing n indefinitely, this i*e- 
mainder diminishes indefinitely, the infinite series will be con- 
vergent, and Taylor’s Theorem will be true for that function — 
at least between the values, a and b, of x. The exceptions will 
be considered afterwards. 

The investigation goes by the name of “Lagrange's Theorem 
on the Limits of Taylor’s Scries.” 

The proof involves the following — 

*136. Lemma. 

TjffCx) be a function of x, such that both f(x) and i\\) are finite 
and continuous hettveen the values, a and b, of x ; a)id if 

f (a) = f(b) = 0 ; 

then f'(x) tvill vanish for at least one value of x between a and b. 

Suppose y = f{x) to be the curve in the figure. Then if 
OMi ^ a, OM 2 = ; we have f{n) = f{b) = 0. As a; increases 

from a to by y increases at fii*st, but must of necessity diminish 
afterwards, since it is continuous and has to vanish again at J/a ; 
hence at some point, Ay it is a maximum, and f{x) vanishes at 
this point by Ait. 113. 
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Again, suppose OM .2 ~ 03f^ = h ; then, as before, 

m =m = 0 . 

As X increases from OM^ to OM^ y diminishes at first and then 
increases ; hence at some point, it is a minimum, and/'(r) = 0 
at that point. 

Again, between OM^ and OM^J\x) vanishes three times ; while 



Fia. 22. 


between OJA, and OMr^^f{£) itself vanishes, and /'(.r) vanishes four 
times. 

All these cases are, of course, consistent with the truth of the 
lemma ; and as tliey are typical of the various cases that may 
arise, we may consider the lemma established. 

» 

* 137 . Lagrange’s Theorem on the Limits of Taylor’s 
Series. — Wo have seen that in numerous cases /(.« -f h) can be 

expanded into the scries /(.c) -f- /{/'(.r) -|- /%r) -h .... 

Suppose we take n terms of the series, and examine the differ- 
ence between their sum and f{x -f- h). This difference is called, 
for obvious reasons, the remainder after n terms, and is, in fact, 

yi:a=+A)-{/(.r) + /(/'W+^/"W+...+ (A) 

in which none of the terras are infinite for values of x between 
a and h, by the condition of Art. 135. 

Let this remainder be denoted by 

t The remnininrf terms after the nth term 
nd inf. 

These are not equal to the remainder after n tepm, i.e. (A), unleaB 
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fix+h) -fix) - Jf'ix) - /"(.;•) - ... - j . (H) 

Next, consider the expressioo, — olitained from (B) by transpos- 
ing and putting z for h — 

/(x+,)-/ix)-zf(x)-^ro) - - 

z being regarded as a variable ; x and R being supposed constajit.f 
Now (C) vanishes identically if 2 ; = 0 ; and also, from (B), 
if z = h. 

Hence its d.c. with respect to z vanishes for some value of s 
between 0 and h (see Xiemma), say Oi/i, wliere O'l is some proper 
fraction. 

Dilferentiating (C) with respect to z, we get 

ri-c+z)-n^)-¥'%r)- ... . (1^) 

But this vanislies wlien 2 ; = 0, and when z = Ofi, 

lienee its d.c. with respect to z must vanish between z = 0 and 
z = Oih, say where O 2 is some smallci* proper fraction. 

Difforen tint fug again in z, we get 

nx + .)-j"ix)- ... 

which vanishes when z = 0, and when z = OJi. 

This process can be repeated until we get 

f%c -^z)- n, 

which vanishes between z = and z = OJi, say Oh, where 0 is 
some proper fraction. 


Taylor’s Theorem is true. Hence, as the tJieorem is under i>roof, we cannot 
make the assumption. 

t This is usually confusing. But we may notice (i) tliat It is the same 
function of x and h as'l>eforo, i.e. we are not making any changes in it; fii) 
that tC) is not an equation, but an expression which is not necessarily zero; 
i.e. (B) is not necessarily satisfied when z is put for /i in a part only of the 
equation, the part B being unaltered; (iii) and that there is nothing to 
prevent us dealing with thi^or any other expression so long as we reason 
consistently with the Jiypothesis, which is tlint z is a variable quantity, while 
X and h are dbnstauts /or the time being, and R depends on x and h, but 
not On s. 
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Hence /"(./; + QU) — 11 = 0, or 11 = /"(j; + 6h). 

Substituting in (13), and transposing, wo have finally 

+ h) =f{,r) + A/'(,) + ... + |:/-(^ + eh), 

where B is some proper fraction. 

' ‘‘The remainder after n terms” is -- /"(.r -f $h) ; and if on 

increasing n indefinitely this expression can, for given values of 
tc and /i, be made less than any assignable quantity, however small, 
then Taylor’s Tlieorem will be true for that particular function, 
at least for the values of x and h given. 


*138^ Alternative Proof. 


Again consider tlio expression (A), and let x + = a, or h, — x\ 

it then becomes 


/C») -/(=«) - /"(x) 

(cl — aiV* 

Putting tin's equal to R, consider the expression 


( 1 ) 


/(a) -/(*) - (« 




__ (a — 2 )’* ^ __ (a — sj)" n 

(n-1)!-^ n\ 


( 2 ) 


in which the variable, z, is put for x, except in R, which is supposed 
constant^ being a function of a, x, and w, only. 

By reasoning similar to that above, since (2) vanishes when z = x, 
and also when z = a ; its d.c. with respect to z vanishes for some value 
of z between x and a, say Zj. 

Differentiating (2) with respect to z, we get 

-/(*) + {/(*) - (<* - + {(« - + ... 


^ I (n - 2)! (n - I)!-' ^ n ^ (n - 1)! ’ 


W'hicli 
and thi.s 


s= 0, if z SB Zj, 


(a - zy-^ 

■(« - i)r 


/t*) + 


(a - a)"-* 
(n - HI 


P; 
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(a — zV”* 

Dividing down by > which does not vanisli when z = Zj, we 

get 

^ =/''M =fX^ + 

since a: + is some quantity between x and a ; i.e. between x and x + h. 

*139. Second Form of Remainder. 

Put the expression (1) equal to (a — x)R, [i.e. hR], Then, 
reasoning as above, we get 

— j jj /”(s) + li — O when z = x + 6h-, 

R — — /”(•<■ + 6fi} ; or, since a — x = h. 


Ot-iy. 


r(x + eh). 


Sirifee 1 — d is a proper fmction, = say, we may write 
R = /"(x + 0h), where 0 + S, = 1. 

:.f{x+h) =f(x)+hfix) + . . . + + ^^!!':^%v+eh). 

*140. Remainders in Maclaurin’s Theorem. 

Putting X = 0, and writing x for h, we get for the two 
remainders in Maolaurin’s Theorem 


(i)./(-^)=/o») + xm +Jjy''(..) +... *“/"(^x). ■ 

,.n— 1 


(2)/W=/(0)+^/'(0)+|j/"(0)+ - 

where ^ -f ft = 1. 


n n~\,,n 


*141. Provided' that none of the quantities /(x), /'(ar) ... in 
Taylor’s Theorem, and /(O), /'(O) ... in Maclaurin’s Theorem, 
become infinite, and provided that the remainder ultimately 
vanishes, we may continue the two series rid infinitwm. For a 
fuller discq^ion of the convergency of the series, however, we 
must r^fer the student to other treatises. 
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*142. Geometrical Illustration.— Consider the equation 
f(x -f h) =f(x) -f hf(x -h eh). 

Draw the curve y =f(x) ; and let OA = x, 0£ x -b li. 



Then AP = /(j?), BQ = f(x -f 4). 

A Kx + h) = QB - PA = qS = /^tan QPS . .4}) 

Now at some point, /?, between P and we can draw a tangent 
parallel to the chord PQ ; supposing this done, let OM = ® 4* 

6 being a proper fraction. 

Then tan QPS = tan 72FJ/ = f(OM) = f\x + e?i). 
from (1) fix A- ^0 “/H = + eh)\ 

Hence, conversely, this equation is equivalent to the statement, 
made above, concerning the point R. 

* 143. So-called Failure of Taylor's and Maclaurin’s 
Theorems. — The condition imposed in Art. 135 was, that fix) 
apd all its d.c.’s up to the ?ith should not become infinite for any 
value of X between a and h. 

TiCt c be a value of x between a and 
Then 

/(.• + h) =f(r) + hf{r) + /"(r) + ... + ^^' /"(c + 6h), . (1) 

and the series fails if fic)^ /'(^)> aiiy oi them, infinite ; 

since fic -}- h) is not necessarily infinite (though it might be for 
a particular value of h), whereas the right-hand side, if infinite, 
would be so for any value of since /{^), fie), ^ are inde- 
pendent of h. 
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•144. Ex. 1. IxAjXx) so thatyi^c) = oo . 

Then, by Taylor’s Theorem, 

11 ^ 3.47^2 

(x + ?i — cy (x - cy (x — c)** i.2(x — cy 

If X = c, we get 1/A3 = oo , so that the theorem fails, but only for this 
value of X. Since 1 //i^ is a — power of and the right-hand side is a 
series of +’® powers, we might almost expect this absurdity. 

If, however, os = c + we get 

1 3^ i _ _ 

(jn -t- hy 1.2i?i^ ’ 

which may be easily verified by tlie Binomial Theorem. 


£x. 2. Let f(x) = £cL 

Then (x + h)^ = + %v- ^ • ^5c"L + ••• 

If 03 = 0, we get A* = 0 + 0 + GO + ... , and the scries fails at the 
third term which contains the next integral power to Jr-. 

The reason is similar to that given in Ex. 1. 

If, however, wo use Lagrange’s form of remainder, and write 

. ,.a ’ , 3 j 3.1 7\ I 

(x + /<> = a:^ -f 21 


wc get, on putting 


0 , 


.3 9 

which is correct if or 0 ® i)roper fraction^ as stipulated. 


*145. The expansion f{x) = /(O) + a/'(0) + f\^) 4- ••• fails 

for any value of x, if /(0),/'{0) ... are any of them infinite, unless 
we use Lagrange’s form of remainder, which does not usually, 
however, give us a series at all, but merely an equation for 
finding $, 

As examples we have Ijx^ and discussed above. 

« 

Ex. 3. Expand cosec x in ascending powers of nby Maclaurin's Theorem, 
Here/(0) = co , and the series fails at the first term. 

* 1 Vcc® 

In fact, by Ex. 3, Art. 121, cosec a; = “ 4- ^ + 360 * ^ contains 

a negative power of x. 
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Since a; cosec a; = 1 + ^- -t- containing powers of a;, the expansion 
of this by Maclaurin’s Theorem will not fail. 


Ex. 4. y = log a; = Qo , when a; = 0 ; and the series fails. 
Buta! = (l +x)l(l + 1^. 


/. log a) = log (I + x) - lo^j 




“ ® ~ 2' + ¥ - - - J + ‘i - h + 


whicli is expanded in a double scries of +^® and — powers of x. 

The series, unfortunately, is divergent (and therefore useless) for all 
values of a? except a; =1. We can obtain a series by using Lagrange’s 
remainder for each of the expansions; but it is of little practical value, 
since one of the remainders will ahvays be found to be the most important 
part of the series. 


n46. It may be observed that if /(a?) is inlinite when a; = a, but is 
finite for all other values of x in the neighbourhood of ot, then 
/W =/'(«) = ... = GO. 

We shall show this by the aid of a figure as follows : — 

If OA = a, and be a small distance; and if ^(7 be infinite, while 
BD \s finite ; then /(x) or P31 must increase 
infinitely somewhere between BD and ACj and 
since the ordinate is only supposed to be ab- 
solutely infinite at Aj it follow^? that the infinite ♦ 
increment must occur just at the point A. In 
fact, the tangent is evidently getting steeper and 
steeper as P approaches (7, till it is ultimately __ 
perpendicular to Oxj when dy/dx or tan 6 be- 
comes infinite. 

And if /'(or) = oo , it follows from the same reasoning that /"(a) = oo ; 
and so on. 



B M A X 
Fig. 24. 


Ex. 1. 2 / = log X. ^ 

Here yo> infinite when x = 0. 


Ex. 2. 2/ = 


1 

(x — a)8’ 


Ex. 3. ^ = cotx. 
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147. Application to Interpolation in Mathematical 
Tables. — In the case of functions, such us squares, logarithms, 
etc., which are frequently used in calculation, it is an advantage 
to draw up, for reference, tables giving the values of the functions 
for the different values of the variable, which latter proceed by 
regular and small intervals. 

Interpolation is the process of finding values of the function for 
intermediate values of the variable. 

Let f{x) be one of these functions, and let h be the small 
interval between the different values of x in the table. 

Then, fjeneralhj, f{x + h) /"(,/•) + ... 

or /(.c + !<) -/0) = /</(■'■) + ^5 /'(■'■) + ■■■ 

Let a and a 4- A be two consecutive values of x in the tables, 
then /(« + h) = hf{a) + §!/'(«) + (1) 


Again, let « + be an intermediate value oi x\ 0 being 
therefore a proper fraction. Then 

+ + + • ( 2 ) 

Now, if OK = a, OL = « + h, OK = a + eii, so that PV = h, 
PN = eh, 

then PK == -/(»), QL = f(a + h), RM =f{a + Oh) 

and QV =f(a + A) -/(") : =/(« + eh) -f{a). 

Hence 

^21 2 

QV /(^ + h)-/{a) h _ 

« 

= 'provided that the terms above and belong after the first, 


are 


PN 

i.e. = py approximately. . 


( 3 ) 
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Hence [fJuc. VI. 2] whatever the function, provided it is 
continuous, wo may regard (in general) FQ as ultimately a 
portion of a straight line. This last 
statement is practically the principle of 
proportional parts. 

If we call PN and RN partial differ- 
ences, as compared with FV and QV 
which we call whole differences, the 
principle may be thus stated [see 
(:>)] Fig. 25. 

Partial di ffer ence of fu nctio n _ partial difference of variable 
Avhole difference of function whole difference of variable 



Ex. Given log 3*6480 0*5620548j . , , 

log 3*6481 = 0*5620667/’‘^ ^ lo^ 3 64803. 

Here OK = 3*6480, OL = 3*6481, OM = 3*64803, 
FK = 0*5620548, QL = 0*6620667. 

FN = 0*00003, P K = 0*00010, 

BN OF. -=0*0000110. 

PN ^ 

/. in (3) BN = -,ZQ V= Y^OV^ 0*0000036. 


3*64803. 


/.in (3) BN=y^V = 


/. 7?il/ = FK + BN = 0*5620584 + 0*0000036 
= 0*0000620. 


148. Exceptions — Irregularity and Insensibility. — 

Tiie proviso made above was, that the succeeding terms in 
Taylor’s series should be negligible compared with the first. 

If, as X approaches a certain value, this is not so, then the 
pi iuciple of proportional parts docs not hold ; and the differences 
in the function for consecutive values of x are said to be irregular 
as x approaches this value. 

For instance, if f\a) is large compared with so that the 


f raction 


r{«) 

m 


is large, wQi*have a condition for irregularity. 


Ex. If /(x) = sin Xf then .which becomes largo as x 

approaches 90°. Hence, in a table of natural sines there is iiTegnlarit^’’ 
when the angle is near 90°, and we cannot interpolate by the principle of 
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proportional parts. Of course, in this case, the value of the sine could be 
easily calculated directly. 

149 . Again, when is small, h being small, the 

differences in the function are small compared with the differences 
in the variable, and are said to be insmHible. This, of course, 
occurs when f\x) is small. 

7/2 

Ex. sin (x + 70 — sin x = 7i cos x — 

and when x is near 90°, cos sc is small : lienee there is insensibility^ as well 
as irregularity, in the differences when the angle is nearly a right angle. 


EXAMPLES XXIII. 


1. Find the two forms of remainder after n terms in tlic following : — 
(1) (x + a)"*, m>w ; (2) log (x + a) ; (3) (4) sina;; 

the expansions being in d-’® integral powers of x. 


2. Verify the lemma of Art. 136 in the following cases ; — 
(1) y = x(x - 1). (2) y = 

(3) 2/ = (x — (t)(x — — 3a). (4) y = sin x cos 

(5) y = xcosx. 


3. Show that 


(1 - x)-i = 


wlierc 0 is a proper fraction. 

If X = show that d = U’57... 


1 4 - - 

2(1 - 0 :»:) 3 / 2 ’ 


4 . Bhow that (x + *)■'« = + ... 

' ' 3 o.b 

When does the exiiansion fail? Using Lagi’ange’s first form of 
remainder in the latter case, prove that 0 = ({)3. 

5. Show that cot x and cosec x cannot be expanded in ascending ^positive 
integi-al powers of x. Given that cccotx and x cosec cc can be so expanded 
[see Ex. XXIf., 12, 14], what do you infer? 

6. Show that Maclaurin’s Theorem fails to expand sinx^x. 

Use Lagrange’s form of remainder to show that 

3v 

Buixj^x = — 3v sin v) where v = (0x)3/2. 


7. If p and q are prime to each other, show that/(x^'/'^) cannot in general 
bo expanded in integral powers of x. 
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«S-"(“+¥)' (SS*K-+f> 

^ a? cot a: and a? cosec a? do not become infinite when 
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INDETERMINATE FORMS. 


160. When a function of x approaches any one of the forms 

2. 0X«,“, oc», 0", 

0 oo 

as X approaches a given value, the function is said to be ia- 
determinate in form., or undetermined^ or illusory, for that value of x, 
Jiut although indeterminate in form, the function has usually 
a determinate limit to which it approaches as x approaches tlie 
given value. (See Definitions, Art. 14). 

The first three forms are practically one and the same, for 

Oxx=<)xl=i';Mud-^==i--'=«. 

0 0 o:: 0 0 0 


The fourth, x — x , can be reduced to the first by exj^ressing 
it as a fraction with a common denominator. Thus, wlicn x = 0, 
cosec X — cot X is of the form qc — oo ; but it may be written 

^ co^^c which is of the form 
sin X 

The last three forms can be reduced to the first by taking logs ; 
thus log = oo .log 1 = X X 0 = §, 

log = O.Iogoo = 0 X x = 
log 0® = O.log 0 = 0 X X = §. 

Hence all seven forpis are practically reducible to the first form 


15J. Algebraical Method. — We have previously shown 
(Art. 16) that if f(x)!<p{x) be the quotient of two rational integral 

f(.r) 

algebraical functions of x] then can be found by removing 

puce, or 'more often, the common factor x — a. 
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If /(a?) and <f>(x) be irrational we may rationalize by using the 
complementary surd, or a proper rationalizing factor ; but the 
method of expansion is the more general one, and it can be 
applied to transcendental as well as algebraical functions. In 
this method we put a ■ = « -|- expand in ascending powers of A, 
and divide down by h or a power of h, until, by putting h = 0, 
we obtain a determinate value, which is the required limit. 

/y 

If a = 0, then we have to find and in this case we 

£C=0 

expand both /(x) and €t>(x) in ascending powers of x, and find the 
limit by dividing above and below by x, or as high a power of 
X as is necessary, and then putting a? = 0. 

Other algebraical methods will be given in the general examples 
below. 

Ex. 1. Find It ~ It y say. 

sc-o xsmx 


log A - + higher powers 

Wc havo u = 




a;^ + higher powers 


i 4- Lx 


Ilciice It y — — A. [Sec Art. 92 (4); and Prop., Art. 91.] 

x=0 

Ex. 2. 11 ^ U y. 

\x 4- Oil — 2va 

The method of rationalization has been given above (Art. IG, Ex. 2). 
Wc give the other method. 

Put £c = a 4- //j so that h = 0 when x = a. 

. = '+ /‘l- av(2 _ +^ + 2 jf - 4 

- ^ 2Vaj(l+Ay-l[ 




a i 4- Kh 

2 ‘ r+ aV 
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152. Compound Indeterminate Forms. — ^Aii expression 
which consists of the sum, diiference, product, or any other 
function of one or more indeterminate forms is called a compound 
indeterminate form. To find the limit of such a form, we need 
only find the limit of each of the single forms which go to make 
up the compound form. 

To prove this formally, let X and Y be two indeterminate 
forms, and let ItX = UY = h. Then we may put X = a + a, 
Y = h A- 13, where a and j3 ultimately vanish. 

Wg have 

(1) lt(X± Y) = It (a A~cL±h±/3) = a±h = ttX± It F. 

(2^ It X\ — It {((t, -f“ “ it (jib -f- a(B -f- ha. -j- ciy8) = ah 

= UX.lt Y. 


<") 4= "f (■ + jX' +!)““ "jO - f ••■) 

= ® 

b UY' 

(4) UX‘'= ll(a + a)''+/3 = //«*+/»(^l + 

= Ua'^fi(l + a + = «»by (2) = (UAy’’. 


And, similarly, we can show that for any algebraical function 
of X and Y, if ItX, UY, ... are finite, then U.flX, Y ...] = 
flux, UY ...]. 

The truth of the general statement follows readily from the 
proposition of Art. 91. 


Ex. 3. Find It 


log tan X 
gSin^a; log®' 


r / ^ V tana; 

y = 

Tho limil of the first factor is 1. To find that of the second, we have 
It Xpg ^ 55. = It lPS_(te£EM + jggg, noting that ^ = 1 ultimately, 

_ It +1 = 1. 

. logo; 

*,lty-= 1x1 = 1. 
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153. General Examples. 


Ex. 4. 


i_Lr..,o_v. 2 COS* "s' cos^ to: 2 cos* -,^ 008* wa: 

n -- = it - — =u- ^ 


tau*TO: 


4siu* ^ cos* ^ 

^ A 


= ll- 


2sin*J^ 


Ex. 5. Let 2/ = (1 + to find {y\. Form 1*. 


We have logy = cosoc^a; log(l + sin^cc) =. 


siii^aj + /jTsin^a: 


siii2 X 


/. It y : 

Or, putting cosec^ X = n, 


= 1 + /isin^a; = 1 ultimately. 


Oy)o = U (\+ lY = , 
»i= oc\ n/ 


C* 6* X X 

Ex. 6. Find It — , U — ; and U It - , a heing greater than 1 

scis* a;.= ®a; X=» 

hy a finite gnantity. 

(1) We have ^zr; and when x increases indefinitely, — 

‘JO "t" A Vj do J. j jc ^ 1 

approaches indefinitely near to <?, or 2*718 .... 

giC+l g* 

Hence ^ > - when x is large; that is to say, as we continually 

increase as by 1, the value of eTjx is continually multiplied by a factor 
greater than 1 (and approaching 2*718 ...), and therefore It - = oo. 

X 

gi+l g* cx^ 

(2) Similarly, and, since Jl^ = e, it 

follows, as before, that It - = oo . 

' ®=wa;’‘ 


a* e*'0K* g*log» gy 

(3) Again, - = log o = -log a, if y = ® log a. 

If a is greater than 1 by a finite quantity, log a is finite. 

Hence ?< = u -bg a = co by (1). 

»=« X y=ao y 

(4) Similarly, ^ = ^^,.(log a)- =• J.(Iogcr)»,ify = a: log a. 
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lo<T nr. 

Ex. 7. Find It - ' . 

0!= aa 

Let £c = e*' ; then if a; = oo , ?/ = oo . 

/. It = 7^ ^ = 0, by Ex. 6, since U !! = oo . 

x=7o X y=x y::=coy 

Ex. 8. Find It xlogx*. 

x=Q 

Let X = then, if a; = 0, ?/ = oo . 

It x\osx = n l\oz- = - u = 0, by Ex. 7. 

*=0 2/=ooy y y-® y 

Ex. 9. Find It x^^lty say. 

*=o 

Since y = /. log y = x log a; = 0 in the limit, by Ex. 8. 

7^y = = 1. 

Note. — T hese last four results are important, ami the student should 
become familiar with them. 


Ex. 10. Find It a5*‘“*. 

SESO 

Wo have logy = sin a; logaj = ^ x = x loga^l - 

= 0 in the limit, by Ex. 8. 

7^ y = = 1. 


Ex. 11. Find It ^ 

X =0 X log X 

Since a;""* and a; log® have 1 and 0 respectively for their limits, wo 
get, by substitution, = o >vliich is indeterminate in form. Wo cannot 
therefore adopt this method, but must expand. 


We have 


y = 




. , (.sin sc log 1 

1 + sina3 loga; 4- 2! j 


X log sc 


by the exponential theorem. 

Now, sin 0 ? logo; ^ = a;logsc.(l + /fsc), say. 

... y = =-(X + K<c)+ L(xlosx). 

/, Ity =■ — 1, since It xloQx = 0, by Ex. 8. 

Ex. IS. It (l + lY. Form oo«. 

»=q\ 
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We have log j/ = ;« log + 1^. We cannot expand log^l + 

in a convergent series unless “ < 1 ; lienee we write 

logy = aj{log(l + as) - log a;} =05 log (1 + a;) -a; logo; = 0. [See Ex. 8.] 

Uy — = 1. 

Note that H y = e, while Jt y = 1 

X=» ®=:0 


cot e tan~~^ (m t an fl) — m cos^ 

e-o sin'^p 

cot 0{m tan 0 — \ taii^ e + ... } —m cos^ la 

noroy= 

_ m — tan^ 4 - . « . — m cos^ ^0 __ m sin^ ^0 — J tan2 a + iTfan^a 
~ sin^p ~ sin- p 

^ m sin^ p — siii*-^ p cos^ p/cos^ 0 4- iTiSin^p 

“■ sin^p ’ 

for tan'^d contains siu^tf, and therefore sin'* p, as a factor. 

It y ■= m ^ 


EXAMPLES XXIV. 

Evaluate the following indeterminate forms : — 

1. (0, = 0). 

log COS 05 


2 . = 0 ). 

1 — COS 05 ^ 


3 . (X = 0 ). 

— cos 05^ 


4. 


05® Sin 05 


205 — sin 2x‘ 


(x = 0). 


a:(l — cos 05) 

5. log ^2 — cot (x — a), (x = a). 6. cot^x log cos 05, Qc = 0). 


7 . (X = 0 ). 


e* - 1 - 05 
log (1 + as) — a?’ 


,, (o; = 0). 


1 — cos 05 (1 — cosos)^’ ~~ 

10. cosec 05 — ^ log (1 + 05), (05 = 0). 
V 205* + 7^2 ^ 'Sa . . 

«-V2Si^. <* = “>• 


12 . 




a ~ 09 


tan“* — a;*, (a5 = a). 
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18. 

tan*® 

14. 

16. ix ^ «). 

® — Q 

10. 


!£5llll££lL) (r = 0). 

log- 

(x = o\ 

^ oU 


17. 


log^-Joga ^ 
tan X — tan a 


Va + £c + V^2a5 — 2A/2r^ ^ 
+ X- + \^2 X — 2*j2a 


19 


1 — tan r ( ^ 
1 — \ 


21. (cosa)'“*^ (x = 0). 

23. |tan ^ + a)|- ”**, (t = 0)- 

26. (1 + sin xy, {% = 0). 

27. sin X log sin x, (r = 0). 

29. ac**”', (a: = 0). 

81. (cotx)**"*,, (x = 0). 

33. (cotx)"' ", {x = 0). 


20. (^ ^in^g4-a cos2e)»»^a" . _ . 

22. (1 - , (x = 0). 

24. (1 + tan2a)«‘>‘ * (x = 0). 


26 a’(loga:)’*, (x = 0). 
28. X log tan a?, (x = 0). 


30. jj*, (x = <x>), 

32. rsinxV*"*, r® = 0). 


34. 


1 - 

or* Incrof*’ 


(x = 0). 


Answfks. 


1. 

2. 

2. 2. 

8. 

1 

4 

3 

6. 

6. 

_ 1 

7. 

m 







4 .* 

// 

m’ 


n 

8. 

-1. 

9. J. 

10. 

1 

11. 

00 

. 12. 2a. 

13. 

~ 

14. 

2. 

16. 

a“(l 

- log a). 

16. 

cos a 



cob®a 

a 

18. 

1 

^jja 

19. 

2. 

20. 

sin2( 

3. 21. 1. 

22. 

1. 

23. 

t2. 

24. e. 26. 

e. 

o' 


27. 

28. 

0. 

£9. 1. 

30. 

1. 

eo 

1. 

32. 1. 33. 

1. 

84. - 

1. 



, 164, Method of Differential Calculus.— Since we have 

shown that all the indeterminate forms are reducible to the 
foi*m we need only consider that fdrzn. We shall, however, 
give an al^hiative method for the form 



§ 164— 16C.] 


FORM 3. 


143 


166. Form 

To find where /(6') = <^(«) = 0 . 

Put a? = « + 7i ; then, \i y ^ 

<l>(xy 

Ity = It which may be written — 

= f{^) = 0 

/i=o <i>{a + h) — <^(^/) ^ ^ 

= It J/(^^ + ~/(^-) . 4- / Q - <^Wl 

= /'(?) 

where is the value of f(£) wlien x = a \ and similarly for 

Hence the rule : — Differentiate both numerator and denominator 
scp«arately, and pul x = a m the result. 

^Otherwise — 

We have Taylor’s Theorem 

Put X = a; then, since f(a) = ^(a) = 0, 

Now let ?i diminish indefinitely, and we have 

/(«)=/(«). ie nM.= if& 

<t,(aj -<t.'(ay • \=ai,(z) *La-^'W’ 

sin (*2 — a2) 2a5 cos (ac® — a®) on/ 4 a 

Ez. 1. — 7- — - 7 — = U 7 - — / = 2a . 2\ a = 4a®. 

x=a Vx— \a x^a 112V X 

NoTE.^This method is practically that of putting x = a + k, and dividing 
out by tho vanishing factor h. See the first proof given above. 

166. = tf/(a) = 0, then the result is still of the fom f, . 

and we must repeat the operation until the nuhferator, or 
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denominator, or both, cease to vanish ; the result being 0, oo, or 
finite accordingly. 

£z. 2. 

v2 __ /»« cin /y*. — »3in rr. 'v. onta nn 

(still undetermined) 


a;- — £C sin a; — sm x — x cos x 

x =:0 — 1 + cos X ^ 05 — bin X 


2 — cos X — cos X -h X sin x ^ 
= i - cos a;. ^ 

2 sin » + sin 05 + 05 cos x , 


= It 

Olll JU 

3 cos 05 + cos 05 — 05 sin 05 ^ 


Note. — We have differentiated above and below four times, and this 
corresponds to the fact that is a common factor, as may be seen by adopting 
the algebraical method. 

157. Form Alternative Method. — We shall show 

GO 

that the rule for this form is the same as for the form as 
follows : — 




= f{a) = X., and let A = or 

Then It&f = It -jJir 

which is of the form ~ ; and therefore, by Art. 155, the expression 

,, //'W _,,(/(=") '■ 

- ~ fV) ~ • n^r 

by Art. 152 (2). 


i.e. A = It 


f{^) 


0 ) 


Hence, if A. he neither zero nor infinitp, we may divide out by 

it, and 

1 = ovA= by Art. 152 (8) [X = 1] ' 

88 in the previous case, .so that the rule is the 

, 9 W 

00 0 
samefof tldfirm ^ as for the form 



§ 167-159.] 


GENERAL EXAMPLES. 


145 


158. Exceptional Cases.— If we consider the alternative 
. solution of equation (1) above, we can only state that A is eit/wr 
0 or 00 , but we cannot say which. 

But (1), suppose A or U 0, 

x=a <Py) 

^ Add ] to both sides, then = 1* [Art. 152 (1).] 

Now, since the limit of this latter expression is not zero, we 
may employ the rule above ; hence also 

Similarly (2), if A = oo , then ^ or U = 0, and by case 

(1) we know that therefore U%r^ = 0 ; i.e. U == 

/W 9 ('7 

T-r • 7 It, /• -1 7 

Hence, in any case, has the same limit as taken x = a. 

Ex. 3. logo; =• |form = 0. 

Ex. 4. It ai*'"* = Ity, say. 

• »=o 

lOfT iC ( \ 

^yft have log y = sin as logos = — {form ^-when cc = Of 5 

coscc a? I > 

/^logy = U^I{ — cosec X cot a?), 

^ iwtiich may he coinfieniently transformed to 

_ = _ u^.U^'= (-1).0 =0i 

X cos X X cos X ^ ^ * 

/, 7^ y = e® = 1. 

159. General Examples. 

^ 1 — a?'’®* \ 1 

Ex. 6, It — T— — Horm g; seo Art. 153, Exs. 8 and 10?* 

«=o ^ { j 
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= U 


— (sin as. as"*" ' ^ + as*'"* lope as cos oS) 


log a; + 1 

[Art. 47, Ex. 7] 

_ 7 / 7 , sin a: + a: cos K log x 

- a;(loia: + ly 

= _ + since = 1 [Ex. 41, 

a:(logas + l) 

, cos as log as 


=1 - It ~ 


- lt\ 


a;(loga5 + 1) log as + 1 


= - 


7, , COS as 

— 11 cos X + It , 

log X + 1 


= - 1 . 


as logos + 1 

0 - 1 

Ex. 6. It (log as)’"" = Ity^ say. 

*=0 

We have Klogy = 7ilog(l - a:). log log a: = 


= U 


J_ / 1 . JL_ _ 7, { log(l- »)P(l - 

® logx/ {log(l - a;))^ 1 — a; xlogx 

^ U 1125, 0_=L22r _ u {log(i-«^) P 

as log as log as 

Now ^ = 0 at once ; and A = It — -j - j (log as + 1) = 0 ; 

/, lt\o^y = 0; Uy = = \, 


EXAMPLES XXV. 

Evaluate the following the method of the Calculus : — 


1. (a; = 0). 


3. (x = a). 


e* — e 
l og sin as 
log tan as’ 

e® — 1 — as 


, (x = 0). 

; (x = 0 ). 


log (1 + x) — X 

9. <ecot<«-Mnx , ^ p. 

sitt 2x — 2 sin x 


_ CU.S ' 'X f ^ . 


- as"* — a* ^ >, 

4. (as = a). 


6 . 


as — a 

c* - 1 
log (1 + a;)’ 


, (as = 0). 


e® -- 1 -- as — ^as^ , _ 

log(l+a;)-as + ia;2’ 


10 . 


1 — cos as 
as log (1 + a;)’ 


. (as = 0). 
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11. (a: = 0). 

X 


12. \ (x = 1, and ac = oo). 


13. (sin cc)^*" (x = 0). 

* 

16. (cos (x = 0). 

17 log s!n x / ir\ 

1 - e'-»* i. 2/ 

19. cos 03 log tan*, 


14. {l+log(l +33)}”'-' ’’>(a3 = 0> 

JO «in’x — x^ siij-V, /x — fi niulX 
x-^ sin (fi — ii’) ^ x = 0 y* 


x"* sin nx — x” sin «?x * v 

21- - — . , (vi - ^/). 

X’'* sin '/?2x — x" sin tix 


“ v';)! 


’ , (x = «). 


Evaluate the following by any method :- 


33 2*^+1 


}. (x = 1). 24. 

1'^ x*-+5x»«-.‘>x^> + a 

X® — fix'* + 21x- — 24x 4- ^ 


Uy iJUx- T .fi.'Ti*; T «» _ 1\ 

26- — aF^T5*2 + .24x '^10 > 


®«- -^r— = 1). 87. 

/f/ 4- 6’' — « — 6 


L^^«tou-‘x _ gfctao (a; j.- Q). 


30. sin~' z^/' • cosec ■/ — xr‘, (x = a). 
log..„, (cos *) _ 

1. / ,v.\’ ' S2. pnf .» 7ipnf. 


,(cos|^ 


32. a cot ax h cot hx, (x = 0). 


33. (1 + logx>-*, (x = 1). 

34. e*'/x’', (x = co), (a) when w is a 4-^® integer, and (b) when n is any 
+ quantity. 

36. Jcos f? - 1 (X a). 36. - tan^x ^ ^ q. 

I V® /I (l + COB®)(l-COSa!)»’^ 
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37. = 

logit! 




39. — 


(I-) 


loff sin X 


- 1 + loc: + a; - 




40. {1 + (« = a), (1) if ^(a) = 0, i}/(a) = co , and 

tp(ic).yl/(a) = 7)1 ; (2) if = oo , ^((i) = 0, and = m. 

41. ^ when a — 1, and when x = 0. 
a + cosaa: — a cos ns — 1 

42. If 7/ = a cota^, prove that (^)„ = 1, (7/,X, = 0, (t/^X = - f . 

43. If 2 / = » cosec x, find ( 7 / 2 ) 0 * 

44 . 1(1 +£►■)«"’ - 1 (t + log (1 + a-), (iK = 0). 


45. 


(-:)■ 


a; a; 


(X = 0). 


46. log (e + X-) — cos" a-) / sin sc log (1 + x), (x = 0). 

la; tan CO >/ 


1 . 1 . 2 . 1 . 

7. -1. 8. 9. 

14. eK 1! '-3 


cos a 

"gT- 


Answers. 

4. a'H,! — log a). 6. 1. 

10. I, 11. 1. 12. e; 1. 

16. i. 17. 1. 18. 1. 


6 . 1 . 
13. 1. 
19. 0. 


3 ain2a(sin ct — a cosa) . — sin^g 2^^ lo g ac s i n yta; — sc co s nx 

* — * ’ Jogas sin + as cos? 2 a;* 


a -k-h 


a sin a 

22. 23. -i. 24. -1. 25. -J. ^«. r* 

® ® aloga4-6 1og/> 

27. a -6. 28. 1. 29. -J. 30. 112a. 31. 4. 32. 0. 

33. e, 34. 00 . [See proof in Ex. 6, Ait. 153.] 35. 36. —8. 

a-hl 

a " 


/ 74 .11 1 ® ta>nh tjc 

37. - V2. 38. 89. §. 40. e’**: 1. 41. . - , 

^ ^ ' 1 — a; Bin fic — cos 35 


-I-. 


44. 

2 


45. -1. 


AQ 1 . 3n + 1 

««• “+ (j ‘ 
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CHAPTER XITL 

PARTIAL DIFFERENTIATION. 

Partial Differential Coefficient — Total Differential. 

160. Let M bo a function of several variables, x, y, z, ... ; i.r. 
let u =f(x, y, z, ...). 

Suppose that etc., each receive an infinitesimal incre- 

ment, and it is required to find the resultinsy increment of w. 

For simplicity we shall consider the cases of first two and then 
three variables, whence the general case can be easily inferred. 

161. Two Independent Variables. — L§t u^fix^y). 
Suppose X to become x + Ar, and y to become y -f Ay ; in 
consequence of which u becomes u ^u. Then, since u + Aw is 
the same function of x ^x and y + Ay as u is of x and y, we 
may write 

u + Az« = f{x -h Aa*, y + Ay). 

Putting ii for A.r, and k for Ay, we have 

Aw =/(ar 4- /^ y + y) .... (1) 

It is convenient to suppose f(x^ y) to increase to f{x 4 A, y 4 
in two stages, first increasing y by itself, and then x by itself ; 
so that we pass from /(a-, y) to /(a?, y + k) and thence to 
f{x 4 h, y 4 k). 

Hence 

Aw = {f(x 4 y + k) y + k)} + {/{x, y 4 k) -/(ar, y)} 

which we shall put 

fix 4 h, y 4 k)-f(:x, y 4 k) , , /(ar, y 4 k) ^f{x, y) , 
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Now tlie limit of the second fraction is the d.c. of f{x, y) with 
respect to y, supposing j alone to vary. This is called partial 
diff. CO. of f(x, y) or u irith respect to j, and is ivritteii dnjdy. 

The limit of the first fraction is the d.c. of f(x, y + Ic), or— since 
k is ultimately infinitesimal— /‘(.r, y) with respect to cr, supposing 
X alone to vary, and is called the partial diff. co. of f(x, y) or u ivith 
respect to x, and is written 5a dx. 

Also A?/, h, and k, are written du, d,r, and dy, so that we have 
ultimately 


dll , r 

da = dx + 


O) 


Here du is called the total differential of u ichen x and y hoik 


vary. 

In the general case hoili x and y arc independent variables, fur not only 
X, but y, may be chosen arbitrarily, as also may their increments da; and dy. 
They arc thus independent of each otlmr. If, however, an equation exist 
between x and y, so that x and y, dx and dy, are not independent of each 
other, the equation (A) will still be true. 


162. We new give an example worked by first principles, and 
also by means of (A). 

£x, l.et u — o?tj — xif. 

Then = {x h)-{y + k) ~ (a; + h)(^y -f Jef - a:-y + xif 

= (i/;2 4 - 2xli ...)(2/ + k) — (■« + li){y^ + %“/i: ...) — x^y + xif 
= x^y + ^xyh + x'k ... — xif — 3xifk — y'^h ... — x^y + oyp 
= (2a:y — y^)h + (a- — ^xy')k, neglecting higher powcis of 

h and k. 

Hence, in the limit, du = {^Ixy — ifyix + (.c- — 3jcy-)d^ . 

Otherwise : — 

Treating y as if it were constant 

du\dx - 2xy - 

and treating x as if it were constant 

dujdy = X- - 3xy-; 

whence from (A), du = (2xy — if)dx + (cc- — ^xy^)dy. 

163. Three Independent Variables. 

Again^ Idt u = /(a?, y, 2), and suppose ar, y^ z respectively 
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increased to a: + h, y + Tc, and s + Z ; in consequence of which u 
is increased to u + Am. 

We shall suppose fix, y, z) to he increased in three stages, so 
that we pass in succession from f{x, y, z) to f{x, y, z + 1), 
fix, y + Zr, s 4- T), and/(a! + A, y + A, s + 0* 

Then Aw =/(.c + A, y + k, z + T)—fix, y, z) 

_ fix + h, y + k,z+l)- fix, y + A, g + l) j^ 
h 

_L fi^^ y + k,z-\- 1) -fix, y, z + !) 7 . 

T- - 

as in Art. 161. 

b 

Hciicc, ultimately, dit = dij + dz . . . (I>) 

where du\dx> means the d.c. of n with respect to supposing x 
alone to vary ; and so for the others. 

Note. — A s d^!d^» d^ldVi du}dz are in general finite, the statement of 
Art. 91 is justified. 


164. If 1C = f{r) Avliere v = <#>(.?•, y), we have 

da =riv)d>; =/(^)(JJ dx + dy) ■ 

Ex. u = log sin V — y\. 

Put iC- — 7/2 = 1;. 

du = 2xdx — 2ydy. 

Also ii = log sin V V. 

. , cos Vv 1 _ cot Vv 

sin Vv2Vv 
XfJx — ydii . . 

165. Differentiation of an Implicit Function. 

We have seen that if u then 

n du -t I du n 

du ^ dx dy^ 

dx dy » 


(A) 
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and that this result is true whether x and y vary quite inde- 
pendently of each other, or whether each is a function of the 
other. 

Now, suppose we are given uz~ f(x,y) = 0 ; then, since tc is 
always 0, x and y are the only variables. Hence they must each 
be a function of the other ; also du = 0. 

Hence, from (A), dx -f- = 0 ; 

• . 

* * d.v. d ri dy 

166. This last result appears incorrect at first sight, since dyjdx is 

apparently equal to what looks like — But the “ of the numerator 

is not the same as the “ Sw " of the denominator ; the former is the partial 
increment of caused by the variation of x separatedy, and the latter that 
by y separately. Moreover, since the total increment of u is zero, we 
should expect one to be equal, hxit opposite in sign^ to the other “5 m.” 
The partial d.c.’s are, however, always kept as dilFcrcntial coefficients, and 
not treated as the ratio of differentials. 

167, The advantage of this method is that it enables us to find dyjdx 
without having previously to find y in terms of x from the equation 
/(a3,y) = 0. But then we get dyjdx in terms of x and y, and not in terms 
of X alone. 

Ez. If M = — xhj + 2.y^ = 0 (1) 

dnjdx = — 2xy ; dujdy = ~ x^ + Oy-. 

, ^ _ 1205^ — 2x1/ 

‘ ' dx^ — 6y^ 

To find this in terms of x alone, we should have to use the original 
equation (1), which would give as much trouble as adopting the “ explicit ” 
method. 

But suppose we wish to find when dyjdx = 0. 

This gives 12£c^ — 2xy = 0. 

(i) 03 = 0, and /, from (1), y = 0, 

(ii) y = Ox^, and /. from (1), 

(3 - G)a;^ + = 0, 

, /. a? = 0, or + ; whence y = 0, or 
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The points of the curve (1), at which dyjdx = 0, are the origin, and the 
points (tV, (-iV. iV)* 

Similarly, we can find the points at which ^ is infinite. [Compare Art. 
61, Ex. 5.] 

168. The result in Art. 163 is true for any infinitesimal in- 
crements whatever of ic, y, and z. It will therefore still be true 
U Xyij^z are functions of some other quantity v. 

If V be taken as the independent variable, an arbitrary in- 
crement hr in V will produce corresponding increments 8x, &//, hz 
in X, y, z; and these in turn will produce the total increment 
hu in 7(, 

Now, there is nothing partial in these increments of x, y, and z, 
i.e. no supposition as to certain of the quantities being constant. 
Thus hx is the almjlt/fe change in x produced by the increment 
hr in V, and similarly for the others. 

Hence, dividing throughout by we have from (B), Art. 163, 
(In , dw ^ , du dy , dxi dz 

liv dx dr dy dr dz dr 

where dxjdr, dyjdv, dzjdv are total d.c.’s, as the notation indicates. 

Cor , — If u = f{x, y), and y is a function of ir, then 

du __ da da dy 
dx dx dy dx 

169. Simple Cases. — The following simple cases of partial 
differentiation are very important, and may be easily verified. 

(1) If = ic ± y, da = dx ± dy, 

(2) If u = xy, du = ydx -f xdy, 

(3) It u = '^, du = -dx- dy = 

y yy y 

(4) If w = jr*', du = dx + x? log x dy. 

It will be seen that these cases are an extension of the funda- 
mental rules of differentiation ; for here x and y may he utterly 
uaconnecied. But if x and y be regarded as functions of the 



154 BIFFEBENTIAL CALCULUS. [Ch. XIII. 

same variable {t), then the above results still hold, and are in fact 
the fundamental rules. 

Thus if so = /(i), y = we have 

(1) u = j\t) + </)C0» du'= f (tyit + 

duldt =f'(t) ± 

(2) « =/(/). ‘/>(0, dit •¥At).<pXt)dt. 

duldt =zf{t)<p{t) 

and so on. [Compare (4) with Ex. 7, Art. 47.] 


170. Examples on the Preceding Results. 

Ex. 1. le = x^y - xy^. 

du — 2xdx.y + xhly — dx.y^ — x.^y-dy 

= (}lxy — y'^)dx 4* (v-' — as in x\it. IGO. 


Ex. 2. a = -r xA + y^ 
jA + y 

dv 

2udu = dx + 


.c + \^v say, where v - x- + y-, 

dv = 2(xdx + ydy). 


— 4 . ^dx 4 - ydy _ (cc 4- Vcc*** 4- y^)d x + ydy 

Vcc^ 4^ y^ V sA 4" 


• ~ h + y ^) dx 4- y dy 

2 Va5 + ~\l xA y^ . ^ £C“ 4- 2 /“ 


I and y 




(•1) 


Ex. 3. If X — r cos B , . . 

y = r sill 0 , . . . (2^ 

^0 dyjdx and dhjldx^ in terms of r, 0, drJdB^ and dh'jdB'^. 

We shall denote drjde by r\ and d^rjde- by r". 

Since we have three equations from which wc could eliminate x and 7/, 
giving an equation in r and B only, it follows that r may be regarded as 
a function of B alone ; as also appears from the fact that r and B are the 
polar co-ordinates of a point on the curve y = /(a;). 

Again, since r is a function of 0, then from (1) and (2) we can regard 
X and y as functions of 0 alone. 

Now, by Art. 168, Cor., ^ 

dx dr . I ^ • 

7 A = t;os 0 — r sill 0 = 7- cos 0 — r sin 0. 

do de 

, , ^ 0 4- cos 0 = 7 ' sin 0 + r cos 0. 
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Hence ® * 

’ (lx <19 1 <10 r'cosfl — rsinff 

Again, which. 

° ’ dx\dx/ dO\dxJJ d6 


on using the rule for a 
X 


say, 


quotient, and substituting for becomes r-; . ..x, 

^ ^ de' (r' cose - r smey 

where X = (r^'sin e + 7*' cos d + 7*' cos 6 — r sin 0)(r'cos 0 — r sin O') 

— (?’"cos e — 7 '' sin 0 — 7*' sin e — r cos 0)(r*' sin d + r cos 0), 


which will reduce to 
Hence 


,.2 - rr‘' + 2r'2 
d^if __ 7'2 — rr'^ + 2/*'2 

dx^ ~ (r' cos 6 — 7’ sin 6)2 


171. Higher Partial Derivatives. 

Let ?/ = f(.r, ?/), Then since dt/ld.c and difj'd// are fiinctfons of 
and ;//, we may, as iii total dificrentiation, repeat the operation 
of partial dilforentiation with resi)cct to rr or ?/. 

Thus (J) is the partial d.c. of with respect to jr, i.e. 


dhc 


on the supposition that y is constant ; and is written 

(2) is the partial d.c. of with respect to y, i.e. on 

the supposition that x is constant ; and is written 

(J5) which is similarly defined, is written and 


ritten f 


dy^ 


<■'>40""' 

Similarly for higher derivatives ; thus 

did /du\\ . ... dhf 


172. To prove that . 

dydx d.€dy 

Since ™ is the limit of /(^ . + when ?i =t 0 \ 

ox h 
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d /du\ . 

riTTrn.’ ^ fnT.l rTT. )’ 


is the limit of 


df/dx df/xdx'' 

+ //, y 4 - /-) - /(3_ _ /{>' 4- v) - f(f\ v ) 

\ /h ' ' h 


I "f“ hi 


y + + K If) +/(A //) 

hk 

when both A = 0 and k = 0. 

d~u 

Similarly, can be shown to be the limit of the same 

fraction ; w’hich prov’es the proposition. 

EXAMPLES XXVI. 

1. Find du in terms of dx and dy in the following examples : — 

(1) %i = (2) u = (2.C- — ^y^y. 

(3) = bin (yix 4- ^‘y), (4) u = c’’". 


(5) w = log tan 


(6) u = log (.c + V X- + y^). 


(7) u = 

V a; - y 


2. Find dyjdx in tlie following examples : — 

(1) = 3(40;//. (2) + a-y- = rt2/,2^ 

(3) x'J i — 2/'^ + 2/ V 1 — = 1. 

3 . If £c = Vi + 2 / = ^ + 3 x-// 4 2 //^ — 6 //, prove 

.at S = |(- + 2')- 


4. If £C = rcos^, prove that dQ — . 

r V 4^ — 

5. If os = r cos y = r sin B, y being a function of Xy prove that 

(1) iXydB + dxy = xdr, (2) ydx — xdy — — r-dB, 

(3) dx^ + dif = dr^ + rW, 


xdr — rdx 


<‘)(S)’HS)’ 


= (r” - r)2 4 4r'2. 


dB'^dB dB^dO . 
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<*){'K2)T/S- 


y2 


(r^2 + 

— rr" + 


6. A straight moves so tliat the triangle which it cuts olf from two fixed 
lines (not at riglit angles) is of constant area. If x and y be the intercepts 

cut off from the lines, prove that . 

’ ^ tlx X 

7. The vertex, -4, of a triangle, ABC, moves on a circle through B and 
Cj which are fixed. Prove that at any time 

CQ^Cdh + co^Bdc = 0 . 

Give also a geometrical proof. 

8 . A straight lino, BC, of fixed length, slides between two fixed lines, 
Ax^ Ayj cutting off a variable triangle, ABC. 

Show that at any time cosOdh + cos Bdc = 0. 

Give also a geometrical proof, and show that this question is merely 
another statement of the preceding question. 

9. If the sides &, c, and the included angle A of any triangle, ABOj be 
each increased infinitCKimally, prove that tlie resulting increment of a is 
given by 

da = cos Cdh + cosBdc + b sinCcM, 

% 

Aksweks. 


1. (1) Pi(x - y){(x + yyix - 2ydy]. 
(3) cos(a£C 4- hy).((idx + hdy). 


2 ?/ xdi/ — ydx ... dx 
(6) 2 cosec - ■> -'• («) T/-zrf .—a + 7/ 

(7) 


(2) 6(2x2 _ 3y2)2(2>Kdx — ^ydy"). 
(4) e\ydx + xdy). 

ydy 


\/x2 + 7/3 V a;2 + y\x + Vx3 + if) 

xdy — ydx 
(x 4- y)*(ac - 


2. (1) 




ay 


ax - 2/“ 


( 2 ) - 

ahj 


® Vi-:-# 


173. Homogeneous Functions — Dimensions. — When a 
quantity, a?, is raised to some power, say the ;ith, where n is any 
quantity, then a:” is said to be of n dimensions in a?, or of the 
nth degree in x. 

If a be a numerical coefficient, then ax'* is still of n dimensions 


m X. 
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Again, is said to be of p dimensions in and q dimensions 
in y, or (if we do not wish to distinguish between x and y) of 
p q dimensions in x and y. 

Similarly ax^*ly*^ is of ^ ^ dimensions in x and y. 

An important case is ax^'lf/^y which is of no dimension , or of 
zero deyree, in x and y. 

Note. — which is of p + q dimensions, may bo written . (!//x)'\ 
in which the degree of x is the same as that of the wliole term ; us it should 
be, since (ylx)^ is of no degree in x and y. 


174. A group of terms, all of the same degree, is called a 

X * 

homogeneous expre^isioa^ c.g. — 2.?ry + — + This expression 

is of the third degree ; hence, taking outside a bracket, the 
expression inside must be of zero degree, and must therefore 
involve y or its powers (4-'® or — '*), only. 

Thus + = |l - •> {1) + {'If + (|)’[. 

Generally, a rational integral algebraical homogeneous expression 
of the nth de.i^ree in x and y can be written in the form x'lf{y/x) ; 
thus 4- V 4- ... 4“ 4- ... 4- p,jr 




■■«)T 


and 35” represents the degree of the expression. 


176. But a wider definition may be given. If /(yl'x) be any 
function of x, then if fiyjx) is capable of expansion in powers of 
ylx, each term of the expansion will be of no degree in x and //, 
and therefore also will f(y\x) be of no degree. 

Should /(y/a?) be incapable of expansion the preceding remarks 
canpot be applied ; bub we still regard it as of no degree in 
y, and we shall find that we are justified in doing ao when 
we come to apply Euler’s Theorem below, if indeed any justifica- 
tion is necessary. 

It follows from the above that f{y/x)j where / is any function, 
is a homogehems function of the nth degree in x mid y. 
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176. Similar remarks apply to tei'ms and expi'essions of three or more 
variables. 

For example, 2(}o^y^z — is homogeneous in x, y, 

and 2 , and is of the Gth degree. It may be written , 




iV - L(y. 


2\x 


and, as we should expect, tlie expression in brackets is of no dimensions in 
Xj y, and z, but is of the form /(y/x, zfx). We might also have taken y® 
or 2 ® outside. 

Hence we conclude that x^/QjIx^ zJx) represents a homogeneous funetion 
of the nth degree in x, y, and z. 


177. Examples. 

Ex. 1. If u and v be two homogeneous fiinctions of the same degree 
in X and y, we may write 

u = x^/CyJx), V = x^(p{ylx), 

*. - = ^^tio of v to £c ; and H is of no 

V •' \x/J \xj <p{m) V 

degree in x and y. 

If a; = r cos 0, y = r sin dy then vi = tan B, 

. u _ /(tan e) 

* ’ V ^(tan Bf 


* 2x'hj — 

by putting aj = 1 and y = /n. 


Avhich could be obtained 


Ex. 3. Express tan 30 in terms of tan 0. 

Let 6- = sin 0, c = cos 0, < = tan 0. 

sin 3b _ 3s — 4s^ 
cos 30 4c® — 3c* 

Make the numerator and denominator homogeneous and of the same 
degree, by writing s® + c® for 1, and we get 


Then tan 30 = 


3<.s2 + c2) - 45® _ 3sc2 - 5® _ 3^ - 
4 c 3 - 3 c(s 2 + c 2 ) “ c® - 3 c 5’2 1 - 3 ^ 2 * 


Ex. 4. Express cos 0 + 3 sin® 0 in terms of tan 0. 

We liave c + 3»* = = ^1+ j )* + ig. 

8® + C® <2+1 
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178. Euler’s Theorem of Homogeneous Functions 

(A) Prop. — If 11 hfi a homogeneous fmction of the nth degree h 
X and y, then shall 

da , du 
X -f- 
dx dg 

(1) Let u be a rational integral algebraical function ; 
thus u = ;v'” + 'pxv’'~'y + ... + + Vr!J' 

Then 
3ii 

= w/V” + 0' — 1 ) + — + ('*—'■) A + — 

4- a?.. 


du 

■'dii ~ 


+ ... + + ... 


+ npxiP-'u + ... + + ... 

+ = nv. 

(2) Let u = where 7i is any quantity and figf) is any 

function of yl^x. 

Then 

S - “-A") 


d. 

du 

dg 






Cor. — If 71 = 0, i.e. if u = /('^)> then = 0. 

* (B) Prop. — Jf u le a homogeneous function in x, y, z ... of the 

nth degree^ then shall 

du , du , du , 

+ y^- + ... = 7iu. 

dx ay dz 

This is not a difficult extension of the preceding, and we leave 
the pro^ fo the student. 



§ 178, 179.] 


EXAMPLES, 


161 


179. Any rational integral algebraical function of a? and y 
may be arranged in homogeneous groups. If denote a homo- 
geneous group of the rth degree, the expression may be written 

w = 4- + ... + + Wo. 

Hence, for any rational integral algebraical function of x and y, 

4“ (^ — 1) 4“ 4- Wi. 


EXAMPLES XXVIL 


1. If y = write down the values of : — 
- % 


(1) . 


3cc y 




(3) ya<v'jc + 

VyC >/ X — ^ V) 


(4) 


(T 4“ •J '.ry^ + 
Vxy ( V.r + Vy; 


(6) 2 log C + Vy) - log (aj + y). 


2. Express in terms of tan 0 


(1) 

3 sin 0 — b cos 0 

. sin 0 — cos® 0 

(3) 

2 % cos 20 

2 sin 0 — cos ’ 

^ ^ cos 0 — sm® 0' 

1 — sin 20' 

(4) 

sin 0 4- cos^d 
cos 0 H' si 11 ^ e 

(6) - - V.. . 

a 4- b cos 0 

(6) 

sin^ ^ 4- cos® (9^ 
sin 0 (1 + cos 0) 


3. If + y^ == 1, express purely as a function of yfx (= m, say) : — 
( 1 ) 0 ^. ( 2 ) 2 ,. ( 5)1 + ^:.. 


4. State whether the following functions are homogeneous or not ; and, 
homogeneous, state the degree : — 


(3) log 


( 2 ) (^1 + ^/xy(.Vx+^^ y). 


- 2x^ — v® 

(4) Rin 

Vse 4- V y 
(6) 3 log (a;i 4- y*)' - 2 log (x^ 4- y*)'. 

(6) |log~t^ 4-(7n - w) log®} -r- 
\ X + y / 
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5. Vei’ify Euler’s Theorem in the following examples : — 


(1) M = a: + J/. 

(8) M = Va: + Vy. 
cs) « = ?-rJ' 

0! + W 

(7) V, = ein-» (^1 + 

(9) u = CK 


( 2 ) u = 

^4^^ u = 4- (cif^ — V*. 

(8) log 

(10) w = — 2xyz — X3®, 


(11) « = a)Mog (l + 

(12) u = x^'y^ sin ~ ■ 

6. If w = log prove that x~ + = K 

T. If a = sin (Va? 4- V^y), prove that 

~ (V'a? + '/y)* 

8. If u = sin“^ y prove that + y^ = 0. 

f f fix Bii 


\ X 4 - 




9, If w = /(v), V being homogeneous and the nth dcgiee in x and y, 
prove that 


4- y^-* = nvfiv), 
dx dy 


Hence if « = logv, show that x^- 4- y— = n. 


1. (13 
(4) 
t. (1) 


1 - 2m 

3 4- 

1 + V 1 4- 
Vwi(l 4- Vw) 

St ^5 
2«- i 


( 2 ) 


Answers. 
1 _ 




1 4- 


3?n — m- ^/m(l — A/^n/i 

(5) 2*Jog (1 4- V w) — log (1 4- m). 


( 2 ) 


i - 1 

1 4. ^2 _ ^8' 


( 3 ) 


3 j 4-^ 

a - t)^' 


( 4 ) 


< Vi 

A./iZir7‘i 


( 5 ) 


Vl 4 

aVi + + b 


(3) 


4- + 1 

ifVl"?la('>/l irt^4- iV 


1 -!+ 
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3. (1) 

V 1 +7/i^ 

W 


( 2 ) 

aV 1 + TO* + 6 
aVl + TO* — 6 


+ ' 


( 3 ) 


Vl + TO* 

V 1 + TO* + 1 


(«) 1 + 


(1 + TO*)1 


4. (1) Yes; (2) Yes; 

(6) Yes; 1. 


(3) Yes; 3. (4) No. 

(8) Yes; -TO. 
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CHAPTER XIV. 

MAXIMA AND MINIMA. 

180 . We have already considered a few simple examples of maxima 
and minima in Chapter X. (q.v.). We shall now enter more fully 
into the subject, treating it (1) algebraically, (2) geometrically, 
and by the method of the Calculus. 

181 . Function of a Single Variable — Definition. — If 
2/ be a function of x which first increases up to a certain value 
and then decreases, the variable being supposed to inciease 
uniformly throughout ; then this value of y is said to be a 
maxhnum. if the function first decreases and afterwards increases, 
it is said to be a minimum, 

A function of x may have several maxima and minima ; thus, 
if the curve in Fig. 22 (Art. 136) represent f{x), the max*, and 
min*, of fix) [or its singular, or turning, values] are represented 
by the max. and min. ordinates Aa, etc. 

It will be noticed that max*, and miii*. occur alternately ; 
Aa, Cc, Ee being max*., and Bb, Dd, Ff min*. This will be 
proved below. 

182 . Alternative Definition. — When /(a) is than 

both /(a 4“ K) and /(a — K) when ^ is finite, however small, then 
f(a) is called a [2“ ] value of/(a;). 

183 . Algebraical Treatment. — This method is directly 
ha^iBd on the fact that certain fundamental functions are re- 
sected In value, Le, have max. or min. values. 
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Thus, (1) can never be — ; hence 0 is a min. value of x\ 
Or, if ^ = a/x, the min. value of x is 0. 

(2) if y = sin 2 !, the max. value of 2/ is + 1, and the min., — 1. 
(il) if y = a*, the min. of y is 0. 

(4) if y = log «, the min. of x is 0. 

Imaginary values are obviously excluded. 

We may remark that in the case of a square root the double sign will 
generally be supposed to be attached. Hence in (1) above we do not say 
that 0 is the min. value of y, for it can have any value, or — 

Again, in (3), «/ = 0 when cc = — oo . This is an exceptional case, for 
here the ascent in the value of y is not accompanied by a previous descent. 
The same thing, too, can happen in the case of a discontinuity. 

The above remarks apply to (4) if x and y be interchanged. 


184. The following points will be useful : — 

1 1 

If a is a max. of f{x)^ then (1) - is a min. of /./--c; 

a j\x) 

(2) — ^ is a min. of — /(/^); 

(3) ± is a max. of /(./’) ± h\ 

(4) ^(a) is a max. of provided 

that <l>(y) i-^ ct function whwh increases ivith y. 

Similarly for a min. of f(x). 

For example, in the expression 2 — 2a~^y'{xy ® of /(a;), 

then the mm. of 2a — /(it) is a ; 

XI » a . a . 

the maa;. of is or 1 ; 

2a — f(x) a * 

/. the min. of 2 — - — is 2 — 1, or 1. 

2a -f{x) 


185. Examples. 

Ex. 1. If x® + 2 /^ = so that y— fj — 7 ? ; then, for real values of y^ 
X cannot be > a nor < — a. Hence, + a is a max. value of x, and — a 
a min. value. 

Similarly, x = fj a? — and + a and — a are max. and min. values 
of y. 

Hence, in the circle x 2 + 2 ^* = a* the max. numerical value of qp or y |s a, 
the radius. 
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Ex. 2 . shi^ e cos^ 0 =z i sin^ 20. Henca J is a max., and 0 is a min. 

Ex. 3. If y = cos®<^ + siri^ <(> (a ]> 6) ; then 

y =z (a^ — ?; 2 ) cos® tf> 4 - i®. 

Tlie max. and min. values of cos®^ are 1 and 0 ; hence 

( 1 ) when cos®^ = 1, y is a max., and = a®. 

(2) when cos®</> = 0, y is a min., and = 

Here is the length of a semi- diameter, of an ellipse referred to the 
centre as origin, ^ being the eccentric angle. Hence a and 6 , the major 
and minor semi-axes, are the maximum and minimum respectively. 

Ex. y = a cos ^ sin (p. 

Put a = A; cos o, b=: k sin a, so that A;® = a® -f- 6®. 

Then y = /c cos (<p — o), the max. and min. values of which are ± 7 c, or 
i Va® 4- 6®. 

Hence, if AA\ BB' be the axes of an ellipse, and OM^ PM the coordi- 
nates of a point P on the curve, the max. value of OM + PJfis AB. 

Or again, if a and h represent two forces at right angles to each other, 
y will be the sum of the resolved parts along a line making an angle <f> 
with the direction of a. And the max. value of y occurs when the line is 
taken in the direction of their resultant, for its value is then Va® 4- 6®; 

also ^ = a = tan”* - . 

a 

. X® w® 

Again, if a cos y ~h sin <p, then ^ + 52 ~ ^ » hence the question 

might be stated thus : — 

“ Find tlie max, of x 4 -y when ^2 “I* 12 — ^ i answer being Va®4-&®. * 


Ex. b. y — log sin (x 4- «) 4- log sin (x — a). 

Here y = log {sin (x 4- «) siri(x - a)} 

cos 2a — cos 2x 
= log 


Now, 008 2x cannot be > cos 2a ; and when cos 2x = cos 2(t, y = — oo • 
hence ikero ii* no finite minimum. But when cos 2x = - 1 , y is a max., 


end log 


1 4 - cos 2a 


= logco 8 ®a = 21 ogcosoj and this occurs when 


2 
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EXAMPLES XXVIII. 


1. Find the max. and min. values (stating which) of the following functions : — 


(1) 2 + 3x^. 

(4) 1 + cos flc. 

(7) a — 6 cosec x. 

( 10 ) - a. 


(2) a — 

(6) a — 6 sin® x. 
(8) a' + 6. 

( 11 ) 

(13) 1 - __L. 

2 — sinoj 


(8) 1 + (SB - 1)». 

(0) ffl + 6 posec*a!. 

(9) 1 - 2*, 

(12) V o* + xK 


2. Find the max. and min. values (stating which) of y in the following 
(1) y = log (a i Va® — £c®}. (2) a^y^ + 

(3) 2 / = 2 sill® 05 + 8 cos® 05. (4) y = sin x + cos x. 

(5) y = -3 sin 05 + 4 cos x. (6) y = sin (x + 2a) + sin (x + 2$) 


(?)y = 
( 9 ) 2 / = 


ti + Y — ■ — 

logos 

sin a? — sin a 
sin 05 


(8) y = tan“^ V 1 - os®. 
(10) y = sin® x cos® x. 


(11) y = 



— a) COS (x + 

sin 05 cos a? 


«). 


Answers. 

1. (1) Min., 2. (2) Max\, (X. (3) Min,, 1. (4) Max., 2 ; min., 0. 

(6) Min., a~Z>; max., a. (6) Min,, a + 5. (7) Max,,‘a^6; min., <z+&. 

(8; Min., h. (9) Max., 1. (10) Min., - a. (11) Max., + 2^ min., -2. 

(12) Min., + a; max., —a. (13) Min., 0; max., f. 

2. (1) Max., log 2a, (2) Max., b ; min., — 6. (3) Max., 8 ; toin., 2. 

(4) Max., V2 ; min., — V2. (5) Max., 6; etc. (6) Max., 2 cos (o— A); etc. 

(7) Max., a, when os = 0 ; min,, a, when x = ao. ( 8 ) Max., min., — 

(9) Max., 1 — sin a min., 1 + sin a. (10) Max., J ; min., - J. 

(11) Max., cos o sin a ; min., — (cos a ^ sin a) ; min., cos a + sin a ; 
max., — (cos a + sin a). 
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186. The following* two methods are applicable to algebraical 

, , ^ 4- . 1 . ,1 

expressions of the form which includes very 

important particular cases, in which one or more of the co- 
efficients h, etc., is zero. For example, if Cf! = h! = 0, and 
ft' = 1 ; we get aT? + 4- 

First Method. 

187. From the formula (x + yY = (x — yY -f- -ixy . . (1) 

we have four cases, x and y being supposed variable quantities. 

(A) If a: + y = 2rt, a constant, we have 

= (x - yY 4- 

ixy < la\ since (x — y)'^ is always 4*'% unless x — y, in which 
case xy has its maximum value, viz. ir ; and x = y = a, 

(B) If - y = -la, (x 4- !/Y = ; 

4:Xy > — unless x = y = 
in which case xy is a minimum, viz. — a-. 

Note. — I n both of these cases a may be +'*'* or — 

(C) If xy = a\ (x 4- yY = “ f/T + 

(x 4- f/Y > unless x = y ; 

.*. X y is numerically > 2a, i.e, it cannot lie between 4- and 
~ 2a. Hence 4- 2a will be a minimum, and — 2a a maximum. 
value of iC 4“ y ; which occur when x = y = ± a respectively. 

(D) If xy = d\ (x - yY = (^ 4* f/Y “ ; 

(x — i/Y > — 4a®, unless x y = 0. 

But if a; 4- ^ = 0, then (x — yY is — giving imaginary results. 
Hence the minimum value of (x — yY is 0 ; and therefore x — y 
may have any value, 4- '* or i.e. it has no finite max. or min. 
value. 

188. The cases (A) and (C) are the two to be remembered, for 
(B) can be deduced from (A), thus : — 
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Put ^ 2 ; then from (A) 

ic — z = 4:x{’-z) < \d\ or — xz < 

Hence xz > — except when x = y, i.c. x — — z = a,\n which 
case the minimum of xz is — a^, 

189. We now give a formal statement of cases (A) and (C) : — 

(I) Ifx -f- y = 2a, a constant^ th$ maximum value of xy is a® 
{the square of half the sim)^ x being equal to y. 

(II) If xy = a^ a constant^ the minimum value of x -\-j is -f 2a 
{twice the square root of the product) ; and the maximum is — 2a ; 
X being equal to y. 

Both of these results follow from the fact that the A. mean of x and y 
is greater than the G. mean, except when x =. y^ in which case they become 

equal. And if - ^/xy^ we have (I) xy = ; (II) x+y=^2^xy. 

This may be a help to the memory. 

190. Examples worked on Formula (I). 

Ex. 1. The max. rectangle of given iicrinieLer is a square. 

For, if X and y be the sides, and 4a the given perimeter, then 
2cc + 2y = 4a, or x + y = 2a, 

/, the area xy is a max. when x = y = a. 

Ex. 2. 7/ = 6 + a; — a,-. 

Since y — {x ‘^)(3 — x), and {x + 2) + (3 — (k) = 5, a constant, 
by the rule, the max. = (^.5)2 = 

Ex. 3. y = ac® — jc — 6 = (cc 4* 2)(a5 — 3). 

Here we might use (B) since (a? + 2) — (os — 3) = 1, a constant. 

But wo can use (A) or (I) thus 

— y — Qc ^ 2)(3 — £c), the max. of which is (by Ex. 2) 

Hence the min. of y is — [Art. 184 (2).] 


Ex. 4. y = r . 

(a 4- x){b — x) 
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Let 2 = (a + cc)Q) — x) ; then, since (a x) Q) ^ x) = a + h (const.), 
. r / a 4- & 

/. maXi of \ ; 




Ex. 6. y =: (ax + b)(c — c?x). 

To eliminate x from aos + 6 and c — dx^ we have 

d(ax + &) + a(c — dx) — bd + oc (const.), 

/. max. of ad(ax + b)(c — dx) is ; 

/. (1) if ad is +^% max. of y is . 

4«cZ 

(2) if ac? is — min. of y is , 

\ud 

since we are dividing -down by a negative quantity.! 


Ex. 6. y = 05^ + yo; + jy. 

Since y = 4- the min. of y is evidently — 

Othei wise, if ,y = (a: — a)(x — iS), a and /3 being the roots of a® H-pjc 4- <2 = 0, 
then ~ y =- (a; — a)(^ — jc) the max. of which is, by 0)^ ^ 


/. the rain, of y is . 


Ex. 7. y = ifc(aj + 1)(J? 4- 2)(aj 4- 3) = (x^ 4- 3x)(x^ + 3x + 2) 

=; z(z 4- 2), if z = x^ + 3x. 

— y = — 4- 2) ; and since — 2 4- (a 4- 2) is constant, the max. of 

— y is 1 ; hence the min. of y is — 1. 

This method does not, however, give the other max. or min. values, 
which will hereafter be shown to exist. 


£ 9 . jl* y = loga? 4- log (2 - a;) = loga;(2 - x). The max. of a;(2 - x) 
is 1 j hjence the max. of y is 0. [Art. 184 (4).] 

,■■ , — . * 

t if the max. of ax in h, a being — then ax < 6, /. x > -(since a 

is -r^); hcnce^the min. of x is b/a. [See Art. 184 (2>] 
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EXAMPLES XXIX. 


1. Find, hy formula (1), the max. and min. values of: — 


(1) sin^ Q cob^ Q. 

(3) (2-^x)(x + 4). 

(6) (X - IXx - 2). 

(7) (2x - 3)(2 - 3x), 


(2) x(a — oj). 

(4) //(a — x)(a + x'). 
( 6 ) a;2 — Sa; + 6. 

(a — 6aj)(c — rfa)’ 


(9) (x — a)x(a: + a)(ic + 2<i5). 


( 10 ) 



2 

2£c + 3' 


(11) j “ ^+'d' ^ 

(13) xtjcfi — 3?. (13) ^3: + 

(14) 1 -f- V logjo (2 — bin a’)(3 t>iii x H- f), given log 7 = 0 845 ; 

log 3 = 0-477; log 2 = 0-301. 

(16) V(COrt 0 — cos oXoOb — cos 0), (o >» /3). 

(16) V(a + 2b bin® e)(2b cos® 0 — a), (a <[ ft).*" 

2. Show that (4 + co8jc)(l — cosic) has 0 for a minimum, but that the 
maximum as determined by (I) is imaginary. [See Ex. XXXI, 2 (8), 
Answer.] 

3. A given straight line is divided into two parts, find when the rectangle 
contained by the two parts is a maxinnira. 

4. Show, by means of formula (I), that the maximum rectangle 
iubcribable in a given circle is a square. 

6. If (scj y) be a point on the ellipse ^2 + ^ = 1, find the maximum 

value of £r?/. Hence, find the area of the maximum rectangle insciibable 
in an ellipse. 


6. If r, r' be the focal distances of a point on an ellipse, find the 
maximum value of rr'. Interpret this. 

7. P is a point on the base PC of a given isosceles triangle, vertex A. 
PMt PN are drawn parallel to ABj AO respectively. Find the area of 
the parallelogram AMPN when it is a maximum. 
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8. Find the area of the maximum rectangle two of whoso bides are 
on the axes of co-ordinates, and whose other two sides meet on the line 
Bx + by = 60. 

0. Show that in the cardioide r = a(l — cos0), the maximum value of 
X is a/4 [see Ans.]. 


Answers. 

1. (1) Max., i ; min., 0. (2) ]Max., a2/4. (3) INIax., 9. 

(4) Max., a; min., —a. (5) Min., —1. (6) Min., — (7) Max., 

(8) Max., ’-4tbffj{ad — hcy^iibdis (9) Min., —a*. (10) Min., J. 

(11) Max., 


— 4ac 
{ad — bey 


(12) Max., ; mill., - 


(13) Max., ° ^ - ; etc. 


(14) Min., 1-3; max., -- 1’3. 


(15) Max., sin i»i» ~ ^ ~ Max., h ; etc. 


3. When square. 5. aZ»/2; 2a5. 6. a^; rr'^CD'^^ being conjugate to OF, 
7. 46® bin A, where b = AB ; or, half the triangle. 8. 60. 

9. r -i-a con 6 = const. ; use (f). 


191- Examples worked on Formula (II). 

Ex. 1. w = a? -f i. 

X 

Here a; . ^ = 1 (constant) ; the max. and min. values occur when 

X = p i.e. a: = ± 1. Hence w’e have +2 a min., and —2a max. 


Ex. 2. y 


_(x- 1)0® - 5) 


a? -f- 2 

Put X + 2 = Zf whence a? — 2 — 2. 

... ,j = (i:^3)(^ + 21 _ , 0 . 

2 ^2 

Kow, the max. and min. values of 2 + — are given by ± (2“* sq. root 
of product), i.e, ± 2v^21. 

/. we have + 2,^21 - 10 a min., and — 2^21 - 10 a max. 
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Ex. 3. y = 

X — G 

z 

= const. + * + 

z 

Now, if (c — a)(G — h') is H-’*, tho max. and min. values occur when 

a = . or z = ± VCc - aXc- 6). 

Taking the upper sign, y becomes 

{ >/{c - a)( c - &) + (c - a)}{ V (c — a ) (c -Ip -f - (c - Z>)} 

\/ (c — a)(c — fe) ’ 

and dividing the factors of the numerator by ^ a and V c — h 
respectively ^vfe get (Vc — a + fj c — b)p for the otiin. 

Similarly, taking the lower sign, we obtain (Vc — « — c^by for the 
9nax. 

2,r' 4- + 8 __ 2 I X + 2 — O ^ CO V* 

Ex. 4. y = 2.. + 3 - ^ + -2^Tli " ^ . 

U'^ “j~ “f* d I 3 I O I d rt 

X + 2 X I X 

For V we have +2^3 — 20. min. ; and — 2^3 — 2 a max. 

/. for y we have 2 -h - a max . ; and 2 — a mm. 

These reduce respective!}'' to J (9 ± 3), 

Note. — For the general case the method given below is preferable. 


EXAMPLES XXX. 

1 . U.^e formula (II) to find the max. and min. values of: — 


(D. + i. 

(5) e* + 

1 


(7) x + 


» - 2 


(2) a? + 1 + 




( 4 ) sec 0 cosec 0 [ = tan 0 -f cot 0]. 
(6) cosh X. 

(■)». + l+£l3- 
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{x + nXa; + 6) 


(11) 3 - ® 

X 


(16) V(e* - e«)(e-* - e"). 


(10) a® + 6 + 

cx — d 

(12) 3ap)(a; 3 ) 

(16) V (Fana? — tan a)(cot x — tan a). 


(18) ^1. 


(19) /- (3.^_8X5^+ 4) 

2aj “1“ I 

2. Show that x -- has no finite max. or min. values. 

X » 

3. A rectangle has a given area, find ^vlien its perimeter is a minimiini. 

4. Use any of the previous methods to find the max. or min. values of: — 

(1) ^/ tan"i + V cot 0. (2) log (2x — 3) + log (2 - 3x). 


(3) log (2x - 3) + log (3x - 2). (4) 


a; ^ 1 05 — 3 

05 — 2 05 — 4' 


( 6 ) ^ . 

ax-^ + //X -h c 


(x — l)(a5j- 4) 
(x — 2Xa; — 3)’ 


5. Find the max. or min. values of stating the 

condition. ' 

« ou • 1 (.a— a f-c, — 

6. Show that the maximum value of - f ',Sd b — ^ ’ 

provided that 6 >- c?, and (a — b)(c — d) is 

7. Show that admits of max. and min. values, when 

(a — hXb — c)(r — d)(d — a) is + 


Akswebs. 

Nofe. — ^The min, will be written first, and the max. second. 

1, (*) t 2as ' (2) ± 4. ^8) ± 1. (4) ± 2. (5) + 2c-. (6) ± 1. 
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(7) 4, 0. (8) 20i, 8^. (9) (vT* ± V*)®- (10) 1-^-*-^“—. 

c 

(11) 6, 1. (12) IG, 4. (13) 0, - 56. (14) 1 ± a. (16) 1 ± 

(16) 1 ± tana. (47) + J. (18) Max., J. (19) 7, 2. (20) e, 1/e. 

S. When square. 

4. (1) ± 2. (2) Max., log 25/24. (8) No real max. or min. 

(4) None. (6) Min., 2. (6) 1/(6 + 2^^). (7) Min., 9. 

5. Vr — ± if (r — “ ?) is +^** 


Second Method. 


192. Let U 


_ -f 27iJ!; + ^ 
-f- 6^ 


0 ) 


(wbicli we have stated includes simpler forms) be the expression 
whoso max. and min. values we require to find, x being the only 
variable. 

Before giving the method, we may mention that the expression 
a?^ + ^Ihxy + hxf' • 

a!x^ 4- 2//.r;/ + 


involving two variables, can be put in the previous form, since 
the numerator and denominator are homogeneom and of the same 
degree. 

Thus, put x^yz (z being the ratio of x to y) and it becomes 

the same form as (1). Hence we can find the 
az^ + ^2h*z + 6 ' ^ ' 

max. and min. values of (2) as well as of (1). 


193. Simpler Case. 

Let u = ax^ + 2hx + 6. 

Solve for aj in terms of u. Then 

-I- 2Aj: 4- (6 — m) = 0 ; 

, — ^ ± — a(b — m) h ± ^ h^ ' ah au 

whence x = ^ ^ 
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Now, X IS real only if /r — aA + an > or = 0. 

(i) Let a be then 2 i'>oy = ^ i.e. the mm, value 

a 

of 21 for real values of x is ^ — . 

Of 

(ii) Let a be — then au > or = ah — A®. 

But dividing down by the — quantity the sign of the 
inequality is changed, 

ah - 7^® 

/. 2 / < or = — 

a 

tlie max. value of 21 is A. 


(iii) Let ^ = 0, then there are no finite maxima or minima. 
The expression, in fact, becomes 2hx 4- h. 


Otherwise 


: — ax- + 2hx + h = a|^a5 + j* 


= « f X + + 'il'-ri!, > or < r 

\ a/ ^ a a 


ucconling as a is or - 


In the former case we get a minimum when cc = — and in the latter 
case a maximum. 


194. General Case. 

^ axr 4- '2?/./' h n 

Let 22 = 5 solve for x in terms of ?/. Then 

we have (a — a^u).r + 2(/i — h'i():c h — V 21 = 0 ; 

” ' ■ u-n'u~ • 

As above, for real values of x we must have 

(h — Jhff -- (ct — a*n){b — b'u) > or = 0, 
i.e. {It" — a!U)nr -f- (ah' + a'h — 2hlt)u + (/r — ah) > or = 0. 

^ If tt, y3 be the roots which make the above quadratic expression 
vanish (a > yS, suppose), we have 

(h'^ - a'b')(u — a)(w — yS) > or = 0. 
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(i) If — a*U be 4-''® if + 24'a? -f y can be resolved 
into two real linear factors], 

u — a. and u — must be both -f-’® or both — 

2 ^ > a or < p, for real values of x ; i»e. it cannot lie between 
a and 13. 

Pence, w = a is a min.^ and w = /? is a 7nax. 

Solving the quadratic in u, a and jS will be found to be 
respectively 

-(aF-h (t>'b — 2hh*) ± V { {a1/ — a* by — 4:{ah* — a!h) (JiV — b!h ) } 

- a!F) ■ ^ ^ 

(ii) If — be — '® [/.«. if + F cannot be resolved 

into real linear factors], then (?/ — a)i(a — /I) must be — ^®; i.e. 
?/ < a and > ^ ; i.e. it must lie betw^een a and /?. 

Hence = a is a and tt = is a min. 

Note. — H ero a is to be taken as the greater root ; but, as a matter of fact, 
wlien /i'* — a'// is — '"‘‘j tho greater root is that in which the lower sign is 
taken in (2) That is to say, tho a and fi in case (ii) are respectively the 
/3 and a in case (i). 

• 

(iii) If A'* — a'F = 0 [/>. if a\t^ + 2//.r + is a perfect square, 
or a simple multiple of one], then a and p are infinite, and there 
are no finite maxima or minima. 

195. Value of x. — Since, for the max. and min. values of ?/, 
the quantity under the radical sign in (1) vanishes, we have 

x = - or (« - du) ar + (A - ICu) = 0 . (3) 

a — au 

Eliminate u between this and the original equation 

{a — du)3? 4 2(A — hhi)x 4 (^ — ^^. 1 ) = 0 ; thus 
From (3), (a — 4 iji — Fy)x — 0 ; 

.’. by subtraction (A — lby)x 4 (^ — = 0 . . . 

From (3) and (4) we have respectively 

ax 4 A = {dx 4 A')?/, 
and {dx 4 F)u = hx 4 1> ; 

/. {ax 4 h)(dx 4 F) = (dx 4 A')(Aa; 4 A), 

* -IkT 


( 4 ) 
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or (ah' — cfh)x' + (aV — a’b).e + (hV — h'h) = 0, 

_ _ (aV - db) ± v' { (ab' - dbf - A(ah' - a'h)(hb' - h'b) } 
giving* 2(ah’-d/i) 


[Compare with (2).] 


*196. Exceptions. 

It only remains to consider the cases in which a, are real and equal, 
or imaginary. In the above, of course, they are supposed to be real and 
unequal. 

(a) If a = )3, the condition for real values of x becomes 

(h'^ - aV)0i - a)2 > or = 0. 

But in case (i) this is always satisfied, and in case (ii) it is only satisfied 
when M = o. Hence, in case (i) there is neither a max. nor iniu, ; and in 
case (ii) we get « = a (a constant) as the only possible value of u for 
Avliich X is real, which points to the original expression being independent 
of 05 , i.e. a/a' = hjh' = b/b'. This condition causes the expression under 
the radical sign in (2) to vanish. 

(b) If a and are imaginary, then, remembering that these are the 
values of u which are supposed to make the expression under the radical 
sign in (1) vanish, it follows that the latter cannot vanish, and, therefore, 
for all values of u will be either or — In the first case, as in (a), 
there is no restriction to the value of u, i.e. there are no jnax. or min. 
values ; and the second case is inadmissible, as we should then have the 
square root of a negative quantity, so that no value of u could be found 
to coirespond to a real value of 05 , which is obviously not the case if the 
coefficients a, hj h, a\ h\ h* are real. 


197. Examples worked. 

Ex. 1. « = + 2) _ a;2 + 9fl; + 14 

(ac — l)(flfc — 5) + b' 

Thfen (« — 1)052 — (6m 4- 9)x -f5M — 14 = 0 (1) 

and for real values of x we have 

(6m + 9)2 — 4(m — lybu — 14) must be 
or . 16 m 2 -p 184m 4- 25 0. 

Solving as a quadratic equation, the max. and min. values are given by 
M = - 0*14 or - 11*36. 
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Now, since for real values of as, 

lGw2 + 184 m + 25, i.e. 16(m + 0*14)(m + 11*56) > 0, 

it follows that n must be algebraicallj’^ >• — 0*14 or «< — 11 ‘36. 

/. — 0*14 is a min.y and — 11*36 is a max. 

Ou 9 

Also from (1), x — 9~^~ [since the surd has vanished] = — 3*7 and 
2*4 respectively. 


i cos* a + 62 e [a ]> 6] = ^(1 + cos 2a)2 + _ (1 — cos 2e'f 

= i [(a® + *2) cos2 20 + 2(a2 - 5?) cos 2a + + 6^] 

= i + 2rha5 + 1] say, where m = - 62^ and 

X = cos 2a, 


= ^ \px + m)2 + 22 _ ; 


and since 42 is m is a min. when 7aj + m = 0, and its value 
_ 12, . ^,,2 _ (^2 + 52)2 _ (^2 _ 52)2 __ ^252 

42 4(tt2 + 52) \ a2 + 52* 


To find the value of cos a corresponding to this value of m, we have 
7 1 n . w a2 - 52 

'“ + ”* = 0. ••® = -T= 


cos 2a = 2 cos2 a — 1 = — 

7)2 6 

C0s2 a = -n aud COS a = ^ 

a2 + 62 Vm2 + 52 


a2 + 52* 


which is less dian 1, so that a is real. 0 evidently = tan“i 

Again, it is evident that u must have some max. value. To find it, 
we liave 

. = j ((,. + ^ = <^+ ?? + 

Since 42 is +^®, u will be a max. when 2a5 + m is a max, ; i.e. when x 
or cos 2a is a max. ; i.e. when cos 2a = 1. 


Hence, the required max. is 


ia 4- 22 — 7n2 _ 2 + m __ 
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EXAMPLES XXXI. 


1. Find the max. and rain, values, by the second method, of ; — 


(1) 

X 4- 

X* 

(3) 

x(a 4- x). 

(3) 

(x - 

■ l)(x - 3). 

(4) 

1 + - + 4- 

X x^ 

(8) 

1 - 

X2 

(6) 

(1 4- x)2 

1"+ 

W 

(1 - x)(l 4- 2xy 

('7'i 

1 

- 2x 

(8) 

1 1 

Vv 

(1- 

■ x)(l 4- 2x)' 

X — 2 4 x 4- 3 

(9) 

1 

-i 

(10) 

a2 /i2 

ax b 005 4- a 

sin2 (p cos'- <p 


2. Use any algebraical method to find the max. and min. values of: — 
(1) log (x^ + + 1). (2) 


(3) V 

(6) 05 + — cc^. 


(7) 


(as — 2)(a5 — 5) 


(4) + + *J a — X, 

(6) 3 - 05 - 052 

(8) (sin X — 2)(8 — sin cc). 


^ a)(x - h) 


3. If X“ — c2, find the max. and min. values of as + ?/ and x y \ 
(1) by using the identity (x + y)2 + (cc — y)2 = 2(052 + 7/2) ; (2) by turning 
to polars. Give a geometrical interpretation. 


4. If + a2y2 = a262^ find the max, and min. values of hx + ay. 

6. If 05 + y = c, find the minimum value of 052 + yS . interpret the result 
geometrically. 

6. If 5a; + ay = a5, find the minimum value of 052 + y2j interpret the 
result geometrically. 


y. If ic® 4- = c2, find the max. and min. values of hx + ay. 

8 . If ax 4- 5y cz = d, use the identity 

(ax 4- 5y 4- cz'f 4- (cy — hz^ 4- (az — 005)2 4- (5o5 — ay)2 
= (a2 4- 52 4- c2)(a52 4- y^ 4- 2^) 

to find the minimum value of os® 4- y® 4- 2®. 
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7—i . , . has no max. or min. values unless 

ax + o €03 + a 

a and c have different signs. 

10. P is a point on the hypotenuse AB of a right-angled triangle, 
find when the sum of the squares of the distances from P on ^^and BQ 
is a minim uin. 


Answers. 

Note. — The min. will be written first, and the max. second. 

1. (1) ± 2. (2) ]\lax., a^j^L (3) Min., - 1. (4) Min., f . ' 

(5) +1. (6)5,0. (7) None. (8)-.,V, -fr. 

(9) (v/tt + Vcyi(hc - ad). (10) (a + 6)S 

2. (1) Min., 0. (2) e±»(a, +”). (8) + Ja*. (4) + 2^a. 

(6) Putting X — a ain 0, wo got + a V2. Or, + 2xVa'‘ — x\ 

(6)Max., \a. (7 )_j, _1. 

(8) sin aj ■= 6, inadmissilile. But m = 9 — (5 — sin a;)^ ; 

.". min, = 9 — 6* = —27; max. = 9 — 4^ = —'7. Similarly 

in £x. XXIX., 2, min. = 0 ; max. = 6. 

(9) - (Va + ± Voy. 

3. If! c>\/2 for either. The sum of the chords drawn from the ends of 
the diameter of a circle is a max. when they are equal. 

4. If! abV2. 

6. (ri) (h) The min. rad. vector of the line x + y = c is the X*" 

2 

from the origin. 

6. (a) which we could deduce Ex. 2 in the text, by putting 

X = a cos^^, y = h sin*0; (6) [see Ex. 5 (6)]. [Otherivisej see Ex. 7.] 

7. + eVo^T^. Use the identity 

{bx + ay)2 4- (ax - byy = (a^ + 

3. (Pl(a^ + + c2), when xja = yjb = zjc, 

10. When FC is XJ to AB. 
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198. Geometrical Treatment. 

There are two distinct methods which should be noticed : — 

The first method consists in proving that a certain value of the 
magnitude under consideration is greater than all neighbouring 
values. 

The second method is puactically that of the Differential Calculus, 
and consists in asserting the fact that a max. or min. is a 
stationary value {Le. at such a point two consecutive values of 
the magnitude are equal) + and drawing conclusions therefrom. 
It is more powerful than the fii*st method, but it must previously 
be shown (though it is often obvious) that there does exist either 
a max. or min., for the stationary value might be due to a point 
of inflexion. [See Arts. 115 and 207.] 


199. Examples on First Method. 

Ex. 1. AB is the section of a plane mirror ; CKD is the path of a ray of 
light from a candle placed at C to an eye at D, after reflection ht E ; the 

law of reflection being that the 
angles CKA, DEB, are equal. 
Prove that the path is a mini- 
mum. 

Let C’ be the image of (?, 
BO that AB bisects CO' at right 
angles. Then, since the dis- 
tance of any point on AB., 
from (7 or C is tlie same, we 
have CP + PD = CP + PD, 
which is obviously a min. when 
P is at E, where C ED is a straight line. And in this case we have the 
law of reflection obeyed, viz. that the angles A EC, BED are equal. 

Cor. — If CD be II to AB, then CED, CPD will be two triangles of 
equal area, of which pED is isosceles, since CE is now equal to ED. 
Hence, of all triangles of given area and base, the isosceles triangle has the 
l^t perimeter. 

’W — An ellipse, foci C and D, can be drawn to touch AB in E, since 
Z CEA = Z BED. 



f This is equivalent to the condition dyjdx = 0, given in Art. 113. 
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Ex. 2. If the mirror in Ex. 1 be a cylinder of which is a right 
section as in the figure ; then by drawing an ellipse to touch AB in the 
law of reflection is obeyed, as 
may be seen by drawing the 
tangent EEC. 

If P be a point on AB\ 
join (7P, cutting the ellipse 
in and join QD^ PD. 

Then 

PQ + PD> QD\ add CQ. 

CP + PP > eg + QD, 
i.e. > CE + ED, 
which is therefore a minimum* 

Note 1. — If, however, the curve >4B be concave to O and D, such that it 
falls 'Within the ellipse, then CE 4- ED will be a maximum. 

Note 2. — If the curve is the ellipse itself, then any point whatever on the 
curve satisfies the condition. 

Ex. 3. AB and AO two given straight lines, and 0 is a given 
point. Through O draw a straight line 
DOE, cutting off an ‘isosceles triangle. 

Prove that the rectangle DO.OE a 
minirnnm, i.e. less than the same thing 
for any other line through O. 

Draw a circle touching AB, AO in 
D and E. Draw PBOSQ, some other 
line through O, 

Then, since PO.OQ > RO.OS > 

DO.OE [Euc. 111. 35], the proposition 
follows. 

200. Examples on the 
Second Method. — The three 
preceding examples can be worked 
by this method ; we shall take the last two, in a different form, 
however. 

Ex. 1. Given a curve AB, convex to C and D, two points in its plane. 
Find a point P on it such that CP 4- PD is a minimum. ^ 

Let Q and Q' be two points indefinitely close together, one on each 
side of the point required. Then, since CP + PD is slightly less than 
either OQ + QD ox CQ' + Q'D, it will be possible to choose the points 
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Q' so that the last two sums' are equal. Hence, supposing this done, 
we have 

CQ-\-QD= CQ' + Q'D; 

Q and Q' are two near points on an ellipse, foci C and D. 



In the limit, the chord QQ' becomes a tangent, both to the given curve 
f\nd the ellipse; hence P can be found by drawing an ellipse, foci C and 
Z>, to touch the cuiwe in P, as in Ex. 2 above. 


Ex. 2. 0 is a*given point between AB and AC : to draw a straight line 
through O such that the rectangle under the 
segments cut off by AB, AC shall be a minimum. 
Let POP'y QOQ' he two very near positions, 
one on each side of that required. 

Then, by reasoning similar to that in tlie 
preceding example, PO.OP' = QO.OQ' ; 

P, Q, P', Q', are concyclic ; so that, when 
in the limit P and Q coincide, AB, AC be* 
come tangents to the circle. Hence, if Q, Q; 
be the final positions, AQ = AQ'\ which gives 
the construction, as in Ex. 3 above. 



J|10L Further Examples by either Metliod>*i>. 

Ez. 3. Of all figures bounded by a perimeter of given lengthf the circle 
has the maximum area. 

F^irst, we shall show that if two sides, BG^ CA, of a triangle be given, 
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the area is a maximum when C is a right angle. For, make BQ the base ; 
then the altitude is evidently a maximum when OA is at right angles to 
BO ; hence, since the base does not vary, the area will be a maximum at 
the same time. 

Next, lot ACBD be the perimeter of the given figure, and let ACB be 
one half of it. Take any point, (7, on the perimeter, and suppose the 
segments on AC, CB to be rigidly attached 
to each line, and movable with it, G being 
a loose joint, — then, if the angle ACB be 
not a right angle, we can, by what has gone 
before, increase the area of the triangle (and 
hence, that of the curviJinear figure AOB) by 
opening out or closing in — as the case may 
be — the angle at C until it is a right angle. 

We then take another point on the circum- 
ference and do the same thing. By repeat- 
ing the operation ad infinitum, we shall arrive 
at the semicircle, since the angle in a semi- 
circle is a right angle. 

Also, since the lower part of the perimeter, ADB, is equal to the upper 
part, it follows that, by keeping the semicircle ACB fixed, and making 
ylDB into another semicircle, we get a maximum area in this case also. 

Hence the whole figure, which is now a circle, has th^ maximum area 
for the given perimeter. 

The proof given above, as also, that of the theorem which follows, 
appears to have been given first by Robert Simson (1747,). 

Ex. 4. Of all quadrilaterals formed by four given straight lines, that 
irhich is cyclic has the max. area. 

For, starting with the cyclic quadri- 
lateral and its circumscribed circle, sup- 
pose the four segments rigidly attached 
to each side and movable with it ; also 
suppose A, B, C, D to bo loose joints. 

Then, if the quadrilateral be distorted by 
a pressure at D and B say, the circle (but 
not the segments) will be distorted into 
another figure of equal perimeter. Hence 
its area will be lessened, by Ex. 3 above. 

Take away the fiour segments which are 
unaltered in shape; hence the quadrilateral has been diminished in area; 
that is, the cyclic quadrilateral has the max. area. 




Fio 31. 
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Ex. 6. OA, OB are fixed lineSy C a fixed jioimt. 

Drau) through 0 a Tniniynutn straight line hounded hy OA, OB. 

If PQ. P'Q' be two consecutive 
positions such that PQ = P'Q’ \ we 
have, drawing PR, QS AS to P'Q', 
PG—RC, and <3(7= ^(7, ultimately. 
And P'7? + RQ' = PQ = RC CS, 
/. P'R = 

i.e. PR cot OP'g' = g-Scot OQ P\ 

Or, since OP'Q\ OQ'P‘ are ulti- 
mately equal to OPQ, OQP respec- 
tively, 

cot OPQ QS _ CQ 
PR “ VP' 



But if OMho d.awn J_ to PQ, 


cot OQP 
cot OPQ ^ PAf, 

gj/’ 


whence by comp", we get MQ = CP. [See Ex. Ait. 94.] 

C2^ QM 

Hence a hypdibola, asymptotes OA, OB, can be drawn passing tlirough 
C and M. 

The construction for finding PQ is thus:— On 0(7 as diameter, dobciibo 
a circle, and through C draw hyperbola, asymptotes OA, OB, cutting the 
circle in M. Then OMC is a light angle, and also by the propcities 



of a hyperbola, PC — MQ. Hence 
PQ is the required minimum line 
through C. 

Ex. 6. A and B are any two 
points lespectively in air and a 
given transparent medium hounded 
hy a plane, XY. 

Find the relation between the 
directions in either medium along 
which a ray of light must travel 
from A in order to reach B in the 
shortest time; v and v' being Us 
velocity in the two media respeo 
lively. 


Let the plane of the paper be that containing A and B, and which is X 
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to the piano X Y. Let A CB, A C'B be two very near paths, such that the 
times along these paths are equal. 

Drawing OM, ON ± to CB and CA respectively, we have ultimately 
AN =■ AC\ BM = BC^ to the 2iid order of inBnitesimals, Hence, time 
along NC = time along CM ; or 

NO CM, V N^ sin^ ^ 

V* CM Hin<^' ^ 

the refractive index of the second medium with respect to air. 

Since vjv' is constant for all values of <#>, it follows that sin <^/bm or 
is constant for all directions from A ; and that, moreover, the law of 
lefraction is based on ‘Hhe principle of least time.” 


EXAMPLES XXXII. 

1. Given the four sides of a parallelogram, find when its area is a 
luaxiinuni. 

2. Given two sides of a triangle, when is its area a maximum ? 

3. Given one bide of a triangle, and the opposite angle, find when the 
area is a maximum. 

4. Show that the raaximuin triangle inscribed in (or the minimum 
liiangle described about) a circle is equilateral. 

5. Show (1) that the maxiniunr rectangle, (2) the maximum quadrilateral, 
ijibcribcd in a circle is a square. 

6. Show that the maximui^ polygon inscribed in a circle is regular. 

7. Given one side of a triangle and its area, prove that the opposite 
angle is a maximum when the triangle is isosceles. 

8 . A and B are two points outside a circle, and P is a point on the 
circumference. Find when the triangle is (1) a max., (2) a min. If B is 
inside the circle, how will the question be modified ? 

9. A and B are two points on opposite sides of a straight line CD, on 
which a point P is taken. Show that the max. of AP ^ BP is equal to 
the distance between A and the image of B as reflected by CD, Show 
also that a hyperbola, foci A and B, can be drawn to touch CD at P in 
its final position. 

10. AB is a fixed chord of a circle, and P is any point on the circum- 
ference. Find when AP^ d- PB^ is (1) a max., (2) a min. ; and (3) find 
when the rectangle AP,PB is a max« 
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11. A and B are any two points, and P is a point on a circle. Find 
when AF^ 4- PB^ is (1) a max. , (2) a min. What exceptions are there ? 

12. A quadrilateral is inscribed in a circle. Find when the sum of the 
rectangles contained by the pairs of opposite sides is a maximum. 

13. From a given poiut 0 is drawn a straight line cutling two given 
straight lines in P and both on the same side of O, Find when the 
rectangle OP,OQ is a minimum. 

14. A and B are two given points, and CD a given straight line ; find 
a point P on CD such that the angle APB is a maximum. 

16. Draw a tangent to a given circle such that the length intercepted 
between two given tangents is a minimum. 

16. Given a point between two straight lines, draw through it a straight 
line cutting off a minimum triangle. 

17. A straight line of given length slides between two straight lines ; 
find when the triangle cut olf is a maximum. 

18. A chord of given length slides on an ellipse ; find the positions at 
which max. and min. segments will be cut ofl'. 

19. Show that tlie minimum triangle inscribed about an ellipse has each 
bide bisected at the point of contact with the curve. 

20. Show that the maximum triangle inscribed in an ellipse has each 
side parallel to the tangent at the oppobito vertex. 

21. A straight line moves parallel to a given direction and cuts two 
non-intcTbecting curves in P and Q respectively. Show that when the 
intercepted portion PQ is a max. or min. the tangents at P and Q are 
parallel. 

22. Find a condition that the distance between two points, one on each 
of two non-intersecting curves, is a max. or min. 

23. A chord PQ of a circle, centre C, moves parallel to itself; show 
that the triangle (JPQ is a max. when PCQ is a right angle. Hence, 
show that the max. triangle contained by a chord of a circle and the 
bou tiding radii is half the square on the radius. 

24. F 'roin a fixed point .d on a circle, a perpendicular A Y is drawn to 
the tangent at P. Show that the triangle AP F is a max. when the angle 
APT ia that of an equilateral triangle. 

Answers. 

L \Vhen right-angled. 2. When right-angled. 8. When isosceles. 
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8. When the tangent at P H parallel to A B, V Ji is within, we have 
two maxima. 

10. Bisect AB \n Ml then AF^ + FB^ = 2 AM'^+ 2MF^ = a max. or 
min. with MF. Exception : when M is the centre of the circle, 

11. See preceding answer. 

12. When right-angled, by Euc. VI. /). 

13. When OFQ cuts off an isosceles triangle, 

14. Describe a circle through AB to touch CD in P. 

16. The point bisects the line. 17. When isosceles. 

18. See pieceding question ; the chord is parallel to either axis. 

22. The tangents at the points are both perpendicular to the line joining 
them. 

202. Method of the Differential Calculus. 

We have already "iven a metliod of dealing with ordinary 
functions in Chapter X. The following metliod is more thorough, 
as it enables us to deal with certain exceptions. 

Let /(j*) be a finite and continuous function of x ; that is, 
within the vicinity of the value x = a. 

Then, by definition, Art. 182,/(«) is a max. or min. according 
ns f(a + /(^) *“ 

— f(a) are iwtk — or loth 
h being indefinitely small. This 
may be seen by drawing £he graph 
y = /(ic) ; in the figure AM is 
f(a)^ and A!M' is f{a ± A). 

Now, by Taylor’s Theorem, 

Fig. 35. 

f{n + h)-fia) = + hfia) + |!/"(« + . (1) 

t If the Btudent has not read Lagrauge’s Theorem (Art. 137). he may use 
the ordinary formula 

f(n + ;,) ~/(a) = hf(o) + |!/"(<») + - . 

on the understanding that the series on the right is convergent. Lagrange’s 
expression avoids this condition. 
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, f{a-h)-m= + . . (2) 

Bat if h be small enough, the second terms in (1) and (2) on 
the right-hand side are insigniticant compared with the first. 

Hence /[« + h)-f(a) = + hfm 

But this is contrary to the condition for a max. or min., which 
states that f{a -f — /(^) and f{a — h) — f{a) are to be of the same 
sign. The only possible way of reconciling these conditions is 
to make 

f\a) = 0. 

In this case, expanding by Taylor’s Theorem to an extra term, 

y(« + *) -/(«) = -/'(.«) + ~ /'> + 6h) 

f{a - h)-m = gy"(«) - |!/"'(« - 6h). 

And if h be small enough, the second terms on the right may 
be neglected, and the condition above mentioned is satisfied. 

Hence for a mai\^ f"(a) is — ; for a min,^ f"(a) is -h'*. 


203. Exceptions. 

If /"(rt) happens to vanish along with /'(^), we have 

/(« + *)-/(«) = + 15 

f(a - h) -Au) = - ^ /'"(«) + /""(« - 6h). . 

Hence the condition for a max. or min. is that 

»/"'(«) = 0 ; 

it can easily be shown that for a /""(«) must be +", 

reilpeotively. 

- B all simultaneously vanish, bnt_/^(a!) does 
nof vanish.; then, if ro be odd, there is neither a max. nor a min. ; 
if « be even, there will be a if/'(«) is +". 
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Ex. 1. y = ix- 3)Xx + 1) + 3. 

dyjdx OTf(x) = 2(x - 3)(a! + 1) + (a) - .3)® = (a; - 3X.3a; - 1) = d" 
for a max. or min. 


flb = 3 or 

dri/jdx^ or /"(pc) = 3a? — 1 + 3(a? — 3) = 6aj — 10. 

.•./"(3) = 4-^*, and a; = 3 gives a min. 

/'(i) = — "•> »i a? = J „ max. 

Ex. 2. y = a?® — 3x^ 4- 2. 

y' = x\t)x — 12) = 0, if a? = 0 or 

y" = a;2(20a; — 36) = 0, if a; = 0; but is if a? = giving a “wifw- 

2 /'" = G0x2 - 72a; = 0, if a? = 0. 

?/'" = 120a; - 72 = -- if a? = 0. 

/. a; = 0 gives a max, 

A8 

Note. — S ince f(x 4- A) ~f(p) 4- Jif'(po) + 

f(x - h) =/(a;) - ir(:x) + 
we liave, putting x = a so that f(a) — 0, 

/£ - S = - '(t)l 

r(x) changes sign from 4-’® io — as x increases and passes through a, 
for a max. ; and from — ” to 4“^® /or a min, * 


204. Other Exceptions— /'(^) = oo , and f(a) discon- 
tinuous. 

We now come to the cases in which /(x) or f'(x) are not 
continuous. ' * c 

The annexed figure shows 
the variations which might 
possibly occur. 

Thus at A and dgjdx 

is infinite, but y is finite ; 
at G and D, dyjdx is infinite, q 
as also y ; while at E and 
F dyjdx is discontinuous ; 
and at G the curve sud- 
denly stops, so that y is dis- 
continuous. In each of these cases, however, y is eitfier a max. 
or min. 
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With the exception of the last point, in these cases we may 
adopt the method of showing that dfjjdx changes sign on passing 
through the turning value. 

Ex. 1. = (yc — a)‘ 

2 ' = 2 /' = = “• 

Put X = a + h, . . 2/ is + | hence y is a min. when x = a, 

X = a - h, y* IS — "V 

Ex. 2. Let dy\dx — 2e“*' “^—1. 

We must note that = 0, while = oo . 

Hence, if oj be < a and approach a, dyjdx. approaches 2 — t or 1, and 
is +’•; and if x ho > a and approach a, dyjdx approaclies 2e“® — 1 or — 1, 
and is — Hence f(a) is discontinuous, but /(ti) is, nevertheless, a 
maximum. 


205. Rational Functions — Theory of Maxima and 
Minima. 

Prop. — In'- a rational integral algebraical function of the nth 
degree the greatest number of turning values is n — 1, and these 
are alternately maxima and minima. 

The term “ integral ” implies that x can never appear in a 
denominator. ^ 

Let be such a function. 

Then dyjdx = + ... 4* = 0 ; an equation of the {n — l)th 

degree, which has w — 1 roots real or imaginary. 

The greatest number of turning values occurs when all the 
roots are real. 

Let dyjdx. np„(x - a,)(a; - og) ... (x - a„^,) = 0 ; . (1) 

which is '.equivalent to the previous equation, a„ 02 , ... being in 
ascending order of magnitude. 

Suppose that when x < aj, dyjdx is Then, as x passes 

through ai, dyjdx changes from 4-^® to — giving a max, ; again, 
as through ag, dyjdx changes- from — ^ to 4-''*, giving a 

rniti.,;, and so on. This shows that maxima and minima occur 
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alternately. Moreover, if the n roots of y = 0 are all reah it 
follows from Art. 136 that the w — 1 turning values occur 
severally bettveen the n points for which y = 0. 

206. Prop. — The r/reafpst number of points of inflexion is 

This easily follows from the fact that the equation = 0, 

which is one condition for a point of inflexion (see Art. 115), is 
of the {n — 2)th degree. Moreover, since dhj'floi? bears the same 
relation to dyjdx as dy\dx does to y, it follows, by reasoning 
similar to the above, that points of inflexion will occur between 
maxima and minima, and that dy\dx will at these points be 
alternately a maximum and minimum. Thus, in the figure, 
A, B^G ... are the turning points of y, and A', B\ ... are the 
points of inflexion. 

207. Case of Two or More Bqual Roots. 

(A) Let ai = cuj in equation (1) above. 

Then dy/dx = np„(x — ai)^ (a; — a^) ... (x a„-i). • 

Since (x — aif does ?iot 
change sign as x passes 
through tti, dy/d./j will not 
change sign, and therefore 
there will be no tuniing 
value at = ai. 

Or, since dy/dx contains 
(x — ajf as a factor, we 
can easily see by differenti- 
ation that d^y/dx^ will con- 
tain oj — tti as a factor, and will therefore vanish with dy/dx. But 
as d^yjdx^ will not contain this factor, it will 7iot vanish with dy/dx. 
Hence, by Art. 203, ic = aj gives no turning value ; but there 
will be a point of inflexion. 

This is illustrated in Figs. 37 and 38. A and By which con*e- 
[spond to a: = ai and 21 = 02 , have coilidided, and A' which comes 
between is included. Hence the point of inflexion has become 

o 
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liorizoiital ; while, the slope from A to B having vanished, the 
turning values at A and B have coincided ; and the curve, 
though for a moment horizontal, again rises, so that there is 
practically no turning value. 

We may note that {a) in Fig. o7 the roots ai, cu giving the 
turning values are real and different ; (h) in Fig. 38 they are real 
and equal ; {c) in Fig. 39 they arc imaginary, for the tangent at 




A* is not horizontal, so that dyjdx is nob zero. Hence (h) is the 
border line betw'een real and imaginary turning values. 

(B) If aic= 02 = ttg, then dyjdx = npj^x - a^y{x - a^) ..., and 
as dyjdx now does change sign as x passes through a,, there will 
be a turning value. 

Again, we can show that dhjjdx^ will vanish, bub nob d^yjdxK 
Hence the two points of inflexion, and //, will coincide and 

neutralize each obJier as the jnax'\ 

(AA'BB'c) min'*., A and />, did in the 

preceding case. That is to say, 
/ ° there will nob be a point of in- 

flexion at li, bub there will be a 
turning value, which agrees with 
40 . Art. 203, Such a point is called 

B. point of undulation (Fig. 40). 

208. Miscellaneous Examples. 

£z. 1. Find the turning values qf (3 — a;){ ^ \ + «}. 

Let “y = (3 — ®){ Vi -f 4- x], 

log y:*= ’log (3 - a;) + log { Vl + + x}. 
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, 1 ,/. == ^ ^ = - Vl + 

Z/ fi — :c V 1 + (3 — as) V 1 4- ac'-^ * 

• _ ( - V i + + 3 — '.rXV 1 + a-2+ 

“ “ ■ vr+x^ ' ^ ^ * 

/. for a max. or min. wc have (1) — Vl + + 3 — as = 0, 


or 1 + £c 2 _ 9 _ _l_ ^ 2 ^ Qj. ^ 

(2) Vi 4- + £c = 0, or 1 4 - = as^ (inadmissible). 

To discriminate between max*, and min*., we may consider the sign of 
2 /i when as is < and when > J. 


We may note that the factors V 1 4- 4- a? and do not change 

V 1 4- ° 


sign, even when as is — while — Vl + a;2 4- 3 - as has only one root, 
viz. as = hence t/j only changes sign at this point. We need only, 
therefore, clioosc two values of as, one on each side of and see whether 
T/j changes from 4- to — or from — to 4-. Putting as = 0, then = 4 ; 
and putting x = 2, = — V54-1. 

Hence yi changes from 4- to — on passing through 0 ; therefore y is 
a max. Its value is (3 — 4- J) or 5. 


Ex. 2. A'nc? i/ie turning values ofyif 

92/2 4 - 6asy 4- 4a;2 — 2Ay — 8as 4- 4 = 0 (1) 

Solving for as in terms of i/, we have 

4a;2 4- 2x(^y - 4) 4- Oy^ - 24?/ 4- 4 = 0. 

Now as is real if (3?/ — 4)2 — 4(92/2 — 24*/ 4- 4) > 0. 

The expression = — 21 y^ 4- 12y = 92/(8 — 37/). 

Hence y must be >> 0 and -< i,e. 0 is a min. and § a max. 

Otherwise : — Differentiating with respect to as, we have 

(187/ 4- 8a; — 2A)y' 4- 8y 4- 8as — 8 = 0 . . , . (2) 

For max. or min. put y' = 0; 

/. 4- 8as — 8 = 0, or 3?/ 4- 4as — 4 = 0 . . . (3) 

Combining with (1), since 3y = — 4(x — 1), 

16(a; - 1)2 - 8a;(x - 1) 4- 32(a; - 1) 4- 4(a; - 1)2 = 0. 

20(a! - 1)2 = 8(a; - 4)(a; - 1). 

/, (1) as = 1, whence from (3) y = 0, 

(2) 5(as - 1) = 2(as — 4), /. u? = - 1, whence y « J. 
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To discriminate, we have by differentiating (2), and reinembering that 

y' = 0 , 

(18?/ + 6jj - 24)^' + 8 0. 

(1) If a? = 1, ^ = 0, then y" is 4-^". y is a min. 

(2) If as = — Ij 2/ = then y*' is — y is a max. 


£z. 3. A variable sphere is described with its centre on the surface of a 
fixed sphere; find for trhat value of the 
radius the area of its surface intercepted by 
the fixed sphere is grtatest. 

Let Z AQO = e; AQ = r; OQ = a. 
Then r = 2a cos e. 

Area of surface QFR = area of corre- 
sponding zone of circumscribed cylinder 

= '2,rr.PX = 2irr.)(l - cos») - -r^(2fe-r) 


a 


yj = — 3r^) = 0 for max. or min. 

^ .*. r = 0 or 

^ IT . Aa 

Again, *" if r = Ilciice this value of r gives 

the maximum surface. 


£z. 4. If chords of an ellipse he drawn through a fixed point in the 
minor axis, prove that the minor axis and the chord parallel to the major 
axis are either maximum or minimum chords. If they he equal to each 
other ^ prove that they are both minimum chords, and that the maximum 
chord is an arithmetic mean hehvee7i the major axis and the latas rectum 
of the ellipse. (^Sci. and Art., 1886.) 

Let <f> and be the eccentric angles of the extiemities of the chord 
PQ\ OC^Cf C being the fixed point on the minor axis, and O the 
centre. 

The equation to PQ is -- 

a(cos - cos <p) &(sin <p' - sin 

This passes through (7(0, c) if 

— h cos <f> (sin <i>' — sin (fj) = (c b sin 0)(cos <p' — cos <p) 
or c(cos - cos fp) = h sin (</> — 0 ') 

or c sin = h cos ^ . 

" 2 


( 1 ) 
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Also tt® = 

= a®(cos <t> — cos ^')® + i®(sin <p — sin <>')® 

= 4 sin® |a2 sin® » + + 6® cos® 

= [from (1)] - c® sin® !-+-*' j|<t2 sin® ^+-t' + &®cos®* + *' 
~ “ c®i'){(o®— 6®)v + I®}, where v = sin®^-itil., 

= p(6® - c®i))(a®e®i; + J®) 

= ^[6* + S®(a®(,® — c®)y — a®c®e®ii®] (2) 

Now, it must l)G remembered that v is +’* and cannot be > 1 ; hence 
its extreme values are 1 and 0, 

4 

Putting in the form ^ [.4 — (i? — Cy)-] wo can see that v = 0 gives 

either a max. or min., according to the sign of (7, and depending on 
whetlier Q is > or < and similarly for v = 1. Hence the turning 
values are 

(i) = W when v = 0, 

= 2& = the minor axis. 

(ii) M* = ~ + h%a^e^ — c^) — when v = 1, 

= ^/6® + a®e®)(6® - c®) = - c®). 

But if we put y = c in the equation to the ellipse, we get 

or a® = ^(6^ — c-S). 

Hence w = the chord through C7 parallel to the. major axis. 

Again, if these are equal, then 

4&® = 'g'(6®-e®), 

or aV = J2(a2 - ftS) = aW, 
or c2 = &2e2. 

/. in (2) w® = ~ [A** + a^b'^e^v — a2^>2t,4y2j 

= 4[62 + a2e*v(l — v)], which is a min. for each of the 
extreme values, 1 and 0, of v. 
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To find the max., we have 

= 4J2 ^ ^2g4 _ aV(2i; — 1)2 
= 462 4- (i2g4 when 2^ = 1 or v = (<^ 1) 

\ a2 / a2 

/. w = o + — = i |2a + —I = ^ . mean of the major axis and latus 
a 2 \ a ) 

rectum, 

EXAMPLES XXXIIL— MISCELLANEOUS. 

1. Employ the method of the Calculus to find the max. and min. 
values of : — 

(1) - 2x. (2) X + i. (3) x\:j. - 3). 

(4) x^(x — 4). (5) 2c2”(a5 — 2ji — 1). (6) — 2?/). 

(7) cc8 - 2x\ (8) tan-.t(tan2£c + 3). 

(9) tali'*® + sec'* x, (10) 5®^ + fix® — 15x* + 12. 

(11) (® — 3)Vl + x^, (12) (\^1 4- cc2 — ®)(® + 2). 

(13) Xfl bin X 4- bin 2®, 

2. Show that cos x — cot ® has no max. or min. values. 

3. F is a point on the ellipse 4- — li FN being the ordinate. 

Find when the triangle OFN has a max. area. 

4. The perimeter of a circular sector is h ; find the radius when the area 
is a max. 

5. SF is the radius vector of a parabola, focus S ; Pi?, drawn at right 

angles to SF^ meets the axis in R. Show that the min. of SR is 4?, I 

being the semi-latus rectum. 

6. An open tank is to be constructed with a square base and vertical 
sides, so as to contain a given quantity of water. Show that the expense 
of lining it with lead is least when the depth is half of the width. 

7. Find a point F on the parabola = 4aa; such that the perpendicular 
on the taar^ent at F from a point on the axis distant h from tlie vertex, 
may be a minimum. What is the geometrical meaning of the result? 

8. Show that tlie sliortest line which can be drawn to bisect the triangle 

^ ABC is of length 4/26csin A being the least angle. 
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9. Find when the perpendicular from the origin to the tangent to the 

ellipse x^la^ + = 1 is a minimum. 

10. It is required to construct a conical bell-tent of given internal 
cubical capacity so that the superficial area of the canvas may be a 
minimum. Find the ratio between the height and the diameter of 
the base. 

11. Find the max. and min. values of a; + y, where mx^ + w?/" = a% 
m and n being -f 

12. O is a fixed point without a circle, A one of the extremities of the 
diameter through O, OQQ' f\. chord through 0; find its position when the 
area of the triangle QA Q' is a maximum. 

13. From a fixed point, A^ on the circumference of a circle of radius f, 
tlie perpendicular Ay is let fall on the tangent at P ; prove that the max. 
area of the triangle APy is 

14. A length I of wire is cut into two parts which arc respectively bent 
into the form of a circle and square. Show that the sum of the areas is 
a minimum when a side of the square is twice the radius of the circle. 

15. The least perimeter of a parallelogram described about an ellipse, with 
sides parallel to conjugate diameters, is 4y'2 (a‘^ -p 6^).^ 

Find the max. and min. values of:-- • 


16. 


3 cos 0 — sin 6 
1 — sill 6 


17; (x - 3)3(5c 2 - 3a; - 3). 


18. (=g + + ^ ). 

(a? — aXx — b) 

20 . (l/xX- 


19. (logx)lx. 

21. 2(1 — x) sin a — cos (2a; — o). 

22. tt-'* cos’* X -P sec" a;. 


23. Show that the expression 


1 ~ V 1 — a; 

X 


has no max. or min. values. 


24. Find the max. and min. values of cos(0 + a) cos(0 — o) cos 0. 

26. Given the whole surface of a cone, including the base, find the 
height and vertical angle when the volume is a max. 

26. Find the position of that normal to a given ellipse which is at the 
greatest possible distance from the centre. 

27. Given the vertical angle .d of a triangle, and the radius E of the 
circum-circle, show that the max. area of the triangle is sin .4(1 -p cos A). 

26. A conical vessel of given small thickness, open at the top, is to be 
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cabt from a given weight of metal ; find the semi-vertical angle when the 
volume is a maximum. 

29. A straight road runs along the edge of a common, and a person 
situated at P on the common at a perpendicular distance PM{ = a yards) 
from the road, wishes to go to a point B on the road h yards from M. 
Find, in terms of a, 6, u and v, the least number of minutes that he can 
take to go fromv»P to if he walks u yards and v yards per minute 
respectively on the common and road. 

30. Prove that x = 9r/3 will make cos“^(a sin a;) -h 2 cos“^(a cos ^x') a 
min. if 0 < a < 1, but a max. if a > 1. 

31. A window 5 feet high is such that its sill is 20 feet above the 
level of the gi-ound. How far from the wall containing the window must 
a person stand, so that the height of the window may subtend the greatest 
angle at his eye, supposing the latter to be 5 feet from the ground. 

32. At one of the foci of a level elliptical enclosure, whose semi-axes 
are 30 feet and 50 feet respectively, stands a flagstaff 60 feet high, 
whose upper third is painted white. Find two points on the major axis, 
one on each side of the flagstaff; at which the white^ portion subtends the 
, greatest angle, tlie eye of the observer being at a height of feet above 
the level of the enclosure. 

Find also the points on the minor axis where the maximum angle is 
subtended. 

33. A right circular cone is circumscribed to a hemisphere, the base of 
the cone being in the same plane with the base of the hemisphere. Find 
the form of the cone when (1) its convex surface, (2) its total surface, is 
a minimum ; and in the latter case, show that the surface of the cone is 
double of the convex surface of the liemisphere. 

34. Show that the maximum area of the rectangle, formed by two 
parallel tangents to an ellipse, and two lines drawn perpendicular to them 
through the foci, is equal to twice the square on the semi-major axis. 

35. The radius of the base of a right cone is 6 inches, and the 
altitude of the cone is 5^2 inches. Show that the greatest parabolic 
section of the cone has an area of 37J square inches. 

89. If SP and BQ be two focal distances in an ellipse inclined to each 
other at an angle a, find the greatest and least values of the area of the 
triangle PSQ, 

37. A tetrahedron of given altitude stands upon a given base, the 
distance of the foot N of the perpendicular from the vertex on the base, 
from one of the sides of that base, being also given. Prove that when the 
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surface of the tetrahedron is the least possible, the distances of N from 
the other two sides of the base must be equal. 

Hence show that when a tetrahedron of given volume has least surface, 
the foot of the perpendicular from each vertex upon the opposite triangular 
face must be the centre of the circle inscribed in that face. 

38. Divide twenty^one into three parts a, &, c, in continued proportion, 
such that 3a + 06 -h 4c may be a maximum. 


39. ABOD, are two equal post-cards, of which AB, A'B’ 

are the shorter edges; and AB = A'B^ = a. -4', B’ are made to move 
along DA and AB respectively. If P be the intersection of BC and B'C\ 


show that the maximum value of BP is 



in which case the 


cards are inclined to each other at an angle cos“^ (2 sin ir/10), and AB is 
divided by B! in medial section, as in Euc. II. 11, 


Answers. 

1. (1) Min., -1. (2) Min.,2; max., —2. , (3) Max., 0; min., —4. 

(4) Min., -27. (6) Max,,0; min., (6) Min., -(2n-l)2'-h 

(7) Min., —1; max., 0; min., —1. ( 8 ) Min., 0. (9) Min., 1. 

(10) Min., —100; max., 12; min., 8. (11) Max., — 5>^/ 5/4; min.,— 2>v/2. 
(12) Max., (13) Max., Vl5/2 ; min., — v^I3/2. 

3. When x = a/V2. 4. 6/4. 

7. 2 V a(/t — a) ; the point (0, /t) is the foot of the normal at P. 

9. Wlien the tangent is at tlie end of the minor axis. 

10. 1 ; V2. 11. + aV(w + n)/mn. 

12. QQ' subtends a right angle at the centre; QOA = sin*^ (c/V2Z), 
where c = radius, I = distance from O to centre. 

16. Max., 5, 17. Max., 81 ; min., — 

18. Max., -(V'a+V6)2/('v'o-V6)^; min., -(Vo-Vi7/(>/o+ V*)*. 

19. Max., 1/e. 20. Max., e^K 

21. Min*., 2{1— (7iir4-a)}sina — cosa; max*., 2{1 — ^(2a + l)ir}sina-fcoso. 

22. Max*., ±(«®*+ 62**); min., 2a"6’»; max., — 2a"6". 

24. Max., cos^a, when 0 = 0; min., — ^j^-Bin®a, when 0 = cos"*^^-^- sino^, 
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in 1st quadrant; max., 
min,, - cos^a, when (? = w; etc. 

25. h = V2S/ir, where /S' = given area; vertical angle (2a) = co8"^7/9. 

26. The normal is at the point for which <i> = tan“^ V bja. 

27. Geometrical proof. 28. cof^ ^2. See Ex. 10. 

V 10 Vs feet (geometrical proof). 

32 On major axis at distances 43*36 from S; on minor axis at distances 
16*74 from C. 

33. (1) Seroi- vertical angle (a) = cot“i V2 ; (2) a = ir/6. 


a, when P = TT - cos-^^^-sin a^; 


36. TakeP(r,.fl-^), <?{»•„ 6 + ^). 

(1) Max., P cot- (l-e^), when cos 9= -^cos^^y^c; inadmissibleife<cos^- 

(2) Min., JPsinay/^l + e cos ^ j , when 5 = 0. 

(3) Max., I P sin a y/^1 - e COS0, when 9 = r. 

38. 14 - 4V7, 6^7 - 7, 14 - V7. 
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CHAPTER XY. 

TANGENTS AND NORMALS. 

209. Equation to Tangent to y = f(x ). — We have already 
shown that if the graph of the function y = f{x) be drawn, then 
dyjdx = tan i/^, where ij/ is the inclination of the tangent at the 
point (ic, y), to the axis of x. 

We sliall now find the equation to the tangent at the point 
(^, y). It is usual to choose X and Y for the co-ordinates of the 
variable point on the tangent ; in other words, X and Y are the 
current co-ordinates of the tangent, while ( 2 ;, y) are those of 
the temporarily fixed point on the curve. 

The equation of the tangent is evidently that of a straight line 
through ( 2 ;, y) inclined at the angle i/r to Ox, and is therefore 
Y ^ y ^ tan ^ {X — x) ; 

i.c. y y = (1) 

Ex. y = X logic + 1. 

dyidx = 1 + log as ; tangent is y — y = (1 + log ic)(X — sc) 

= A'(l + log as) — fic — a; log as, 

and, putting as log as + 1 for y, we get 

y = AXl + logo;) + 1 - a. 

If a- = 1, then y = 1 ; «‘ind the tangent at the point (1, 1) is X = T. 

^210. Tangent to y) = 0. — It is not always easy to 
express y as an explicit function of ic, when it is given implicitly ; 
and tjic same remark applies to dy\dx. We have, however, from 
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the equation f(x, t/) = 0, ^ ; and we may therefore 

uX uJt / Off 

write for equation (1) above, 
or (jr-r,g+(F-!,)|-0. 

Ez« = a* (i) 

\Vc have Qfidx = 4(jc3 «. . QfjQy = 4(^3 _ 3xy^), 

/. the tangent is (X — x)(x^ — ?/0 + ( = 0, 
or (os^ — + (2/® — ^y‘^') Y = ir* — 4^52/'* + = a^, fiom (1). 

Thus, for example (a, 4a) is a point on the curve, and the tangent at 
this point is 

(a® - 64a®)2: + lQa%Aa - 3^0 Y = 
or 16F-63A’’ = a. 

211. Equation to Normal. 

If U =/W be the curve, then since the normal is a straight 
line through (x^ y), perpendicular to the line (1) of Art. 201), its 
equation is , 

{Y - yy^^ + X - j- = 0. 

If /(^, 2 /) = 0 be the curve, the normal is 

(.Y-r)»-(y-,)g 

212. Subtangent and Subnormal. 

Let P2' be the tangent and PG the normal to the curve ; 
draw the ordinate 



Then TN is cfilkd the suhtangmt^ and NG the sulnormah 
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The subtangenfc T'N = PN cot if/ = 

The subnormal NG = PiY tan ij/ = 

{(QS 


213. Length of Tangent intercepted between the 
Axes of Co-ordinates. 

Let jP be a point (x, y) on the curve y = /(;/;), drawn in the 
figure so that x, y, and ji or dy/dx, are 
all 4-~ 

Then Tt 

= Pt — PT = PM sec i/r — PN cosec i/r 
= a; sec — y cosec ^ 

= sec \lf{x~~y cot iff) 

= - y)- 

Note. — If x and y are + ”, while is — ”, then is either — ” Qr an 

obtuse angle. In either case, x sec ^ — y cosec becomes an arithmetical 
«wm, in the first case, and — in tlie second, since cosec is — if 
is — while sec if/ is — if is obtuse. This may bo also seen b}?- drawing 
a special figure ; or, better, by imagining the tangent at P to rotate about 
E, when either PT or Pt changes sign on passing through infinity. 



214. Tangent and Normal to the Curve x=/(0); 

y = 

It is sometimes convenient to express x and y in terms of a 
third variable, called a parameter ; thus, in the cycloid, we have 

a{$ sin 0) ; y = «(1 4- cos 0). 

To find the tangent, since ^ we have 

dx dO/ d$ 



/^Vx — x) or (Y — v) — f 
KdeideP 



20G 


DIFFERENTIAL CALCULUS. 


[Ch. XV. 


Ex. 1, In die cycloid above dyjdd = — a sin e, dxjdd = a(l — cos 6). 
the tangent is (V — y)(l — cos d) = — (Z — x) sin 

or r(l “ cos B) + X sin B = y(l — cos B) + x sin B 

= a(l - cos2 6) + a sin B(B - sin 0) 

= aB sin B. 

This may be written 

2 Y sin- ? + 2X sin ^ cos ^ = 2aB sin - cos - 
2 2 2 2 2 
a 0 

or F+ X cot- = nB cot-. 

Otherwise^ since ^ = -tt ^nO _ _ tangent is 

dx «(l-cos6l) 2 ® 

F — 7/ = — cot ^(X — x\ or F + X cot| = 7/ -f oj cot ^ = etc. 

The normal is (^“2/)^ + ““ ~ 

— (F— y) sintf+(X— ip)(l— cosfl) = 0, 
or Fsin ^ - A^l - cos 6) = 2 / sin 0 - a’(l - cos B) 

= a(l +cos6)Sin a(a- 8in0)(l - cosa) 

= 2a sin 0 - ad(l - cos ^), 

Q /' B 

which reduces to F - X tan - = 2a( 1 - 2 

Ex. 2. Find the Uvqth of the tangent intercepted between the axes. 

In cases like this it is better to work from fii'st principles ratlier than 
quote the formula. 

IJsing the above figure, we have 

Tt = Ft - FT = xticc^lf - y cosec 

g 

Now, tan = - cot - by Ex. 1 ; 

B 6 

/. sec»f^ = + C 0 SCC-, cosec i|/ = ^ sec-. [Art. 213, note.] 

Tt = ± a|(^ - sin B) cosec ? + (1 + cos B) sec 

/ 6 0 B\ 0 

= + cr/tf cosec--2co3-+2cos2j = ± aa cosec -. 

EXAMPLES XXXIV. 

1. Find the equations to the tangent and normal to the following 
curves : — 
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(1) = 4«a3. (2) xy = c®. 

(3) cc^ + 1/2 = a2. (4) as® + 1/3 = Saasi/. 

(5) a;"/a" + y”/6” =1. (6) a; = — sin 0) ; y = o(l — cos e). 

2. Find the lengths of the subtangent and subnormal in each of the 

above curves. 

3. Find the length of the perpendicular from the origin to the tangent 
in each pf the above curves. 

4. (1) Show that the length of the tangent intercepted between the axes, 

for the curve xy = 6®, is 2/', Rrhere r is the radius vector of P. 

(2) Show that, for the circle x^ + y^ = a\ it is a^jxy ; and verify 

geometrically. 

(3) Show that, for the parabola ^2 = 4aaj, it is a/x^ + ax\ and verify 

geometrically. ^ 

(4) Show that, for the curve as^ + ?/^ = it is a, and therefore 

constant. 

5. If jP» p' be the lengths of the perpendiculars from the origin on the 
angent and normal to the curve as^ + i/i^ = then 

4p2 ^ 

9, In the same curve, if Y be tlie foot of the perpendicular from 0 on 
the tangent at P(a:, y\ show that the co-ordinates of I* are (ac%^, x^y^). 
Hence show that the locus of the mid-point of PY is a circle; and also 
deduce it from the result of the previous question, 

7. In the curve 3y^ = (x + 1)®, show that the subnormal varies as the 
square of the subtangent. 

8. If p and p' be as in Ex. 5, but for any curve, prove that 

p = X Bin \l/ — y cos ; p' = x cos -p y sin 
Hence show that p^ = dp/dy^. 

9. In the curve of Ex. 5, show that we may write a? = a cos® a, y = a flin®^: 
and that the equation to the tangent at B is 

y X tan a = o sin B. 

Hence show that the locus of the intersection of perpendicular tangents 
is the curve 

2(a:2 + 2/2)3 - - 2/2)3 

10. If a and )3 be the intercepts on the axes of x and y, cut off by the 
tangent to the curve aj* -V- 1 /* = c*, prove tliat oT* -f- 

11. Show that for the curve a?" + y** : : c", = c"" 

a and /9 being as in the last question. 
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12. 8I10W that for the curve (’sc/*/)” + (.y/i)" = 1, (a/a)” = 1. 
Consider also the cases in whicli « = 2, and n = 

13. Find the equation to the tangent to the curve xy^ = a?(^la — x') at 
the point where it is cut the line x — y 

14. A variable tangent is drawn to the curve Qrja')^ + = 1, meet- 

ing the axes of x and y in JI and JT, and the rectangle OIIQK is com- 
pleted. Prove that the locus of Q is the ellipse ay^Ja^ + y^jh'^ = 1. Hence 
also find the locus of the mid-point of the tangent UK. [Sec Ex. 12.] 

15. In the curve x* = aXx^ — y^)y find the points on the curve for which 
the lengths of the tangent and normal between the point of contact and 
Ox arc equal. 

16. Show that, in the curve ac”' 2 /“ = the equation of the tangent is 
mX/x + nY/y = m + n. ♦ 

Show also that the portion of the tangent intercepted between the axes 
is divided in the constant ratio m : w, at the point of contact. 

17. In the catenary y = a cosh - = ^ t>e the foot of 

the ordinate, and NV the perpendicular on tlie tangent, prove that JVP is 
constant and equal to a. 

0 

18. In the tractrix y = a sin a; = a log cot g ^ ® > show that 

(1) ^ = IT - 

(2) When a; = 0, dyjdx changes sign through infinity, and that, 

therefore, y is a maximum at that point ; 

(3) The subtangont = — « cos e, and explain the negative sign ; 

(4) The length of the tangent between the curve and Ox is constant. 


19. If w be a homogeneous function of x and y of the wth degree, prove 
that the equation to a tangent to the curve w = c is 



+ r— 


nc. 


What is the value of c when the curve sc" + 2 /" = c" touches the ellipse 
x^ja^ -f y^jh^ = 1 ? 

20. The equation to a parabola, referred to two perpendicular tangents 
as axes, being (ac/A)^ + (y/A)* = 1 ; find the equation to the tangent at 
any point. 

Hence prove that the area of the triangle formed by two fixed tangents^ 
at right angles to each other, and a variable tangent, is proportional to the^ 
distance of the point of contact of the variable tangent from the chord oft 
contact of the fixed tangents. 
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21. Show that the area of the maximum triangle formed by a tangent 
to the curve a^y = as® and the lines y = 0, as = c, is 27c^/128a‘^. 

22. Prove that a pair of straight lines can be drawn through the origin, 
each of which touches every curve of the family obtained by giving 

different values to c in the equation y = c cosh 

28. Obtain the equation to the normal at any point of the curve 

“ = 4>(0. y = x(0- 

Find the feet of the normals drawn to the parabola as = y = 2a^, from 
tjio point on the curve whose parameter is 

Prove that two of the normals drawn from the point (8ct, 4a V2) are 
coincident. 


Answers. 

. (1) yY — 2a(X + x) ; yX + 2a P = (aJ + 2a)y. 

, (2) yA-fic P=2r2 ; xX—yY^r^x^ — yK (3) xX+yY=:a^‘, xY—yX. 

(4) (x^ - ay)X 4- (y^ ~ ax) Y = axy ; 

(x^ — ay) Y — (y2 — ax)X = (a? — y)(aa; + ay + xy), 

(5) J/*x^~^X + a"y’*“^ Y = ; 

a*y^'“^X — 6**u5**“^P = xy(a”y**'~^ — 

(6) r- X cotj = a^2 - 6^ cot 0 ; P cot ^ + -Y = a9. 


2. (1) 2a;; 2a. (2) -a;; -y^c-a. (3) -y^/a;; -sc. 

(4) -y(y^ - ax)l(x^ - ay); -y(a;2 - ay)/(y2 - aa;). 

.-V a;"-a«. -i-a;*"! /^n o • ^ 

. (fi) - 5 2 2 ’ ® 

8, (1) asVa/Va + a;. (2) 2cV»‘- (8) a. (4) aa;y/ V (a;® — ay)* + (y* — axy, 

• e 


,‘ 2 ii 2 ; 2 m -2 fj2Hy2it-2 


(6) a^2 sin?-scos0. 


9. The tangents are x-^yt — atj^l + a;^ + y = a^/Vl + where 

t = tan 8. Eliminate 


18. AT + P = 2a. 14. x^fa^ + 

1{J. (0, 0) and ( + V3&/2, ± V3a/4). 


<19, c”* = a”* + &"*, where m = 2n/(2 — n), 

‘ 28. P.x'CO + — x(0 -x'(0 + 0(O*^'(O ; points on tlio curve 

; which ^ = ( — + 8)/2. 


P 
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215. Differential of an Arc. 

Let P and Q be two indefinitely near points on a given curve, 
and let their co-ordinates be (a?, y), {x + dx^ y -f dy) respectively ; 

dx and dy being infinitesimals. Let 
ds be the length of the infinitesimal 
arc PQ, 

Then the error in substituting the 
arc for the chord is an infinitesimal 
of the 3rd order ; but the error must 
be compared with PQ,, which is of tlie 
1st order ; hence it is of the 2nd 
order. Therefore, by Art. 93, we may 
write at once 

= dor -f dif ; or, {ds\dxy = 1 -f (dyjdx)', 
cos \p = dxjds, sin iff = dy^ dn, * 



Also 


216. Polar Coordinates. 

Let (r, 0)^ (r -f- dr, 0 4- dO) be the polar co-ordinates of the 

same points P and Q, Draw 
PR J- to OQ, 

Then, since OR and OP differ 
by an infinitesimal of tlio 2nd 
order, w e have 

QR=: OQ- OR^ OQ--OP=dr, 

the error being of the 1st order 
compared with QR. 

Similarly, since PR differ^ from 
the arc of a circle by an infinit®*' 
simal of the 3rd order, the error in 
putting PR = rdO is of the 2nd | 
Fig. 45. order compared with PR, ' ^ 

Hence, by Art. 93, wo may write at once 

do . dr ^ , dO 
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</> being the inclination of the tangent at P to the radius vector OP. 
Also, ds^ = rW® + dP ; or, (dsjdOy = P -f- (drjdBy. 


217. Perpendiculars on Tangent and Normal. 

Let OY = ;? be the perpendicular from 0 on the tangent. Then 


. ^ dO ^dO 

This can be put more simply by assuming 

^ ^ xu 1 . d}(. 1 dr 

« = V,sothat^^ = _P_. 



Hence 



= id 4- if 


id 


dit 

dO' 


218. Again, if OY = q be the perpendicular on the normal, we have 

q = PY = r cos tf> = r^. 

Us 

*“7- r\Ur/ r- "”7^ \dr/ ~~ r'^P 

_ pdr 

Or, q =pcot<f> = etc. 


219. Polar Subtangent and Subnormal. 

If NON‘ be drawn X to OP, to meet the tangent and normal 
respectively in N and N\ then ON is called the polar suhtangent 
and ON* the polar subnormal. 

ON = r tan «/> = 

fly 

ON* = r cot <f> = 


We have 
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Hence polar siihtanjent = r 


jlB 


and polar subnormal 


(Jr 

ilO' 


220. Second Value for q. 

Let PY^ QZ be two indefinitely near tangents, and OY, OZ the 
X” from O, Let Z PLx = xf/ as usual, so that Z Y2Z = (Jxj/. 

Consider the triangle TVZ. 

The error in putting VZ = 
OZ—OY or dp is of the 1st order 
compared with VZ, 

The error in putting TV = PY 
or q is of the 1st order compared 
with TV,' 

The error in making VZ the arc 
of a circle, centre is of the 2nd 
order compared with VZ, 

Hence we may write at once, the 
error being infinitesimal, 

VZITV = dxf/^ i,e. (lp\q = r7i/r. 
Fig. 47. whence q = dp'dxj/. 

Cor, Since FT^ = OF^ — O i.e. = r- ^ we liave 

Note, — P, T, Q become ultimately a single iioint, as also F, V, Z, 



221. Examples Worked. 

Ex. 1. In the curve Aya = ac^ — 2a^ \o%XjJind dsjdx and dsjdy. 

We have 4y'a — 2a3 — ; i,e. y' = 1 

(^Y = 1 + 1 Z'* + fY; ,-.e. ^ = 1 + f\ 

\dxj 4\a xj dx 2\a xj 

Also ^ ~ + “Vr* - 

dy dxj dx \a x/J \ci x/ — a^* 

Cor, Let 07 * a cot 9, so that Ay = a cot* 9 — 2a log cot ^ — 2a log a. 

c 
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Then tan = y' = 1 (cot $ - tan $) = = cot 2$, 

2 2 sin 0 cos 0 

Hence, neglecting other roots, we have 2d = ^ — or 0 = - —t, 

2 4 2 

.•.a, = acot(^-i^ = «tan(| + ^). 


Ex. 2. In the curue = a® sin 2d, find 0, ds/dO, j?, a7id the polar sulh 
tangent. 

Differentiating in r, 


r — a? cos 2d . 

dr 


€^0 ^2 

^ = 20, whence.^, = 29. 

Next, ( , + ( *:Y = 29 + 

\dej \d0j \ sin 2d J 


sin 2d 


. da _ 
••rfd'" r’ 


Or, since = sin^ = sin 2d = IT, the result follows'at once, 
ds 

To fifidj?, we have • 


.L + 1__ alfps^d 

p 2 ^.2 y.4 “ ^2 gin 2d »* sin- 2d ’ 

tsin 2d sin^ 2d/ “ a* sin^ 2d* 

/, p — a(sin 2d)^. 

Or, at once, p — r sin ip = r sin 2d = a(8in 2d)-5. 

Finally, the polar subtangent = r tan ^ = r tan 2d = a(sin 2d}f.6cc 2d. 


EXAMPLES XXXV. 

1. Prove that 

(1) In t^ic circle 052 + ?/- = dsjdic = ajy ; and verify by geometry; 

(2) In the parabola y- = 4aa;, — = a ; 

dx A/ 05 * 

(3) In the catenary y = a cosh ^ —IL- 

a dx a 

(4) In the curve sec- = e*'K ~ = sec Show also that x 

a dx a 
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2. Prove that 

(1) In the parabola — = 1 + cos a, tan = cot — ; and verify by 

r ^ 

geometry ; 

(2) In the equiangular spiral r = tan = tan o ; whence <p 

is constant and = a ; 

(3) In the circle r = a sin tp — 0, and ds = add ; verify by 

geometry ; 

(4) In the cardioide 2r = a(l — cos 0\ <p = 0/2, and dsjde = V ar, 

3. Prove that 

(1) In the curve r cos 20 = a, the polar subtangent = ha cosec 20, 

and the polar subnormal = 2« sec 20 tan 20 ; 

(2) In the hyperbolic spiral rd = «, the polar subtangont is constant, 

and = a; 

(3) In the curve r = a scc^ — , polar subtangent = 2a coscc 0 ; polar 

B 0 

subnormal = a scc^ - tan ~ ; 

(4) In tlm curve cos’' 0 = e, jiolar subtangent = cot 0 ; polar sub- 

normal = r- tan 0. 


4. Prove that d^p = dS + d<p, 

fl0 

5. Prove that p = and verify geometrically by equating two values 
of the area of the triangle OPQ. 

1 fJ9 

6. If prove that the polar subtangent = — 

r du 

Hence, show that if t ^ polar subtangent, = 1 + 1/^'*^, and verify 

by geometry. 

Similarly, if w = polar subnormal, prove that = 1/r^ -p Iju^. 

7. Prove that 

^dp dip^ 

8. In the figure of Art. 217, prove that 

(1) ; (8) F'JV' = ; (3) = ('r—Y. 

^ ' da dr’ ^ ' da di' ^ ' Y'N' \dr) 

9. Provo that a: sin ^ cos ^ ; y = — « cos a + ^ sin i/). 

dip dip 
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10 . r rove that 

(1) III the straight line r cos e — p = a\ 

(2) In the circle r = a cos e, p a cos® and verify by geometry ; 

(3) In the conic Ijr — 1 + e cos e, p = Iji). + 2e cos e + ; 

(4) 111 the rectangular hyperbola cos 2d = p’^ — cos 2e. 

11. In the ellipse^ + ^4 = prove that ^ ^ 

12. Ill the curve 2y a log (sec - -i- tan — ) — a sin—, prove that 

\ a aj a 

^ = 1 + 2col.'^®. 
ay a 

222. The Pedal Equation. — An invariable relation can 
always be found between p and r for a given curve ; in other 
words, wc can always obtain an equation of the form /(/?, r) = 0, 
the only variables being p and r. Such an equation is called 
the pedal equation of a curve. 

• 

223. To show that we can (theoretically) obtain this equation, 
vve have 



ftnd r =f(0) (2) 

from which two equations we can eliminate 0 and obtain the 
pedal equation. 

Note. — Since 0 is not involved, the pedal equation ianot dependent on the 
direction of the axes, but only on the position of tho origin. 

224. Simple Cases. 

The student can easily verify, from first principles, the following pedal 
equations : — 

Straight linCy p ^ a* 

Circle, origin at centre, = r. 

Circle, origin on circumference, ap = r®. 

Parabola, origin at focus, = ar. 
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We shall also show in the next article that the equation to a jpoint^ 
regarded as the limit of a circle, is r = a. 

226. Two other Cases. 

(1) AnyCirde. — Let the constants of the circle be CP = c and 00=1. 
Then pjr = OYjOP = sin YPO = cos OPC = (c^ 4- — P)l'2cr 

[Mtsc. Theorems (6)]. 

A 2cp = ^2 at once by Euc. If. 13.] 

The general form is ap = + 6 ^, according as O is within or without 

the circle. 

Cor. 1. — If c = ?, then 6 = 0, and O is on the circumference. The ' 
pedal equation also becomes ap = r* as before. 

Cor. 2. — If c = 0, the circle becomes a point, and the equation becomes 
r2 = or r = 1. 




( 2 ) Ellipse, Origin at Centre. — We know that, if CD be conjugate to 
CPy and PF be perpendicular to CD, 

PF.CD = ab, and CD- + CD^ = a^ + 
p=CY= PF = ah'! CD, 

or, py^OU^ = aP'b ^ ; whence + b^ — r^) = 

the pedal equation. 

Similarly, for the hyperbola, we get p\a^ — 6 ^ _ ^2^ _ _ ^2^2^ 


226. Pedal Curves. 

Def. — The locus of the foot of the perpendicular from the 
origm to a movable tangent to a given curve, is called the Jintl 
posi^e pedal\ or more simply the petlaly of the giifen curve. Also 
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the pedal of the first positive pedal is called the second positive 
pedal ; and so on. 

Thus, in Fig. 50, the curve YZ is the pedal of the curve PQ. 
Let the tangents to the two near points P and Q meet in T ; 
then the chord YZ is a chord of the circle on OT as diameter, 
since Y and Z are right angles. 

In the limit, when jP, Q,and T coincide, the chord YZ becomes 




a tangent to the circle on OP as diameter, at the point where 
the circle cuts the tangent PY (Fig. 51). 

Hence ; — 

If a circle described on OP as diameter meet the tangent to the 
carve in Y, the tangent to the circle at Y is also a tangent to the 
pedal curve at the same point. 

227. Let OF' be the perpendicular from O to the tangent 

YY* to the first pedal. Then since [Euc. III. 323 Z OYY' = 
we have ^ P sin 

and r sin = p ; whence = p^r. 

228. Pedal Equation of Pedal Curve. — On refeping 
to Fig. 61 above^it will be seen that p is the radius vector of the 
point Fof the pedal curve, while p^ is the perpendicular an the 
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tangent. Hence we require a relation between^ and which we 
shall afterwards change respectively into r and 
Now, by Art. 227, = jyV, or r = yr/y. 

But if /(j», r) = 0 be the equation to the original curve, and 
we want a relation between p and we must substitute for r its 
value in terms of p and Hence the relation is = 0. 

JNow change p into 7' and y into p, and we get for the pedal 
equation of the pedal curve /(r, 7'^lp) = 0. 

Hence, the pedal curve can he obtained from the given curve by 
changing p into r and r into r^p i^i the original pedal equation. 

By repeated applications of this rule wo can write down the 
pedal equations of the 1st, 2nd, 3rd, etc., pedals. 


229. example. 

Given the parabola = ar, the pole being at the focus. 

First +” pedal is = a.— , or jp = a, a straight line, which is the 

P 

tangent at the vertex. 

Second ptdal is r = a, o single point, viz. the vertex. 

Third +’• pedal is r^jp = a, or = ap, a circle, origin on the circum- 
ference, viz. the circle on SA as diameter. This may be easily verified ; 
thus, if P be a fixed point, and PP' a straight line which turns about P, 
then the locus of the foot of the perpendicular from the origin O to PP' 
is a circle on OP as diameter. 

Fourth +’® pedal is r^/p^ = ar, or r® =■ ap^, which we shall find to be 
the cardioide. 

Similarly the nth +’• pedal is r’‘”i = ap"”®. 

230. We can, moreover, pass back from a given curve to that 
of which it is the pedal, and which is called the first negative 
pedals by changing r back to px, and r^\p back to (using suflSxes 
temporarily). 

But if r = and 7'^lp = ri, then p = T^jr^ = 

Henqe, suppressing the suffixes, the rule is as follows : — 

obtain the first 7iegative pedal, change r into p and p into p^/r ; 
wUch rale is at once deducible from the preceding rule, by 
ints^Illi^giti^ the p and r therein. 
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231. Example. 

From the last example we have 

a cardioide ; and by the rule above, 
1st — ” pedal is or = ap, a circle. 

2nd — ’** pedal is p^ = ap^jr^ or r = a, a point. 

3rd — i)edal is jp = o, a straight line. 

4th — pedal is p^\r = a, or p^ — ar, a parabola ; etc. 
wth — is = ar^^~‘K 


232. System of Curves cos mO^ or r^=ctr sin mO 


Wc shall obtain the pedal equation of this system of curves, and 
also the polar ecpiations of the pedal curves ; first showing, how- 
ever, that the two equations above represent the same system of 
curves. 

For wo have sin cos ( J — ) =«’" cos mi ^ ^ ) 

\2 / \2m / 

Hence, if we take for the initial line a line making an angle 
Trj2m with Oxy and measure the inclination of r to this line in 
the negative direction (calling this angle + ^), w'c obtain the first 
equation. 

To find the pedal equation, we have, from the first equation, 
m log r = m log a -f- log cos mO. 

Differentiating, — = — m tan mO, 
r' 1 

/. tan mOy 

r 


• 1 = 14 - 11 ' 


--sec^wi^. 

ri 


p = r cos mOy and = r.a”* cos mO = 
which is the pedal equation. 

The equation of the pedal can be written down by the rule of 
Art. 228, and is „ 

or 
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which is of the same form as before^ except that m is changed to 
mi(m + 1). Hence the polar equation of the pedal is 

_tu m 

rm+i = am+i cos — ; — 
m -f 1 


233. This can also be obtained as follows ; — 

We obtained above — 

2^ = r cos mO. . • • . . . (1) 

But p = r8inif> 


^ ± 7n0. 



In drawing the figure, if we sup-* 
pose TT '2 > m6 > 0, so that r is -f 
tve 771 list be careful to note that i- 
diminishes as B increases ; i.e. tan 

or is — •• ; hence d> is obtiiseA 
nr 

We must, then, take the upper sign, 
so that 


= I + 


CA) 


Hence, if ^ YOx = ff, ff - 6 = YOP = ^ - ^ = wO 


A e' = (to + !)(?, and d = & . . . (2) 

Since the pedal is the locus of Yy we must find a relation 
between p and ff, which we can do by eliminating r and B from 
(1), (2) and the equation r’" = oT cos mB. 

m 

Thus <= r!” cos’* mB = a’* cos’"'*’* mB = a*" cos’"'*'* - , -r ^ 


fn m yfi 

= «..+! 008 

and changing p and ff into r and B, we get the same as above. 


t This 43ittilion is not necessary in the curves = a"' sin mO, as r increnees 
witi^ 9 in this case. 
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234. The second -f’'® pedal becomes = «*cosZ:^ where 


/c = . 


m 




m 


m + 1/ \m + 1 


+ 1 




2/w -1- 1* 


and so on. 

Affain, if — = ni : m ^ . ; hence, to find the first 

wj -I- 1 1 — m 

771 

— '® pedal, we change m into ; and so on. 


235. We may observe that the above system of curves is 
exactly the same as that given by jo' = /rr” ; for comparing with 
[Art. 2o2], we have p = 

^ n , , n — Z 

/, _ = -I- 1, or m = — ^ — , 

and = Jc~^^y or a = 

This system, therefore, includes the point, line, circle, parabola, 
etc. [see Art. 229], and is such that the pedal curves^ loth -|-’® 
and — are ciir^^es of the same system. Moreover, m may be 
anything, +'^® or — '®, integral or fractional. , 


236. Examples. 

Ez. 1. If m = 1, r = a cose ; a circle, origin on circumference. 

?7i ' i. 

Also = i ; hence the pedal is ri = a* cos J 0 ; * 

or r — a cos* ^ g "h cardioide, [Art, 229.] 

Ez. 2. If m = — J, = a"*cos( — 

o B 

or a = rcos--, 

Ji 

2a/r = 1 + cos 9, a parabola, origin at focus. 

Since — — — s= — 1, the pedal is = a"* cos (— O') ; 
m + 1 J r 

or a ^ r costf, a straight line, 

Ez. 8, If m = — 2, we have i'“* =; a"* cos ( — 2$) ; or a* = j * cos 29, a 
rfictangular hyperbola. 
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= 2, tlie pedal is r* = a® cos ’2B, the lemniscate of Ber- 


nouilli. 


237. Pedal of^ + ^”=l. 

In Ex. 12 of the last set of examples but one (p. 208), we have 


(I)-"-’'- 


• • • • (1) 


a and Q being the intercepts which the tangent cuts orf from 

Ox and 0/y.t But if (r, 6) be the, 
® '\Y\ polar co-ordinates of Y, then a = r 

^ ^ cosec 0, 

^ in (1 ) (a cos -f- (Z> sin 



O ^ A 

Or, changing to cartesians by multi- 
Eio. 53. plying throughout by 

= (ar" + n. 

Ex. 1. If n = 2, we have the ellipse, whose pedal is therefor© 
a2x2 4- = (x2 + 2/2)". 

Ex. 2. If 71 = J, we have + \/f ~ parabola refeiTed to 

two perpendicular tangents as axes, and the pedal is 

-L + i = -5-i 5, or (£c 2 + ^ _ al^y, 

Cbx hy ^ ^ 

238. The above method applies to the general equation 
/(x,y) = 0 (1) 


t For the tangent is ¥.^ 1 ^ + = 1, whence a = — 

a« ^ h” aj"-‘ 

aja = Cxlay'-\ h/fi = (ylby-^ ; 
hence CalayJ<”'^> + » (a/a)^ + (j,/5)« = 1. 
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We may also adopt the following method : — 

The tangent is Y — y = y\X — x) (2) 

The line through the origin JL to this is 

(3) 


The result of eliminating x and y from (1), (2), and (3) is the 
equation to the pedal, 

239. Radius of Curvature. 

Def. — If the normals to two infinitely near points, P and Q, 
on a curve meet in then E is called the centre of curvature^ and 
'EP the radius of curvature^ its length being denoted by p. 

240. To prove that p = ds'jd^. 

In the figure of Art. 220, since PQ may be regarded as the 
arc of a circle, centre E, we have Z QEP = QPjEP ; and since 
TQEP is concyclic, Z QEP = Z 5" = dxlr. 

d\l/ = dsjp^ or p = dsldij/, 

241. Intrinsic Equation to a Curve. — This is the equa- 
tion connecting the quantities s and ij/, s being the length of arc 
measured from a fixed point on the curve to the variable point, 
and the inclination of the tangent at the latter point to the 
tangent at the fixed point. 

Ex. 1. The equation to the circle is s = arp, a being the radius. And 
p dsjdxp = a ; hence the radius of curvature of a circle is always the 
radius of the circle. 

Ex. 2. The equation to the catenary can be shown to be s = a tan 
Hence p = a sec^ i^. 

Ex. 3. The equation to the cycloid can be shown to bo s = a sin 
Hence p •=■ a cos 


242. To prove that 



In the figure of Art. 220, since ds = dr sec 
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and # = Z VTZ = (ultimately) = sec ^ ; 

• o=^ = r^ 

^ dy 

Sz. 1. In the circle r* = an, p = = % constant. 

2 

£z. 2. In the jmrahola ar\ p = 


243. To prove that p = p (Ppldxj/^, 

In Fig, 47, Art. 220, since I^Y = q = dpjdt^y we have 
7’2 — 2J^ + (dpld^y. 


difFercntiating in =z p + . -f- 

dp a\p (ip \d\l/, 


= n + ^ A /" • 

dij/ d^'Xdrf/J dp^ 


i,e, p 5= p + 


d^P 


For a further discussion of curvature see Ch. XIX, 


EXAMPLES XXXVL 

1. Prove that the pedal equation of — 

(1) The equiangular spiral r = is p = »’ sin a. 

(2) The hyperbolic spiral r$ = a is Ijp^ = l/r^ + 1/a*. 

(3) The parabola 2«/r = 1 + cos0 is />* 

(4) The circle r = a cos 0 is qp = r*. 

2, Write down the 1st, 2nd, and nth and — pedals of — 

(1) rip = a. (2) p + r = a. (3) aV = p\ (4) aV = 

d. Show that the pedal of the equiangular spiral p = r sin a is the same 
spiral. 

Show that the polar equation of the pedal is r = o sin o 1 
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and hence show that it is an equal spiral tinned through a negative angle, 
whose value is ^ — a + tan a . log sin a. [See question 1 (1).] 

4. Prove by first principles, not quoting the results of Arts. 23*2, 233, 
that in the curve r = a sin^ - 

•T 

(1) <f) = 0/3, and not tt — 0/.3 ; (2) the pedal equation is = ; 

and find the polar C(iuation of its pedal. 

5. Find the locus of the feet of ])erpondiculars from the origin on the 
tangents to the rectangular hyperbola sin 20 = d^. 

6. Answer the same question for the lemniscale = d^ sin 20. 

7. Show that the pedal equation of the cardioide 2r = a(l + cos 0) is 

ap^ — ; and that the polar equation of its pedal is = ai cos J0. 

8. In the curve ? sin w0, prove that </> = 7n0; and that the pedal 

equation is a”'p — 

9. Show that the pedal equation of the curve 2r-{-a = a6^ is r^=pr-]-np‘ 
and that the curve is the pedal of the curve p = r ^ a. 

10. In the curve r - a sin^^, show that = r\a^ - r“). 

Hence show that the pedal equation is aj)^ = r*. 

- , , . / _ y.2w» 

11. In the curve = a” cos me, show that ( _ i = • 

Hence show that the pedal equation is a"**p = 

12. Show (1) geometrically, (2) analytically, that the pedal equation to 
;he ellipse, origin at focus, is p^(2a — ?'') = Jj^r. 

Find the pedal equation of the pedal, and show that it is a circle. 

13. Show that the pedal equation of the spiral of Archimedes, r = a0, is 
‘ = p%a^ + 7 * 2 ) ; and that the latter is the pedal of the curve p^ z=. 

Prove that in the last-mentioned curve the normal touches a fixed 
rcle.f 

14. Show that the pedal equation of the lima^on, r =: a + h cos 0, is 

= p^{2ar — d^ -f- h -) ; and that this curve is the pedal of the circle 


I t This curve, ~ a*, is called the involute of the circle, since it is 

e curve traced by the end of a string which is unwound from a circle, the 
ring being kept stretched, as in unwinding a reel of cotton. This property 
Uows from the statement in the question above. 


o 
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= 2«p — a being its radius, and b tliu distance of its centre from 

the origin. 

16. Prove by elementary geometry tlie converse of the last question, 
that the pedal of the circle about any point is r = a + h cos 0. 

16. Prove that the pedal equation of the cardioide 2r = a(l + sin 0) is 

17. Find p in terms of r in the following curves : — 

(1) The parabola = ar. (2) The circle ap = 

(3) The logarithmic, or equiangular, spiral p r=. r sin a. 

(4) The cardioide = ap*. 

18. The intrinsic equation to the involute of a circle is 2s = Show 

that p — and also, from Question l.‘l, that p - p^ the origin being at 
the centre of the circle. Interpret geometrically the deJuction that 
p — axp. 

19. In the lemniscate, 9 '^ = a^sin 2a, prove that 

(1) if/ = 30 ; (2) fis = a^dolr ; and therefore (3) p = a“/3r. 

0 

20. In the curve r = asiiP-, prove that 

o 

(1) = Ja ; (2) dfi = (a/ -)^ d0 ; and therefore (3) p = 

21 In the curve r”' = a*" sin 7/i0, prove that 

(1) if/ (m +1)0; (2) ds r/a ; and (3) p = _ . 

'/ ^ (7/Z + I)?**" * 

22. Prove that sin^ -f — 0, 
do db^ 


23. Prove geometrically that © = _ ^^7 ; and hence that 

dif/ dif/ 

1 d^p 

24. Show, by the methods of Arts. 2.37 and 238, that the equation to the 

pedal of xy — 2c’^ is (x‘^ + = 8c%?/. 

26. Show, by the same methods, that the pedal of the parabola = 4aa;, H 
with respect to the origin, is the cissoid ay^ + x(x^ + y^) = 0. * 


26. A point P moves in a curve such that the product of the distances 
of P from two fixed points, jB, in the plane of the curve, is constant. 
If lines through A perpendicular to AP, and through B perpendicular to 
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UP meet the tangent at P in points Q and li respectively, prove PQ is 
equal to PB, ^See ^hs.] 


Answers. 

2. The wth pedals are 

(1) ^ = a ; (2) (_p 4- r) = a ; (3) = y2“-i ; (4) a*jo"\+* = + * 

The wth — ” pedals are 

(1) ^ = a ; (2) (p + r) = a ; (3) r2«+»a3 = ^ 2 ,. + 3 . ( 4 ) = y**-*. 

4. e’ = *0-1 [.ee Art. 233] ; « = J («' + ^ 

Also p = rain ip = r sin ^ = a sin^ t a sin^ 1 

d «'i 4 \ 2/ 

Changing to r and 0, we get sin 

6. If 20 < ^, r diminishes as 0 increases; <p is obtuse and = ir — 20 ; 
^ — 0, and we shall obtain for the pedal r2 — sin 20. * 

6. = a5sin|(^^ + 0 

17. (1) 2r^a-i; (2) ja; (3) r cosec a; (4) 

20. Let equation bo = c. Then, if (p, ip' be the inclinations of the 
tangent to AP and UP, wc have 

PQ =. r sec ip = ; PR = r' sec 4>' = — y'^, ds being the same for both. 

^ ^ dr dr 

_r But log r + log r' = logo; ^ = 0. 

PU r Ur T r 
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CHAPTER XVI. 

ASYMPTOTES. 

244. When a curve, correspond iug to a f^iven equation, has one 
or more branches extending to an infinite distance from the 
origin, it is possible to find some more elementary curve, i.e. one 
whose equation is simpler, to wliich the giviai curve approaches, 
and with which it ultimately coincides. The latter curve (viz. 
the more elementary one) is called a cvrviUncar a^ipnitfotp^ or is 
said to be asymptotic to the given curve. 

We shall, however, only consider the cases in which the 
asymptotic 'curve is a straight lino, in wliich case it is called a 
rectilinear asymptote, or simply an asymptote. 

Assuming that a given curve has an asymptote, we may thus 
define it : — 

Def.— A n asymptote is a straight line, at a finite distance from 
the origin, to which a curve approaches indefinitely near as we 
recede along it to an infinite distance. 

An asymptote is also defined as a tangent whose point of 
contact is at infinity ; and again, as a straight line which meets 
the curve in two points at infinity. 

245. Simple Kxamples. — When y can be expressed as an 
explicit function of cc, and vice versd^ asymptotes parallel to the 
axes, if any exist, can be seen by inspection. 

£x. 1. xy — ay — bx. 

Here y = ® either increase up to a or diminish down to 
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a, y will increase indefinitely. Hence x — a is an asymptote, as may be 
easily seen by a figure. Since y changes from +’* to — ” as it passes 
through infinity (a and h being curve is above the axis of x to 

the left of the asymptote, and below to the right. 

Similarly x = and 2 / + & = 0 is an asymptote. 

The curve, of course, is a rectangular hyperbola. 

Ex. 2. (.X-* - a2)(2/2 - &2) = a^h^, 

. •> ;■> . ^2^2 b'hr . , , 

. . y = 6- + — o ; , , X = a are two asymptotes. 

~~ (ti X" — €t~‘ 

Similarly x- — y — h h are two asymptotes. 

y^ — 6 - 


246. General Statement. — Suppose /(x, y) = 0 to be the 
given curve ; then, if y can be expanded in the form 

y = ^ + l3 + ^+^ ( 1 ) ■ 

<7, etc,, being any positive quantities, it follows that when x is 
increased indefinitely the equation f{x, y) = 0 approaches the form 

y = + p ^ . . ( 2 ) 

And if (x, f/i) be a point on (2), the difference of the ordinates 
in (I) and (2) for the same value of x 



which evidently vanishes when x becomes infinite. 

Hence (2) is the asymptote of (1), and therefore of /(a;, y) = 0. 
We shall, however, only be concerned with functions which can 
be expanded in the form 

We shall first consider oblique asymptotes, i.e, asymptotes ?iot 
parallel to the axes. 


247. Oblique Asymptotes — Direct Kxpansion. — ^When 
y is an explicit function of x, or when implicit contains no power 
higher than the square,, it can be expanded in descending powers 
of X directly. 
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Ex. 


1. = x\x - a) = 1 — 

. ff- \ a o® 

-2'= V“^) 


Hence y = a; — ^ is an asymptote. 

O 



Moreover, if a is +", then when x is 
+ ’• the 2/ ” of the curve is less than 

*“ S /»— (shice the terms bej’^ond this 

o Vx 

are negligible), hence the curve is below 
the asymptote in the right hand portion 
of the figure. But when x is — then 
the “ y ’* of the curve is greater than 

cc — and the curve is above the asymp- 
tote in the left hand portion of the 
figure. 


f 

2 _ “ 2a) _ — aa? — 2a^) _ V 

X. . y — ^ _ 2a2 ^ , a 2a^ 


X -f- — . - 


~^(po — a)(x + 2a) 

, = ± + 5 _ 

V X x^ J \ X ac- / 

- ± •(' - £ -X' - £■■■) = ± *0 - i ■■■) = ± - »)■ 


The two asymptotes are, tlicrefore, y = x — and y = — x + a. 
X — a = 0 and a; + 2a = 0 are, of course, two other asymptotes. 


248. Method for Implicit Functions. — The method 
which follows is similur to that given in Arts. 123-125 (q^v.). 

We shall first give a simple example to illustrate the method, 
and then take the general case. The methods actually adopted in 
practice will be given afterwards. 

Ex* Expand y in descending powers of x when 

a.3 + 2/3 + 23^2 _ + 1 ^ Q (IJ 

aTUf find the equation to the asymptote. 
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Assume y = fxx + 

Substituting this value of y in ( 1 ), we get 

a-* + (^^x + p+'l ...J + 2^^* +/* + I ■■■y - a:® + 1 = 0, 

or (1 + + (3n‘‘p + 2 ja 2 - l)a~* + + Sfy + Vi 8 )x ... = 0 , 

which must therefore bo an identity in x. 

Equating to zero the coetticients of x\ etc., we shall have 
1 + /it3 = 0 , whence /u = — 1 , 

+ 2 /i 2 — 1 = 0 , whence 3 = — 

3/t/3^ + SiJ?y + 4/X/3 — 0 , whence 7 = — J ; etc., etc. 


The asymptote is y = — — Jj or 3(sc + y) + 1 = 0, and the curve is 

helow the asymptote to the right, and above to the left. 

249. General Case. 

Let f{xy y) = 0 be the curve, and arrange f(x^ y) into homo- 
geneous groups of the /tth, (yi — l)th, (n — 2)th, etc. degrees ; 
i.e. let 

/(x, //) = + .c“-V(y/-c) + + — = 0, 

which may be also written 

+ *^«-2 “ 1 “ ••• = 

Assume y = /xiC-h/?-hj; + ...; substitute for y this value, and 
expand by Taylor’s Theorem, afterwards arranging in descending 
powers of x. 

We have 

f{r, y) s + 

= + (f + ^ - i 

+ + (§ + + ••• I + ... j- + etc. 

= {'('M + P4>'{h)) 

+ (xW + P'l/itA + + i/3W)} + - = 0. 



232 DIFFERENTIAL CALCULUS. [Ch. XVI. 


lienee, since this is un identity as far as x is concerned, wo 
have, equating to zero the coefficients of j'' \ ..., 


<^(^) = 0, whence /x ; 

or /3 = - j/^(/x)/<^'(/^) ; 

x(/^) 4- 4- + i 


giving y ; etc. 

If fjLi, ... fjL,^he the n roots of = 0, the asymptotes are 
a — iLT - ti - iL r ^ • pto 

.7 ■- Jf/ ' 1 / ~ -X » OLC. 

250. The equation to tfic straight lines through the origin 
parallel to the asymptotes, is 


(// — /Xiif )(//-- /xy 0 . . . (1) 

But we can show that this is the same as equating to zero the 
terms of highest degree in J\(\ //). For, doing this latter thing, 
we have = 0, 

i,e. i>(f/l.r) = 0 (2) 


the roots of which are y/x = ft,, i/lx = /xg, etc. 


i.e. • f/ — Ml c =0, y — iuL._^v = 0, etc. 

equations (1) and (2) arc identical, which proves the statement. 
Hence the important conclusion : — 

The terni.'i of highest degree in x and j equated to zero, give the 
straight lines through the origin parallel to tJie asymptotes. 


Cor. It follows fiom the preceding and from Art. 256 ( 7 .V.) that a curve 
of the nth degree cannot have more than n asymptotes. 

Note 1. — We do not generally require to go further than the coefficient 
of a;'*"', to find /x and 

Note 2. — We oau,of course, obtain the asymptotes equally well by putting 
a = yuj/ + 3 + ^ 


251. Examples. 

Ex. 1. Firf,d the asymptotes of the curve in Art. 248. 
Writing the curve in the form 

(a? + y) - £cy + 2^2) + 2^2 __ 4 1 ^ 
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tlic lines {x + y)(£c^ — xy + y^) = 0 are parallel to the asymptotes ; the 
second factor, however, gives imaginary roots. 

Hence there is only one real asymptote, which is parallel Ui y + x = 0. 
Put y + jc = i9, or y = 3 — 03 ; 

then i 3 {a 52 — a; (/8 — as) -f (/3 — + 2(j8 — £c)^ — a;- 4- 1 =0; 

or x^ (3fi + 1) + ... =0, 

omitting terms below x^. 

Hence 3/3 + 1 =0, and /3 = — J. 

the asymptote is y + £c = — J ; or 3(a; + y) + 1 = 0. 

£x. 2. £c* — y^ — 3o;'* — xy‘^ — 2o’ + 1 = 0. 

Since x^ — y^ = (x^ + y^)(x + y^(x — y^ = 0 gives lines through' the 
origin parallel to the asymptotes, it follows that there are only two real 
asymptotes, viz. those parallel to x + y — 0, 

(1) Put y/ + a; = /3 ; or y — ^ — x. 

— (/3 — xy — 3aj^ — x{fi — xy ... = 0. 

The coeflicient of x^ vanishes naturally ; equating to zero the coefficient 
of x'\ we have 

4/3 — 3 — 1 = 0, or /3 = 1. 

/. asymptote is sc + y = 1. 

(2) Put y — sc = /3. • 

x^ — (a + xy — 3.^3 — a3(/3 + xy ... = o. 

— 4/8 “ 3 — 1 = 0; and /3 = — 1. 

/. asymptote is y — sc = — 1, or sc — y = 1. 

252. We should have obtained the same result by putting 

sc = /3 — y in (1), and sc = y — 3 in (2). 

Thus in (2) we have 

(y - 3)* + y* - 3(y - 3)^ - (y - 3)y3 ... = 0. 

Coefficient of y^ = — 43 — 3 — 1 = 0 ; and 3 = — 1. 

/. asymptote is sc — y = 1, as before. 

253. Second Method. — Reverting again to the equation 

/(a^. y) = + a^~^ilf(ylx) + ar-\(iflx) 4- ... = 0, 

let y — /nx bo a factor of the terms of highest degree, a^<f>(y/x) 
so that !/ — ftx = /3 ia an asymptote, /3 being at present unknown. 
Also let a^<t>{y/x) = (y - yj:).x''-^4>i(y/x). 
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Then the equation to the curve may be written 

(y - + ^“"VO/A) + ■»’‘”“x(yA) — = 



Now, when y and x increase indefinitely — their ratio, however, 
being finite — the right-hand side of (1) has a finite limit, and 
this limit will be provided that (./*, y) is on the branch ap- 
proaching the asymptote. 

In this case, since y = a finite quantity, x and y, being 
large, 

/. yjx = /Jt -h an infinitesimal. 

Hence, ultimatclyf we may regard /a as the ratio of y to x \ \ 

and since the term in (1) is negligible, we may obtain (3 

by putting y = ftic in the fraction above, neglecting the terms of 
lower degree. 


( 1 ) oi - y = 


254. Examples. 

Ex. 1. (x - y)(x - 2y){x^ + 4 y 2 ) 4 . - ocy^ + x + 1 = 0. 

x?/‘^ — 2 x® . . . 

(x - 2 ^)(x 2 + iif)' 

P!it y — X on the right-hand side, and neglect lower powers of x ; the ' 
as^^mptote is therefore 

^ x3 - 2x3_ _ 1 

* »=« (x — 2x)(x2 + 4x2) 5* 

(2) Similarly, the other asymptote is 

x-2y= U = It = _ Z 

fl:= 2 y=^«. (x - y)(x3 + 4y2) y( 4 y 2 4 . 4 ^ 2 ) 4 * 

The remaining two asymptotes are imaginary. 

Ex. 2. (y — cc -f l)(x2 + y^) + x — 2y = 1. 

y — X = 0 is parallel to the asymptote. 


t This is equivalent to stating that as P moves along the curve in the 
^direction of the asymptote, OP becomes more and more nearly parallel to the 
asymptote. 
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We may in this case put 

y ^ x + 1 = 


2 ?/- 


i = 0. 


y=x=co 4 - 

since the numerator is of lower degree than the denominator^ 

In the same way lue can show that in the curve 

(ax + hy + + w „_2 + *•• = 0, 

^^*- 1 ) ^M -2 homogeneous groups of the {n — l^th and (n — 2')th 

degrees, ax hg c — Q is an asymptote. 


Ex. 3. (2a: - y + l)(a4 + if) - a;3 + - a; - 1 = 0. 

By the preceding rule, 2x — y \ = 0 is an asymptote. 

Ex. 4. (x — y — \')(x + «/ — 1)(£C — 2y — 1) 'f 3a; — — 1 = 0. 

The asymptotes are, by the same rule, 

as — 2 / — 1=0, X y — 1 = Oy a; — 2y — 1=0. 


Ex. 6 . (y — X 4- l)(ac2 4- 2/^) + 2?/'^ = 1. 

Here 2 / — as4-l=0i8 not an asymptote, for wc have 


2 / — as 4- 1 = it 

2/=x=t3p 


2if ^_xf_ ^ 1 

^ y'L 2 * 


the numerator being of the same degree as the denominator. 
The asymptote is therefore y — as 4- J ,= 0. 


1 B 

Note. — To find the next term of the expansion, i>ut V — ^ ^ ^ x 

equation to the curve, and equate coefficients of the highest power of x which 
remains. 


EXAMPLES XXXVII. 


1. Find by inspection the asymptotes of the following curves 


(1) xy = a\ 
(3) y = 

( 6 ) 2 / = 


- 1‘ 


(2) y = log a-. 
(4) y = tanas. 

( 6 ) 


as® 4- a^' 

(7) y\x - a) = a\x + o). (8) y = °±±1. 

as.— c 

(9) ^y = as. 
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2 . Find by direct expansion of x in terms of y, or y in terms of x, the 
asymptotes of the following curves : — 


( 1 ) y = 


( 2 ) y 


- a) 
X + a ’ 


(3) X^ — 7/2 _ 

(5) ifi = + ^*1) 

^ ^ ~ (x '- aX-^- - 2a) ' 

(7) (y - a)-^ = - 2 rfc 2 . 

(9) 0 "/^ — 7/3 = (as — 1)2. 

( 11 ) (y - -2y = 


(4) xy^ = a;3 __ 

( 6 ) 

o;*^ + a6 7/2 ^ 


( 8 ) — a)%x — a) = x^ + a\ 

(10) ( 7 / — a;)2 = AaP — a^. 

(12) (y - x )2 - 


3 . Adopt either or both of the methods of Arts. 240 and 253 to find the 
asymptotes of : — 

( 1 ) X? — = ax hy c, 

( 2 ) (x - 2y)(x - ?>y) = 2a(x - y) + 

(3) (x - y)(«;2 - 2xy + 2y^) = 2^2 - 3y. 

( 4 ) x^ + y^ = ?}axy. 

( 6 ) - a^) == 7 / 2(6 - y). 

( 6 ) (x 2 - y-){x + 2y) - y^ ^ y -f 1 . 

(7) (x2 - a2)(y2 _ 62) = 2x* - 7/4 + r((x3 .p 2//3). 

( 8 ) (x - 2// + a)(x — 2 / 4 - 2a)(x- 4- 2 / 4- a) - h-(x + y), 

(9) (x - 2y 4- a)(x — y + 2a)(x 4-2/4- a) --= 6(x2 7 / 2 ). 

( 10 ) (x - 2y 4 - a)(x -7/4- 2 «)(x + y + a) \y\x - y). 


4. Find the asymptotes of the following curves, stating on which side of 
the asymptote each branch lies : — 


( 1 ) 2 / = 


x(x — 1 ) 
X 4" 1 


( 2 ) y-^ = ^ 

X it 


(3) 7/2 — x2 


x^ 4 - 


(4) a?-y^ + ax^+axy + J3 _ Q. 


(6) (x + 2 y)(o !2 + y3) = 2x^ - Zxy + if + X + y + 1. 


Answkrs. 
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(5) X - 1 ; ^ - 1. (6) y = ±a. (7) x - a; y = ±a. 

(8) X = a + c] y = 0. (9) y = 0, since It Qx/e') = 0. 

X=. 30 

2. (1) y = X a' x~ a. (2) y = x — 2a; x + a = 0. (3) x±y = 0. 

(4) y = + ; X = 0. (6) y = (x + 3a) ; a; = a ; x = 2a, 

(6) dly = a5 + a+ 2); X — a; x = b. (7) y = a + £c. 

(8) 2(a5 -- y) + 3a = 0 ; 2{x + y) — a = 0. (9) 3(3; — y) = 1. 

(10) y + as = 0 ; y — 3a3 = 0. (11) y = 2(a3 + 1) ; y = 0 ; x^ = 0. 

(12) y = 2(a5 + «) ; y = 0 ; a; = ± a. 

3. (1) 2(x + y) — a — b; 2(x — y) = a + b. 

(2) a; -- 2y + 2a = 0 ; a; — 3y = 4a. (3) a; — y — 2. 

(4) £c + y + a = 0. (6) 3(a; - y) = a — b. 

(6) G(u; - y) = 1 ; 2(x + y) + 1 = 0; 3(cr + 2y) = 1. 

(7) 2(3; - y) 4- « - 0 ; C(a; + y) - a. 

(8) a; — 2y 4- « ~ 0 ; a; — y 4- 2a = 0 ; ac 4- y 4- a = 0. 

(9) 3(ac — 2y ’4- a) = ; x — y + 2a+b = 0; 3(;» + y 4- a) = 6. 

(10) 3(a5 — y) + 2a = 0 ; 5(aff — 3y) 4- 9a = 0; 15(£c 4* 2y) 4- 23a = 0. 

4. (1) y = X — 2; above to the right, below to the left; aj 4- 1 = 0; to 

the left below Oa?, to the right above. 

(2) y = X — a; above to the right, below to the left ; a; 4- a = 0 ; to 

the left above and below Ox. 
y = — X a; below to the right, above to the left. 

(3) 3/ = a: ; below to the right, below to the left; a; 4- a = 0; to the 

left above and below Oaj. 
y 4- a; = 0 ; above to the right, above to the left. 

2ct 

(4) y = a; 4- -j- ; below to the right, above to the left. 

(6) X + 2y = 3; below to the right, above to the left. 

266. Exceptional Cases. — We shall now consider the 
equations of Art. 249, viz. — 


4^M = 0. ( 1 ) 

=0 (2), 


x(/‘) + = 0 . . . ( 3 ) 



238 


DIFFERENTIAL CALCULUS. 


[Ch. XVI. 


The following cases may arise : — 

I. Suppose that = 0, when ^(yu) = 0. 

This means either (1) that the same value of /a makes both 
<f>{fi) and ^(/a) vanish — i.e. that </>(/a) and and therefore 

and [Art. 249], have a common factor^ — or (2) that the 
terms giving ipi/I), viz. are ahsent. In either case /? = 0, and 
y = jjLX is the asymptote. 


Ex. 1 . flc® — — 7/- = a; -f- 1- 


Ex. 2. — X — 2y 4- 1. 

In both cases x — y = 0 is the asymptote. 

II. Suppose that both = 0 and </>'(/x) = 0, when <t>(y) = 0. 
If and simultaneously vanish when g = say, then 

it is known, by the Theory of Equations, that </)(yii) has a square 
factor (ya — /a,)“ t 

Hence u„ has the square factor (y — piwf ; and since ^(yni) = 0, 

Un^x^has a factor y — px^ ; oVy may he ahsent. 

In either case yS cannot be found from (2) above. 

But turning to (8), and putting </»'(/x,) = 0, we have 

x(mi) + + i 

which is a quadratic in yS ; so that there are two values of y8, giving 
tiro parallel asymptotes. 

If \\f{p) is absent, qf\p) will be absent also ; and the two values 
of y8 will be equal and o])posite. 

The same thing will happen if qf\p) = 0, or has the square 
factor (ya — yai)® ; i.e. has the square factor (// — px^Y- 


t For if = 0, ^ is a factor of <^(yi*). 

Put ^(ju) = (yti — yu,y(fi), and dififerentiato in ju; 

/. =/(yu) + 0* - 

But *,* 4)'C/*i) = 0 ; — A*! is a factor of J 

/: a 4 - A*i is a factor of /(/*); is q , factor of </)(/*>. 
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Ex. 1. (rr — 2/)“ + .V“) + 2/^) + = 0. 

Put y — X — ox y — X + fi. 

.'. ^2{a;2 (a? 4- ^)-} + «( - )8 ){£c 2 + x(x + 0) + (x + )8)2} + ^ ^4 _ q. 

,*, Coefficient of a:;^ = 20^ — 3a)3 + 

/3 = a, or a/2. 

The asymptotes are therefore y — x — and y — x = aJ2. 

Otherwise jS^Ca;^ + y^) — a0(x^ + xy + y^) + a^sc* ... = 0 ; 
and putting y = xand divhHug by x^, 20 — 3ai9 + a® = 0; eto. 

Ex. 2. (y + 2r>c)2(x2 + ?/2) — 2x^ + a??/ ~ = tc — 1. 

Put 2/ + 2x = /8, or 2/ = — 2x + 3. 

.*. ;82{a:;2 4. 4i,)2 ...} — 2.r‘^ -h x( — 2ir ...) — IGx^ ... = 0. 

.-. ,^3- - 20 = 0 ; /3 = ± 2. 

Tlie asymptotes are therefore y + 2x = 2, and 2/ -f 2x = — 2. 

Otherwise : — /9‘*(x® + 2 /®) — 2x® + ^ry — 4;//® .., — 0; 

])ut y = — 2.x and divide by x®, 5)3® — 20 = 0 ; etc. 

Ex. 3. (y - xy(x^ + y^) + iy *0^*5 -h y) = + 7y^ + 1. 

Putting y — X = 0, we have + x^ ...) + $-( ) = 06^+ 7(a5®...) ... 

0 

.*. 20 = 8 ; and ^ = ± 2. 

The asymptotes are therefore y — x ^ ±2. 

Other ii i»e : —0(x- + y®) ... = x® + 7y® ... ; 2;8* = 8 ; eto. 

For the case in which <^'(/^) = 0, while is finite (so that 
P = oc ), the reader is referred to other text-books. 


EXAMPLES XXXVIII. 

Find the asymptotes of the following curves : — 

1 . X*— 2 /^ =a^x^ + 4 . 

2. (x + y)(x + 2«/)(a5 + 3y) = cc + y 4- 1. 

3 . ac® 4- 4 _ ^(^2 __ y2'^ — qZQji. 4_ 

4. (a; 4- 2y')(x? — y^ — 2x y) — x ^ y, 

6. £c3(a2 _ x^) = - y2). 
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6. x'^ — y* + a(x? — y^) = 

7. (x - 2yX^^ - ?/^) + x%x - y) = 2ry(y - 1). 

8. y\y - «)2 = 0^2 + a^'Xx - ay. 

9. yULr^ = .*. 

" a; — a y — h 

10. (cc + y)^(a;2 + 7/2) — (fc + y)(2x- — y^) = 2a'2 + cry — 1 

11. (a- - 2y)2(2.r2 + 7/) _ (a: - 2yXx' + 2y2) + y" = 1. 

12. (3x - yy(3.f + y2) ^ (y - .r)(:}.r - y) - 2a- + 3. 

13. (3a; - y)2(3x2 + y^ - 2a;) = (y - a;)(3a; + y) + 5a; ~ 2. 

14. (cc — 2y)2(a;2 + 7/2) 4- 7/2 — ac — y + 1 =0. 

16. (x - 2y)2(x-2 + 7/2) - (a; - 2y)(.c2 - 7/2) + 7/2 = 0. 

16. (x 4- yy(x — y) 4- 2(^x- - y-) = 1 - 2x. 

17. (a; 4- 2y)2(x - y) 4- a:2 - 4y2 - 2a; - 1. 

18. (3a* - 2y)2(.r2 + 2.ry + Gy^-) + 5(.i;2 _ 2y2) ■:= ] 

19. (a: - y)2(a-2 4- y^) 4- - y* = x^ - 2y - 3. 

20. (.r - y 4- + y 4- 2) 4- n? - 3y = 4. 

21. (a;2 — 3xy 4- 2y2)2 4- cr(^', — 2y) = 3a;. 

Answers. 

1 . a; + 7/ = 0. 2. a; 4- y = 0 ; a; 4- 2y = 0 ; a; 4- 3y = 0. 

3. a; 4- y = 0. 4. a; 4- 2y = 0 ; 2(a; — y) = 1 ; 2('a; -j- 7/) = 3. 

6. X = y. B. X = y ; 2(x + y) + a — 0. 7. x = 2y ; 3(£t — y) 4- 2 = 0. 

8. a; = y ; a; 4- y = a. 9. a; = y ; 2(a; + 7/) = a 4- 6. 

10. a; + y = 1 ; 2(a; 4- y) 4- 1 = 0. 11. 3a; - Gy = 1 (coincident). 

12. y = 3a; + 1. 13. y = 3a; + 1. 14. Imaginary. 

16. Imaginary. 16. x = y; x + y + 1 = 0 (coincident). 

17. Two imaginary ; 3(x - y) = 1. 18. 3(3a; - 2y) = ± 1. 

19 . X — y\ a; - y 4- 2 = 0. 20 . x — y\ a; = y — 2 ; a; 4- y 4- 2 = 0. 

21. a; = 2y; a; — y = 4 1. 

266. Asymptotes Parallel to the Coordinate Axes. 

We have seen that when y — /la; is a factor of y =, ftjr + 
is an asymptote. 
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‘ I. liCt /X = 0, so that the asymptote is parallel to 0.r. 

Then 7/ is a factor of ; hence the term must be missing^. 
Arrange y) in descending powers of x thus : — 

{ay + + {cy^ -hdy + ... = 0 . . (1) 

Now put y = /? -f- ^ j and only retain the higliest powers of x ; 

(a/S + b)P‘~' -i- lower powers of x = 0. 

Hence ufi + b = 0, or ^ ; 

ay b = 0 is the asymptote. 

That is, “ coefficient of x^~^ = 0 ” gives the asymptote. 

Next, suppose contains y"^ as a factor. Tlien the terms 
must be absent ; in (1) a = 0. 

This, however, makes jS = oo , unless b = 0 also. 

Supposing this to be so, (1) becomes 

(e^f + dy 4 - + (fy^ ... = 0 . 

Now put y = /? 4- - ... as before, and we get ~h*d/3 4* e = 0. 

X 

Hence, putting y for yS, the asymptotes are given by 
n/ 4- dy 4- c = 0. 

Or, “ coefficient of = 0 ” gives tlie asymptotes ; and so on. 

II. Let /Lt = oo . In this case let x be expanded in terms of y 
thus : — 

^ = Pd ^ ’ 

Then /x' = 0,t which is analogous to the preceding case. 

Hence the rule : — If the terms of highest degree in [f] are absent^ 
^here are asymptotes parallel to the axis of [J], which are found by 
equating to zero the complete coefficient of the highest power of 
[.3 present. 


t For y ■= ij.£ is parallel to the asymptote ; and when ao , this becomes 
= 0 . 

B 
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257. Examples. 

£x. 1. xy(oc^ 4- yj) + 2i35^ — xy^ = 1. 

There are two real asymptotes, parallel to a; = 0 and y = 0 ; and two 
imaginary ones. 

Coefficient of highest power of y is a; ; 

as = 0 is an asymptote. 

Coefficient of highest power of ac is y 4- 2 ; 

y 4- 2 = 0 is the other asymptote. 

£z. 2. xy\x — y) — 5ac“y = y^ — 

Ananging in descending powers of y, 

— (x+ l)y^ 4- x-y- — ... = 0; 
a? 4- 1 “ 0 is an asymptote. 

Arranging in descending powers of a;, 

(y*-^ — 5y 4- G')x'‘^ — ... = 0 ; 

y2 — 5y 4- 6 = 0, i.e. y = 2 and y = Ij, are two asymptotes. 

Also a; — 7/ = U = G. is the remaining asymptote. 

a; = y = » xy^ 

Ex. 3. a'2y2 = - y^). 

The e.symptotes arc 4- = 0, imaginary ; and 

y2 — _ 0^ or y = i a. 

EXAMPLES XXXIX.— GENERAL. 

1. Find the asymptotes of ; — 

(1) y^(2a — X) — 01 ^. (2) x^y = y — 2a. 

(3) ay(x + 2a) = x’^y 4- a^. (4) xy{y — sc) = a(,3a;2 4- 2y2). 

(6) a;y2 4- 2a;\y = aQx^ 4- y'O- (8) (« 4- a;)(ft2 + = (a; 4- c)y‘-. 

(7) a2/ac2 4- r= 1. 

(8) xy\x — y) -- 5;c-y = y^ — Gjc*^ -h a;. 

(9) ac^Cy — 2tt) 4- x\y^ — Sa^) — a^y 4- = 0. 

(10) xy^ — 7ya;3 — 6a^ 4- 4a(a;" 4- y^) = a**. 

(11) xy** — x^y — ay"^ — ax^ — 0. 

( 12 ) y\x — 2tt) = x\x — a). 
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(13) 05^(2/ - a) = 2/(2/ + - 2^)- 

(14) ( 2 / - a)2 = (ac* + — a^). 

(16) (os — 2 / — l)\'£c + 21 /)^ + cc^ — 41/® + 305 = 0. 

(16) (205^ — y^y + ax(x^ + y^') = (t/^ + aa5 + 0'^y^ 

(17) (x^ — 2xy — 2 /^)(o 52 + — 3(a5^ + 2 /®) = 05^+1. 

(18) x\y - 1)2 = ( 2 / — 2a!;)\l + 2/)^ “ 2/^ + 2a5. 

(19) [^/(o5 + a)]^ — (x — a)l(x + 2a) ; and show that the 

I oblique asymptote cuts the curve at an angle tan^^ 8. 

2. Show that, if we include asymptotes which are at an infinite distance 

from the origin, every curve of the r^tli degree has n asymptotes, real or 

imaginary. 

Hence show that every cubic has either one or three real asymptotes. 
Answers. 

(1) 05 = 2ci. (2) x= ±1; y = 0. (3) y = 0 ; x + a — 0 ; x — 2a = 0. 

1 (4) 05 = 2'» ; 2 / 4- 3ft = 0 ; y — 05 = 5a. 

(6) x = a ; 2yr=a; 2(y-h2x) + 5a-0. (6) x + c=:0 ; 2(x±y) + a-c = 0. 
(.7) X = ± a ; y = ± b. (8) y = 2 ; y = 3 ; x + 1 = i) ; x - y = G. 

( 9 ) y — 2a \ 05 = 0 ; 05 4- 2 / + 2a = 0. 

(10) x4-4a = 0; 2 / 4 - a=0; 5(2^ + 2o5) — 28a = 0 ; 5(2/ — 805 ) 4- 28a = 0. 

(11) o; = a ; 2 / 4 -a = 0; ci+ 2 / = 0 ; 2/-a5r=a. (12) 05 = 2a; 22/ = ± (2o5 + a). 

(13) 2 / = « ; 3 ( 0 ; - 2 /) = «■ ± 2/ ± fc = a- 

(16) 05 + 22/ = 0 ; (x - 2/ - 1) V3 = ± 1. (16) x ± ^ = 0. 

(17) X ± 2/(^2 + 1) ± (3 + V2) = 0. . 

{18) 2 / 4 3 = 0 ; 32/ 4- 1 = 0 ; 2 / - = 2 ; 9(2/ - 3x) 4- 26 = 0. 

(19) X + 2a = 0 ; y — x. 

258. Alternative Method — Condition for Infinite 
Roots. 

Suppose that in the equation 

aox" + aiX"”i + a2X"”®-f ... 4- a» = 0 . . . . (1) 

ttg = 0. Then the equation becomes apparently of the (n — l)th degree. 
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But if we still suppose (1) to be of the iifh degree we shall sliow that one 
value of ac is infinite. , 

For let a; = 1/v ; then (1) becomes, after clearing of fractions, 

anV'* + + ... + 4- «o = 0. 

Now let tto = 0, ihA equation being still of the nth degree if we ddi not 
divide down by v; then one value of v is evidently zero. But x = l /e; 
one value of x is infinite. 1 

Similaily, if in addition = 0, then two values of x are infinite. 


259. Defining an asymptote as a straight line which njeets a curve in 
two points at infinity, suppose y — fix + 0 to be an asymptote. Then, if 
we substitute for y in f(x, y) — 0, the resulting equation for finding x w ill 
be, as in Art. 249 (except that -^ = 5= ... = 0), 

+ + = 0 . ( 1 ) 

Two roots will be infinite if 

= 0 and ^(p) + ~ 0, • . . . (2) 

which are the same equations as before. 


260. The exceptional cases may be discussed as before. 

With regard to Case II. of Art. 255, it appears that if the value of /ll\ 
winch makes the coefficient of x” vanish, also makes that of a;””*! vanish, 
then /hr any value of the line y ■=■ px 0 cuts the curve in two points 
at infinity; and the two lines given by equating the coefficient of a:"“2 to 
zero, will meet the curve each in three points at infinity; which, as we 
shall see (Art. 273), corresponds to a point of inflexion. 

Similarly, if and x W are absent, then from (2) ;3 = 0 ; and the co- 
efficient of jjj ( 1 ) vanishes. Hence, if etc., he the roots of 

= 0, 2/ = y = etc., are the asymptotes, and these will meet 
the curve, each in three points at infinity; which again correspond to 
points of inflexion. 


261. Asymptotes in Polar Coordinates. 

Let P be a point on a curve near the asymptote QK^. 

Draw the radius vector OP^ the tangent PN, and the polar 
Bubtangent OX. 

Then as P moves up to infinity, the tangent becomes the 
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‘ asymptote QA\ (Art. 244), OP* becomes parallel to QjVi, and ON 
becomes ONi which is perpendicular to QN. 

Hence, if = r cos (0 — a) be the polar equation of the 

(10 

asymptote, p is the limiting value of ON or when r = cjc 

and a = where 0i is the limiting value of 0 when r = oc . 

In Fig. 55, 0 increases with r, so that dO/dr is ; hence the 
polar sitbta)i(jent is and is drawn to the right. 


oo 




In Fig. 56, 0 diminishes as r increases, so that the polar sub- 
let ngent is — and is drawn to the toft. 

Hence the rule for finding and drawing the asymptote : — 

Find It 7 '^^- = t say, and UB = 0i say. 

r=<» dr r=oo 

Draw OR in the direction given by 0i ; draw ON^ perpendi- 
cular to OR and equal to t, to the right if t is 4-"^% to the left 

if — 

Finally, draw NQ parallel to OR ; then NQ is the asymptote. 


t It is also the limit of the perpendicular on the tangent, but it is simpler 
tu take ON. 
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Since “^3 ” = t, and a ” = the equation is 

< = r cos = —r sin (6 — 6i). 

Note. — I n Fig. 56, a is still equal to flj — but ONi or t is drawn in the 

A 

opposite direction siuco it is — '®a 


262. Examples. 

Q ... „ 

£x. 1. r = a . ?• = Qo when e — ^ a 

6 CL 


To find 

dr 


1 = 


2aa 

2aa dd 


(e + dr 

= 2«a when 9 = - a. 

dr + rt)^ 2aa 2a 

Since 2aa is +’% ON is drawn to the 
right of Oi?, and NQ is the as 3 'mptote. 

The equation is obtained by referring 
to the diagrammatic figure (Fig. 55) 
above. 

Since j? ” = 2a&, 9^ — — a, 



and 


“ 2 ’ 


Fig. 57. 


the equation is 
2aa = r cos + a + = — r sin (9 + a). 


£z. 2. r(^9 — 7r) = a sin ^ r = ao when ^ = g- 

Diflerentiating in r, 3® — «■ + 3r^ = a cos 9 ^ ; 

dr dr 

. ^ _ «3fl — y (^^_r ir)! • 

*' dr ~ a cos — 3r ~ (30 — tt) a cos 8 — 3a sin 6 ’ 

U (r^ = It ^ 

<r=ir/ 3 \ drj (30 — ir)a cos 8 — 3a sin 0 "" 2^3* 
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equation to asymptote is — ^ cos ^0 — Sj + 

= rcos(e-| + |)= -rsin(^«-|). 

or 2V3r8in^« - = <»• 

fn Cartesians this becomes a = V3(;y — 

Ex. 8. r = = a(sec 6 — cos a) = oo when a = ± 

cos a ^ ^ 2 

. , ^ / sin a , (ia 

Also 1 = ai ^ + sin a ) --- = 

\cos^ a J dr 




a sin a(l -f cos^ a) c?a 
cos'^ a * 
cos2 a 


a sin^ a 


dr cos^ 9 a sin a(l + cos^ a) t + cos^ a 

= a when a = ^ ; and = — a when a = — 

2 2 

The asj^mptotes aro 

(1) (X = r cos ^a — aj + ^ ^ = 7- cos a 

(2) — a = r cos (a + ir), or a = r cos a, as before. 

Hence there is only one asymptote, viz. cc == a. 

Ex. 4. (rt — r) tan 3a = c ; or r = a — c cot 30 = oo when a = 0, Tr/3, 
or 27r/3, etc. 


Also 3(a - r) sec^ 3a— - tan 30 = 0, or 3c sec^ 3&^ = tan^ 3a ; 
' dr 

. d9 _ sin2 30 
’ ' “ "“3^" 

r»^ = (a-ccot39)2"‘"^’ 
dr 3c 

__ (a sin 3a — c cos 3a)3 __ c 
“ 3^“;; ~ 3 

when a = 0, -ir/S, or 2ir/3, etc. 

There arc six asymptotes forming a regular 
hexagon of which O is the centre. 
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263. Circular Asymptotes. — AVlieii for an infinite value 
of r is finite, the curve is said to have a circular asymptote, 
since r is ultimately constant. 

Ex. 1. r = = 1 when 0 = oo . Ileiice the asymptotic circle has 1 

0 + 1 

for its radius. 

To find the rectilinear asymptote, r = oo when 0 = — 1. 

Also 1 = - — = 0^-1 when 0 = — 1. 

{e + dr' dr 

The asymptote is 1 = r cos f ^ ^ ~ + ^)* 



Again r is +^* when 0 is +’®, and when 0 is — and < — 1 ; r is — 
when 0 lies between 0 and — 1. 

TJie curve is as in Fig. 59. 

EXAMPLES XL. 

Find the rectilinear and circular asymptotes of: — 

1. r9 a, 2, r sin 0 = aB. 

3. r cos 0 = tt0. 4. r tan 0 = aB, 
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5. r(8in 0 — sin a) = a cos a. 

6. r sin (0 — o) sin (fl — /3) = a cos (o — /3). 

7. /-{tan (6 + a) + tan (6 — 3a)} = a. 


8. r sm (2$ ^ a) = a cos B. 

10. r tan (30 — a) = a sin ^ 

12. r Bin - = a , 

14. r tan ^ = a cos B. 

16. (r - 1)(0 - 1) =. 1. 

18. (r — 2)0 = 3 sin 0. 


9. r cos (30 — o) = a sin 0. 

11. r cos 3(0 + a) = a sin (0 + a). 
0 

13. r sin - = a, 

15. r02 = r + aB\ 

17. (r - a)(0 - a) = b. 

19. vB sin 20 = a. 


Answers. 


1, y = a. 2. 2/ = ± 7mir, 3. x = ± -^^aTr. 4. f/ = ± jkjtt. 

6. a = rsin(0±a). 6. >*sin(0 — a) = acot(a--i8); r sin (0—^3) = a cot (i8 — a). 

7. 2r sin (0 — a) = ± a cos^ 2a ; 2r cos (0 — a) = + a'sin* 2a. 

8 . 2r sin ^0 _ = acos | ; 2r cos 0 = - ctsin 

9. a = 3?' I cos 0 — sin 0 cot 




, where t = ?, or 

6 6 6 


/ . / a \ ^ IT 27r 

10. a sin I 7 4- ^ ] = 3r sin I ^ “ 3 ~ 7 ); where 7 = 0,^, or • 

11. a = 6rsin^^ — a — 0^; — a = 3rBin — a — 0^; a = 6rsin^^ — a — 0^ 


12. y = ± 2a. 13. y = 3a. 14. y = 3a. 

16. a =2r sin (0 — 1) ; a=- — 2r sin (0+1) ; also circular asymptote r = a. 

16. r sin (0 — 1) = 1 ; circular asymptote r = 1, 

17. r sin (0 — o) = 6 ; circular asymptote r = a. 

18. Circular asymptote r = 2. 

19. X = (-1)“(2» + 1)^’ ~ 
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CHAPTI^R^ XVII. 

FORM OF TBE CURVE AT THE ORIOIN— SINGULAR POINTS^ 

264. Tangents at the Origin. 

Let the equation of a curve of tlie «th degree be written in 
ascending powers of x and thus : — 

a + (bx + ci/) + + cxy +//) 4- 0. (1) 

To find where the line y = mx (tlfi'ougli the origin) meets (1), 
we have, on substituting mx for y, 

« + 4- cm)x + + om 4- Uj 4 = 0. . (2) 

This gives n values, real or imaginary, of x, corresponding to 
the n points of intersection of y = mx with the curve. 

If rt = 0, then one of the values of x is zero, and one of the 
points of intersection is the origin ; it also appears that if a 
gradiialiy approach zero, the point in question will gradually 
approach the origin at the same time, whatever be the value 
of m.X 

Again, if whe varied {l.e. if the line be rotated) until h-\-cm = 0 
— so that the line y = mx becomes hx A- cy — 0 — then (2) becomes 

. . (3) 

and two values of x are zero. 


t The term singular point includes multiple points, conjugate points, 
points of inflexion, etc. 

X Unless, perhaps, when m = do , in which case wo should put x :=t m*y 
(so that to' = 0), and discuss the values of y instead of ar, when the objection 
would no longer hold. 
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Heuce the line 6'y = 0 meets the curve 

Ifx -f cy + -h exy A-flf + ... = 0 . . . (4) 

in two points at the origin ; and, as above, it appears that if m 
gradually approach this value, the second point will gradually 
approach the origin, and therefore the secant thi-ough the origin 
and this point will become the tangent at the prigin. 

Hence bx + cy = 0 is the tangent at the origin to the curve (4). 

Ex. 1. — 2 jc 2 /y 2 + aj2 ^ 35 _ 3^ _ 0 ; tangent at origin, x = 3y. 

Ex. 2. y 2 = j tangent at origin, os = 0. 

Next, let « = d = c = 0. Then (1) becomes 

+ <?^y ...) + ...= 0 . . . (5) 

and (3) gives the points of intersection of y = mx with the curve, 
showing that there are two points at the origin, which fact how- 
ever does not correspond to tangency, since in this case y -= mx is 
any line, [See next Art.] ^ 

If now ni vary until it satisfies the equation 

d em fm^ = 0, or dx^ 4- e-f'y +fy^ = 0 . . . (6) 

we shall have a third point approaching the origin, and therefore 
the secant through the origin and this point will become a 
tangent. 

But there are two values of m which satisfy (6) ; hence there 
are two tangents at the origin, and their equation is 

da?^ 4- exy 4- fy"^ = 0. 

Similarly, if = e = / = 0, there will be three tangents at the 
origin ; and so on. 

Hence, the terms of lowest degree equaled to zero give the tangents 
at the origin. 

Ex. as® 4 y® + 4 cc^ya _ _ q 

Tangents at origin are given by x^y 4 — %xy^ = 0 ; 

t.c. by xy{x — 2y)(a5 4 3y) = 0. 
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265. Multiple Points. 

Def. — A point through which two or more branches of a curve 
pass is called a multiple point, the terms double point, triple point, 
r-ple point, corresponding to two, three, and r branches respectively. 

We have seen that when the terms of lowest degree are those 
of the second, there are two points at the origin in which any 
line y = mx meets the curve ; also that two tangents can be 
drawn at the origin. Tn this case two branches of the curve 
evidently pass through the origin, which is therefore a double 
point. 

Similarly, if the terms of the third degree are the lowest, we 
have a triple point ; and so on. 


266. Further Explanation. 


To make the preceding remarks more clear, let us again considei- (1), 
which represents some curve not passing through the origin. If we 
suppose any of the constants a, h, c... to vary imperceptibly, then the 
shape of the curve will do likewise. Let us now imagine a to gradually 
approach zero; the curve will alter in shape, and will also move until 
one of its branches passes through the origin. At this momcuit « = 0 ; 
and, however we vary the other constants, the curve will always pass 
through the origin while a = 0. Next, turning to (2), supposing a still 
zero, wo may note that there are two ways in wliich h + cm may vanish, 

(i) by making m approach — (ii) by making h and c both vanish. 


(i) In the first case tlw carve does not alter in shape, but the line y ~ mx, 
turns about O, and as OM diminishes F 
evidently travels along the curve towards O ; 
the final direction of OF must, therefore, be 
that of the tangent at O, viz. OF* in Fig. 60. 

(ii) Suppose h and c to be gradually 
vanishing. Then the curve is altering in shape ; 
and .since when h and c are both zero x has 
another of its values equal to zero, wo may 
assume by the law of continuity that when 
h and c are nearly zero this second value of x Avill bo nearly zero, for 
any value of m ; i.e, for any direction of OF, OM will be small. This 
shows that there must be a second branch of the curve approaching tho 



Fig. 60 . 
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origin, as may be seen in Fig. 61. Hence ultimately we shall have two 
branches passing through the origin, forming a double point, as in Fig. 62. 

Again, let OP' be the line y = mrr, meeting this second branch at the 
origin and at the point P'. If we no longer vary the constants of the 
curve, but vary m, the curve in Fig. 62 will maintain its shape while 




OP' turns about O. The point P' will travel towards 0, and OP' will 
ultimately cut the curve in throe coincident points at the origin, two 
belonging to one branch (to which is now a tangent) and the third 
to the other branch. 


267. Nodes — Conjugate Points — Cusps. 

Consider the curve (5), in which there is a double point at the 
origin. 

Then the tangents at the origin are 

ihr -h pxt/ +/// =7 0 (7) 

Three cases may arise : — 

(1) If the roots of (7) are ' real, we have two real branches 
passing through the origin, and there is said to be a 7 io(Je at 
that point. 

(2) If the roots are imaginary, then, although the origin is 
evidently a X)oint on the curve, there are no real branches passing 
through the origin. In fact, the equation for finding the points 
of interaection of y = mx with the curve is 

{d + em -{- ftrP)z^ (y + ••• = 0, 

giving = 0, and 

(d 4- em +fm-) + {g ...)« + ••• = 0- 

But by hypothesis the first term cannot vanish, i,p. must always 
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remain finite ; therefore, for no value of m can the equation be 
satisfied when x is indefinitely small [see Art. 264, footnote], 
which shows that no line through the origin can be found to cut 
the curve in the vicinity of the origin, except at the origin itself. 

The origin is therefore called a conjugate or isolated 'point. 

Ex. £c^ — 2aei/3 + = 0. 

Put y = mx ; x^ — + 14- = 0. 

If possible suppose x to be small, then, neglecting we have 

^ 1 + /n- 

a- = - , 

which cannot be made indefinitely small for finite values of in ; although it 
vanishes when m = cc . However, putting x = m'yj we have 

— 2m' y' + + 1=0; 

or, neglecting y\ y‘^ = ^ 

which obviously does not become indefinitely small when 
m! — 0, i.e. m — ca . 

Hence there are no points within the vicinity of the origin, except the 
origin itself, which is therefore a conjugate point. 

(;^) If the roots are equate the tangents at the origin coincide 
and there is said to be a cusp at that point. 

A cusp is, in fact, formed when two branches of a curve touch 
one another. 

K /■ / / 

Fig. G3. Fig. 64. Fig. 65. Fig. 66. Fio. 67. 

Cusps may be single or douhle ; Figs. 63 and 64 represent single 
cusps since the curve extends only in one directioh of the common 
tangent ; Figs. 65, 66, and 67 represent double cusps, where the 
curve extends in both directions of the common tangent. 

Again, cusps (single or double) are of two species. 
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A cusp of the Jit'S t species, or a keratoid cusp, is that in which 
the branches are on opposite sides of the common tangent, as in 
Figs. 63 and 65. 

A cusp of the second species, or a rhamplioid cusp, is that in 
which both branches are on the same side of the common tangent^ 
as in Figs. 64 and 66. 

In Fig. 67 we have a combination of both species. The point 
of contact has been called a pomt of oscul-injlexioti. 




268. We now give some simple examples of ‘cusps. 

Ex. 1. y — 

The tangent at the origin is = 0, or the axis 

of X. 

If X is — y is imaginary ; while if x is +^", 
y is double-valued. If we neglect x® in com- 
parison with x'l, then near the origin y has equal 
and opposite values. IJence there is a single 
keratoid cusp. 

Fig. G8. 

Ex. 2. y =: X x^ -\r x^ . 

The tangent at the origin is y •= x. If x is — y is imaginary; and if 
+'% y is double-valued. 

Neglecting we have, near the origin, 
y = £cHh xa. 

If P be a point on y = x, then if we take Pit and 
PS each equal to the value of x? when x = OM, 

It and S will be tw'o points on the curve, and we 
liave a keratoid cusp. 

Ex. 3. y = + x^ + 

The tangent at O is y = 0. \ 

Near the origin y = x‘^, which is a small part \ 
of a parabola, denoted bj^^ the dotted line OP. \ 

The next approximation is y = + x®. ' 

At P draw PP and PS each equal to the 
value of x4 at that point; then P and S are 
oil the curve, one. on each side of the parabola, 
but loth above Ox, since x^ > x* when « is 
small, BO that ^ is -f in both cases. Hence we have a rhamphoid cusp. 
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£z. 4. 2/ = cc 4- -f + ... 

We can show, by reasoninj? similar to that in Ex. 3, that there is a 
rhamphoid cusp, the tangent being y — 'Jc instead of the axis of x. 


Ex. 6. (y — 



We have y — a? = ± x®(l — x)^ 

= ± £c3(1 - Jx ...). 

Near the origin, y — x^±, x^. 

In this case x may be either +’• or — ; 
and we have, therefore, a double cusp, the 
curve being on both sides of the auxiliary 
parabola y = ; but both branches are above 

Ox, since x* >► x’ when x is small. 


Ex. 6. y^ — x^y + x® = 0. 

Solve for y in terms of x. Then 

f(l - 4:.)^ = 5 ± ^-(1 - 2. + ...). 

Hence, near the origin, we have two approximations : — 

(1) y = ^ + |-(1 - = a® - = a* 

nearly, and the curve is in the form of a 
parabola. 

(^2) y = ^ — ^(1 — 2x) = a cubical 

paraboha, such that y changes sign with x. 

Hence ihe curve is as in the ligiire, and 
we have a point of oscul-iiiHexion. 



Ex. 7. (y — + X* = X®. 

In this case there is a pair of coincident tangents at the origin, viz. 

_ 0 ; but, neglecting x®, we have the sum of two squares equal to zero, 
which shows that, near the origin, no values of x and y can be found to 
satisfy the equation, except the origin itself. 

Hence there is a conjugate pchnt at the origin ; as may also be seen 
by writing the equation in the form y — x- = x'^^x — 1, being 

imaginary if x is small. 


269. Loops. — A loop occurs when a curve, after passing 
through a point, bends round and again passes through the 
same point.- 
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Ez. 1. _ 352^^ __ 

Here y = 0 when sc = 0 and when x = a. 
Between these values ^ has two equal and 
opposite finite values. 

When sc > a, y is imaginary. 

Hence there is evidence of a loop. 

The tangents at the origin are sc + y = 0 ; 
and we can show that di/fclx is infinite at 
sc = a. 



Ez. 2. X* — 2x?/^ + = 0. 

The origin is a triple point. Hence any lino through 0 will meet the 
curve in one other point only. 

To find this point, put 2/ = ^usc, and divide by ; then 
X = m^(2 — m)j y = m\2 — m). 

By giving m diftercnt values we can find sc and y. 

Since x and y are zero when m = 0 and m = 2, and are both finite as 
7)1 increases from 0 to 2, it follows that the point (sc, y) moves from the 
origin and back again between the tangents y = 0 and y = 2x. Hence 
there is a loop. 


Ez. 3. (y — x^y = sc® — * 

This is the curve discussed in Ex. 5 of the last article (fi-v.'). 

We have y = sc® + x'^a/ 1 — sc. 

Now, y has coincident values when sc = 0 and sc = 1 ; and is imaginary 
if jc 1, while between sc = 0 and sc = 1, y has finite values. Hence 
there is a loop as in Fig. 71. 

Tt will bo noted that, for the point P, y = sc® ; hence 

PR = SP = 


270. Examination of a Given Curve for Singular 
Points. — In order to examine as to whether any singularity 
occurs at a given point, transfer the origin to that point ; the 
preceding methods can then be adopted 
In other works will be found a full method of disgovering 
whether any multiple point occurs in a given curve. 

The following method for finding doable points, if, any, is 
based on that referred to above : — 

If /(a?, y) = 0 be the curve, transfer the jjrigin to the point 
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(//, Z:), so that the equation becomes /(.r + + Z:) = 0. Expand 

ill ascending powers of x and y, and equate to zero the absolute 
term, and the coefficients of x and y respectively. This gives 
ihree equations for finding h and 7r, and unless the values as 
found from two of the equations satisfy the third, there is no 
double point on the curve. 

Ex. 05(2x2 — + 4a2) = ay(^a — y). 

Transferring the origin to (/i, /»:), we have 
(x + Ji){2(x 4* — 5a(x + h) + 4a2} = a{y + Z:){2a — (y + h)} (A) 

Equating to zero the absolute term, and tlie coefficients of x and y; we 


shall get 

7i(2A2 5a7i + 4a2) == - /.) . . . . (1) 

37^- - t>ah 4* 2u2 = 0 (2) 

a - k = 0 (3) 

From (2) and (3), we have 

h = «, or ; k = a. 


By substitution in (1), we find that h — k a satisfies. 

Hence there is probably a double point at (a, a). 

Putting h ^ k = am (A), it becomes 

(x 4- a){2(x 4- — 6a(x + a) 4-4^2} = a(y 4- ~ y), 

which reduces to (x 4- (()(2x^ — ax 4- a-) 4* a{y^ — a'-’) = 0, 
or 2x2 4- a(x2 4- y-) = 0. 

Hence there is a conjugate point at the new origin, ^.e. at the point 
(a, a). 

Note. — ^It can be shown that if the curve be /(x, y) = 0, then d/jdx = 0 
and d/ldy = 0 will give the equations for finding (7*, k). 

Thus in the curve above given, viz. — 

x(2x^ — 6ax 4- 4:a-) — ay(2a — y) = 0, we shall get 

d/jdx = 6x2 _ IQtjjc 4(^2 _ 

dfjdy = - 2a 4- 2y = 0, 
leading to equations (2) and (3) above. 

EXAMPLES XLI. 

1 , Find tlie tangents at the origin in the following curves:—* 

+ P = ^2) + = 0. 
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(3) x^y + as^ - ?/3 + 7/2 = 0. (4) 05 ( 0 ; - y^Xy - x^) = y(x - 7 /)*. 

( 6 ) (as - yX = as® + 7/3 - 7/2. 

(6) y\a + as)(rt + 2as) = x\a — as)(n — 2a:). 


2. Find the nature of the cusps, if any, in the following curves, and draw 


a figure : — 

(1) y = as^. 

(3) as® + ^2 = 0. 

(6) 7/ = 2a;2 + 3 a;f. 

(7) (y — as)® = as® + as^. 

( 9 ) as^ + (7/ 


(2) y = xi. 

(4) 7/2 = as®(l — as). 

(8) as = 7/2 + 7/^4- 7/2. 

(8) a: + 7/ = 2/^(2 + 3>/ //). 

2a: + x-y - 0. 


3. Show that the origin is a conjugate point in the following : — 

( 1 ) a;2 = 7/2(7/2 - a^). (2) y = a:Va: - 1. 

(3) 7/2 = a;2(as2 — a2)/(u.2 + a®). (4) as® + 7 /^ = t/'*^. 

(5) (7/ — a:)2 + os'* = a:\ (6) t/® = a;® + a5®Va5 — 2. 

(7) = 0. (8) 3as2(a5 + a) = ay(2x — ?/). 

as + rt 7/~« 

4. Show that a loop exists in each of the following curves : — 

( 1 ) y^ = a:2(l - x). (2) ?/2 ;= (a? - a)2(2a - x). 

(3) y* = a2(7/2 - ^2). (4) ( 7 / - 2)2y = as®. 

(5) a;® + 7 /® = 3«a;y. (6) as®y = (y - xXy - 2a;). 


6. Show that there is a double point at the point (1, 1), and a loop in 
the curve a: — 2?/ + as® + 7/2 = a:®, by transfeiTing the origin to that point. 

6 . Show that in the curve as® + as® + t/® — a; _ 4y + 3 = 0 there is a 
node at the point (—1, 2), and a loop. 

7. Show that the curve 7/ = as + (as — a)* has a cusp at the point (a, a). 

8. Examine the curve ^ = 1 + as + 4- (as — !)• at the point (1, 3). 

9. Examine the curve xy(x — 2a)(y — 2a) = at the point (a, a). 

10. Show that tlie curve r = a sec® $ has a conjugate point at the 

origin. 

11. In the curve (as® + y^y = aas(as® — St/®), show that the tangents at 
the origin are equally inclined to each other, and that there are tliree loops. 
1^'iiid the equation in polar coordinates. 
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12. Examine the curve y = x- + 2 — co at the origin ; and show 

that there is a loop. 

13. Show that the curve c(a-y — x^^(h-y — has a double cusp 

of the second species at the origin, the branches being in tlie first and 
third quadrants respectively. 

14. Find whether there are any singular points on the curves : — 

(1) ay(jj — 2a) = x(^x — a)- — aF\ (2) 2y{y -- 4) + + 2a; — 4) = 0. 


Answers. 

1. (1) ay + hx = 0. (2) 2 ^ = ± 2a?. (3) Imaginary. 

(4) y\y — 2a?) = 0. (5) Imaginary. (6) a? = ± y. 

2. (1) 1st species. (2) None. (3) 1st sp. (4) 1st sp. (6) 2nd sp. 

(6) 2nd sp. (7) 1st sp. (8) 2nd sp. (9) 2nd sp. 

8. Transformed equation is ?/ = 3a? + + aJ • cusp, 2nd species. 

9. Conjugate point. 11. r = a cos 3o. 12. Double cusp, 2nd species. 

14. (1) Node at (a, a), and loop. (2) Node at ( — 2, 2), and loop. 


271. Points of Inflexion — Stationary Tangents. — In 
Art. 115 (q.v.) we have shown that if dhf/dj^ change sign on 
passing through zero, a point of inflexion will occur. 

The same will occur when d^ij/dxl' changes sign on passing 
through infinity. 

The tangent at a point of inflexion is called a stationary 
tangent, for the reason that as we pass through a point of in- 
flexion the tangent becomes temporarily stationary. 

We now give further examples. 


272. Ex. 1. ay'^ = x(a^ — a;^) ........... (1) 

Differentiating twice, we have 

2ayyi = a^ — 3x^ (2) 

2ayj^ + 2ayy2 = - Co? (3) 
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Multiply (3) by 

/. = - 12aifx. 

from (1) and (2), squaring tho latter, 

a* — + 9x* + ^d?y^y.^ — — — cc-) ; 

/. ^a^y^y^ = ; 

, _ 3x* — Gx^a^ — 

“ ~ 4aM(a2 - 

.\ for a point of inflexion, 3a-'‘ — Gxhtr ^ d = 0, 


or 3(ic2 — a^yi _ 4 ^ 4 ^ 

o oi2.^ i!2-4“ 3 A 

/. = a- ± - -a^ = — — a^. 

V3 Vs 


Since 2> Vs, we cannot take tlie lower sign : 



+ Vs 
Vs 


= ± l‘5a nearly. 


It is now necessary to test (d) whether these values of x correspond to 
real points on the curve ; (b) wlicther yg changes sign as x passes through 
these values. 

» 

Since y = V y will be imaginary if cc > + a (supposing 

a +’*)> if a: — a. Hence we can only take sc = — l’5a. 

There exists, then, subject to (6), one real point of inflexion for y^ = 0, 
viz. that at which cc = — 1*5«. 

To find y, we have 


cty‘- — — — a'-^) = l’5a • = V Sa^ nearly, 


y = ± >y/3.a = + l’3a nearly. 

Since none of the factors in y^, except Sx^ — Gx^ar — d, vanish for this 
value of X, they will not change sign as a5j)asses through this value. Wo 
need only, therefore, consider this factor. 

Now Sx^ — Gx“d — d = 3(cc2 — and when x increases 

algebraically through the value — l’5a, 3(cc‘^ — diminishes, hence 
the expression diminishes through zero, and therefore changes sign. 
Hence there is a point of inflexion. 

Again yj = 00 if £c = 0, or ± a, but since tho denominator cannot 
eliango sign as x passes through these values, there is no point of inflexion 
t'oiresponding to them. 
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Ex. 2. y = !B*{(a! - 1)5 + 2}. 

We have y, = — 1)’ + 2} + — 1)1, 

3/2 = - - 1)5 + 2 ) + _ 1)1 + l&x\x - 1)-1 

= I- (' - 1)“ - - 1)5 + - 1) + 5ai=] 

Ignoring the numerator Avhich is complicateil, we observe that 7/2 = cc 
when £c = 0 and a; = 1 ; moreover, in both cases, 7/2 changes sign as x 
passes througli these values. Hence there are points of inflexion where 
X ~ 0 and x = 1 respectively. 

Again, when a; = 0, dyjdx = 00 ; but when x — 1. dyjdx - 

Hence may be infinite whether y, is infinite or not, i.e. whether tlie 
tangent be ijarallel to Oy or not. 

In the curve y = x^{x — 1)5, y^ = 0, while = 00 , at the point where 
a; = 1 . 


273. Geometrical View. — From the nature of a point of 



inflexion P on a continuous curve, it is evident 
that if a straight line QPR be drawn near to 
the tangent at the point, it vill cut the curve 
in three points. When the line approaches 
the tangent by rotating about P^ the points Q 
and Jl approach and ultimately coincide 
with P. 

Plencc, the tangent at a point of inflexion 
meets the curve in three coincident points. 


Fio. 74. 


274. Points of Inflexion at the Origin. — We are now 
enabled to determine briefly whether the origin is a point of 
inflexion. The general case may be deduced from the following 
examples. 

Bap. 4- ay-. 

Hdre y = 0 is the tangent at the origin. To find the points in which 
* y as 0 meets tlio curve : put y = 0 in the equation, and we get as® = 0> 
giving three coincident points at the origin. Hence y = 0 is a stationary 
tangent^^and the origin a point of inflexion. 
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Ez. 2. y — 205 = sc^ + y^. 

Hero y = 2x is the tangent at tlie origin. To find tho other points in 
which the tangent cuts the curve, put y = 2x, and we get 0 = + 8x^. 

Hence the origin is a point of inflexion. 

Ex. 3. x(y — 2x') — x-y — y^. 

Here, (i) putting x = 0, we have y " = 0 ; 

(ii) putting y = 2x, wc have 0 = 2q(^ — 

Apparently, in both cases we have a point of inflexion. It must he 
remembered, however, that the origin is a double point, so that one point 
belongs to the branch which is cut obliquely and tho other two to the 
brancli which is touched by the line. 

This may be seen by drawing a 
straight lino PQR parallel to the 
tangent (x = 0, say), and supposing 
it to approach Oy, when the three 
points will ultimately coincide, but 
there will not bo a point of inflexion. 

Similarly for the otlicr tangent. By 
putting y = mx in tho equation to 
the curve, and making m vary from 
2 to 00 , it will be seen that the part 
of the curve near the origin is as in 
the figure. 

Ez. 4. (x* + y^y = a“(x2 - 

Since x = ± y both meet the curve in four points at the origin, one of 
which belongs to the branch cut obliquely by either tangent, there will be 
two points of inflexion, one for each tangent. 

275. When a straiglit line meets a curve in four coincident 
points, there is said to he a point of undulation, and we can show 
that the tangent is not crossed by the curve, but is indistinguish- 
able from an ordinary tangent. [See Art. 207 (B).] 

Ez. In y — X = X* + 2/"*, there is a point of undulation at tlie origin. 



276. Polar Coordinates. — The condition for a point of 
inflexion is that the perpendicular {p) on the tangent is either a 
maximum or a minimum. 
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Now i -f , and if 2^ is a max. or min., then 1 will 
be a min. or max. accordingly. 

Hence = 0, and changes sign. It may also be infinite 

or discontinuous ; but if it changes sign as 0 passes through this 
value a point of inflexion will generally occur. 

Ignoring the latter cases, which are less common, we have 

4 - 2 - 0 
^ tie ^ ^iw'de^ ~ 

. « du 

either it d- =0, or = 0. 


ae' 


(1) w -h = 0 is the general comiilion which, as we shall 
show, must hold good always. 

(2) = 0. This makes the polar subtangent, — infinite. 

(iO lilt 

Hence ^ which is not necessarily true for a point of 

inflexion, though it is one condition for a 
turning value of 7?.t 

Let the adjoining figure represent the case 
in which ihi/dO = 0. Then at A we might 
have cither an ajrse, as in the curve P'All, 
or a point of inflexion, as in PAR. 

A further condition is therefore required, 
viz. that OP — OQ changes sign as P passes 
through A. 
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For convenience, let v = ^ 

have to change sign. Also let OA = r, 1/OA = u. 


t It is also a condition for a turning value of u, and therefore of r. 
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Now, V =u +cluf - = u + au- 


= du + ... 


iie^ 


But if « =/(0), w + du -:=f{0+de)=m^f(e),d0+f\e)~- 


I du , d-udO"^ 

, j tPud6f^ .. i.'u i. du ^ 


and neglecting higher orders. 

Hence v = ^-(u 5 since ^ is always 4-^% it follows 

2 V d0“/ 2 

d^u 

that u + must change sign, as in (1). 

iiu s 


277. Examples. 

Ex. 1 . r(Q‘^ - 3 ) = 2 . 

Here — 3; 

2mi = 20; 2?/;5 = 2. j 

/. w + Wg = “ J = + l)(o — l) = Oifo = ±1; 

and since u + changes sign as 0 passes through these values, there will 
be a point of inflexion in each case^ 

Ex. 2. r = a + I cos 0 (the Lima^on) 

Here u = — where c~cosO: 
a + 6c 

• 9 t — f ^ 1 \ — 

* * ^ (a + hey - ' ^ ^ (a + hey' 

__ 6( 26 + ttc — . 

"■ (« + hej* ’ 


t Sti'ictly, ^ M + da + Kdu^, as may b© easily shown. 
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. . _ + 2a6e + 6 V + T F + aU - _ oM- 26^ + 3ai!>e 

. . « »V2 _ (tt + ftc) > “ (a + 6e)* 

oS j- 97)2 

= 0 if o® + 26® + 3a6c = 0, or cos fl = .T i — • 

0(^0 

Since cos0-<l numerically, and assuming a and h to be +^*, wc must 
have 

a2 + 2b^<3ah; 

i.e. — 3ah + <C 0 ; 

i.e, (a - l){a - 26)<0. 

/. a must lie between h and 26 for real points of inflexion. 


EXAMPLES XLII. 


1. Find the points of inflexion in the following curves 
(1) (a^ + x^)y = ax^. (2) y(x — 1) = a,^. 

(3) y(^x + a) = + 2a\ (4) xy = log a?. 

(5) = a\a — a:). (6) = x\a- — ac^), 

(7) y'- = (x- - 2). 


2. State whether or not the following curves have points of inflexion 
at the origin : — 


(1) X = 2/3. 

(3) xy - ^ 

(6) x(l + y - x) - y\ 

(7) 7/2 _ 4^*j _|_ 


(2) 7/ 2ap + x3 + X*. 

(4) = yXa^ + 2 /-). 

(6) a-y' - X* + q/. 

(8) (x - y)(x + 2y) = x^ + y\ 


(9) (ax - 6y)(a + x + 2;/) = x^. (10) y = bin x. 

(11) (I + x) = e-"(l - x). 


3. Find the points of inflexion in the following curves : — 

(1) r'^e = a2. ' (2) r(\ - 30) = e. 

(3) = a-(2 + 8^). (4) (r — a) cos e = a [(Conchoid]. 

(6) r = a + 6 cos 0 [Linia9on]. 

4. Show that the curve x — y = x^ — 2 lias a point of inflexion where it 
is met by the line a; — y + 2 = 0, and find the point. 

5. Show that the curve (x + yY = y(x -* y + 2) has a point of in- 
flexion at the origin, and ^t the point ( — 1, 1). 
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6. Show that the curve (cc — — 2i/ + 3)(2x — 3) = (05 + 2y — 3)® 

has three points of inflexion wliich are collinear. [See Answer.] 

7. Show that the curve = x has three points of inflexion on 

the aj-axis. 

8. Show that the curve xy(x — y') = — y^ has a point of inflexion 

at the origin. 

9. Show that in the trochoid, whose equation is given by 

X = a(l — m cos </>) ; y = a(<f> — m sin 
there is a point of inflexion where cos tp = — 771. 

10 . Find the points of inflexion in the curves — 

(1) y^ = x\a — x). (2) y^ = ax(a — .r). (3) x? — y^ = y(y + 1 ). 

Show that in the last curve the three points of inflexion are collinear. 

11. Show that the curve x^/a^ + — 1 has three points of inflexion, 

one of which is at infinity (Art. 260) ; and that these are collinear. 


Answers. 

1. (1) as = ± <i/V3. (2) Origin. (3) x = — 2a.^ (4) x = e^. 

(5) X = 3a/4. (6) X = 0 ; £c = ± (7) x = I. 

2. (1) Yes, (2) Yes. (3) No. (4) Two. (6) Yes. (6) Two. 

(7) No. (8) No. (9) Yes. (10) Yes. (11) Yes, 

3. (1) 0 = ± (2) e = 1. (3) 0 = ± 1. 

(4) r = |(3 + V3) ; e = - 1). 

(5) r = 2(a^ — h‘^)/3a ; 0 = cos“i { — (a^ + 2b^)l3db}. Since + 2b^<^3ah, 

i.e. (a — 2b)(a — &)<^ 0 ; a must lie between h and 2b for 
real points of inflexion. 

6. The line x — y =■ 0 meets the cutVe in three coincident points given 
by X ^ y = 0 and x + 2y — 3 = 0 ; similarly for a? -- 2y -f 3 = 0 and 

2x — 3 = 0. There are three points of inflexion, therefore, which lie on 

the line x + 2y — 3 = 0. 

10. (1) x = a. (2) x = 0,ora. (3) 2 /= -J, 0, or 1 ; a;= - 0,or 
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CHAPTER XVII I. 

CURVE TRACINQ. 

278 . We shall now give a few examples on the tracing of 
comparatively simple curves, first in cartesians and then in polars, 
in each case ending with a summary of tlic methods adopted. 


279. Cartesian Coordinates* 


Ex. 1. Trace = x\q? — a?-). 

(a) Since no odd powers occur, the curve is doubly symmetrical, *.e. 
symmetrical with respect to both axes. Wc need only, therefore, take the 
first quadrant. * 

(&) Since ay — xj a? ^ x^, x cannot be > a. 

Similaily, solving for x we have 

. o o o ^ ■> i 

X* — a-^x^ + a-y-' — 0, or x- = '~t 



whence y cannot be >► a/2. 

(c) There are no asymptotes. 

(cQ The tangents at O are = y\ By 
Art. 274, there are two points of inflexion at O. 
Hence the curve is as in the figure. 

(c) If wc wish to draw the curve accurately 
to scale we may plot points by giving x different 
values and finding the corresponding values 
of y. 


Ex. 2. Trace y^* + axy + hx“ ~ 0. 

For purposes of tracing let a = 2, & = 3, say. 

(a) Tangents at O are x = 0, ay + hx = 0. Draw these. 

. (&) Put y = mx ; wc may do this when the dimensions of the terms do 
not differ by more than two. 
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We get 


ma + h ^ 


ma + h 

y — • 


By giving different values to « 2 , which will determine the directions of 
the line y = mx, we can find the points in which the curve is cut by this 
line. Moreover, the values of m must be sufficiently close together to 
enable us to trace the curve from point to point. 


TABBE OP VALUES. 


m = tan 0 

X 

y 

0 

— oo 

— GO 

1 

-5 

-5 

2 


7 

T 

CO 

0 

0 

-2 

_ 1 
fl 

+ i 

— 1 

0 

0 

-i 

+1 

-1 
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(c) Solving for x in terms of y, we have 
— a ± a? — 
® = - 27 > 


A by 
— ly. 


Hence y '^a'^/Ah\ i.e. 


Ex. 3. Trace xy^ — (x — a)^ . . , , 

(a) Curve symmetrical with respect to Ox. 

(b) If cc >■ a, 2/ is real ; 

X = a, y = 0; 

X between a and 0, y is imaginary ; 
x<^0, y is real. 

Hence no part of the curve lies between cc = 0 and x = a. 

(c) Find the asymptotes. We shalUobtain by expansion 

. , 3a^ \ 


( 1 ) 


The asymptotes are therefore y = + end the term ^ 

s/iows on which side of the asymptote the cwrve lies (Art. 247). But 
the curve is of the third degree ; hence there are* three asymptotes 
(Ex. XXXIX., No. 2). 
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The third asymptote is evidently a; = 0. 

(d) Find where the asymptotes cut the curve. 

3^ 

Putting y = sc — in (1), wc have 


cc^sc' 


- 3asc + = 

4 


3a% 

-j— = ar^ and x ■ 


Aa 


(e) Next examine the curve where a; = «, 2 ^ = 0, at O' in the figure. 
Transferring the origin, (1) becomes (:r + a')y^ = x^. 

The tangents at the new origin are = 0. Also y is imaginary when 


X is negative, and has equal and 
flence there is a cusp. 



opposite values when x is positive. 

(/) If necessary, examine for 
points of inflexion by putting y^ = 0. 

This is of secondary importance 
in the present case, as we can see 
that there is not likely to be one, 
from other considerations. 

We shall get from (1), = 

3^2 

— ri, which never vanishes, 

4 » 5 (® - “)* 

but becomes infinite when a: = 0 and 
X = a; it is imaginary, however, 
for adjacent values on one side of 
each, and so cannot change sign. 
Hence there is no point of inflexion. 

(g) Connect the various portions 
of the curve, and test the curve by 
noting whether any line can possibly 
cut it in more than three points. 

Since O' is a double point, no line 
through O' can cut the curve in 
more than one other point. 


Ex. 4. Trace x(x — y)^ = x + y. 

(tt) If we cliange the sign of x and y, the equation is not changed. 
Henco the curve is symmetrical in opposite quadrants. 

(p) The asymptotes are a5 = 0, a? — y = ± V2. 

4 ( 
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By solving for y and expanding, we get 

j/ = !r±V2 + ^..., 

which gives the position of the curve with respect to the asymptotes. 



Fig. 80. 


(c) The tangent at 0 is ac + y = 0. 

(d) There is a point of inflexion at O [Art. 274], as also follows from (a). 

(e) To find where the curve cuts Ox^ put ^ = 0 ; a? = 0, or ± 1. 

Ex. 5. Trace ay^ = x(a^ — as^). 

(а) Curve symmetrical about Ox, 

(б) If 05 >- G, y is imaginary ; ' 

fic between a and 0, y real ; 

05 between 0 and — a, y im- 
aginary ; 

95 •< — a, y real. 

Since y is finite for finite values of x 
there is a loop between 05 = 0 and 
X = a, 

(c) dyjdx = CO when 05 = 4* g, 0, 
and — a, 

{d) No asymptotes at a finite dis- 
tance from O ; but 95 = 0 is parallel to 
the asymptotes. Hence the direction 
of the curve at infinity is parallel to 
Oy. This occurs when a; = — 00 . 



Fig. 81. 


•i 
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(c) There is probably a point of inflexion between x — a and x = — oo • 
It will be found to occur where x = — fa. 


Ex. 6. Trace ay^ — 2axy + = 0 . . . . , - • 

(a) Tangents at O are y = 0 and y = 2x. 

(&) Solving for y, we have 

ax + V . /a — x 

y = = = X ± XV / 

a V a 

Hence we may trace the two auxiliary loci, 


(5) 


= X and 


y = x 


y=± 



The second equation is 
ay^ = x%a — x ) ; 

hence the tangents at O are y^ = x^. 

The curve may he easily shown to 
be as in the figure (^COSAD). 

Now let i? be a point on y = x ; 
draw PRSQN peiq^endicular to Ox. 
Take RP =. RQ =. SN; then Pand 
Q are points on the locus (1), 

By thus measuring vertical dis- 
tances from the line 07?, equal to 
the corresponding ordinates of the 
auxiliary curve, we can easily trace 
the locus, wdiich is represented by 
the dark line. 


280. Summary of Methods for tracing Curves in 
Cartesians. 

(1) Note the degree, and whether the curve is symmetrical. 

(2) If possible, solve for y or x, and note when either is 
imaginary. 

(3) Find the tangents at the origin ; and, when possible, the 
of y for different values of x. 

(4) Find the asymptotes, and the position of the curve with 
respect to them ; also where they cut the curve, if possible. 
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(5) Find where the curve cuts the axis, and plot points. 
Find dyidjc. 

(6) Put y = mx^ when the dimensions of terms do not differ 
by more than two. 

(7) Transfer the origin to a convenient point. 

(8) Use auxiliary curves, by solving for y and separating terms. 

(9) When the asymptotes are at infinity, note the direction of 
the curve at infinity by equating to zero the terms of highest 
degree. 

(10) Turn to polars, if convenient. 

(11) Examine for nodes, cusps, conjugate points, loops, points 
of inflexion, maxima and minima, etc. 

(12) Connect branches, and test tiie curve by noting whether 
any line can possibly cut it in more than 7i points, n being the 
degree of the equation. 


EXAMPLES XLMI. 

Trace the following curves . — 

1. x-y = ar(2a - y). 2. ay^y - a\y - 2a). 

3. x(x - a)2 = y\x - 2a). 4. = 1. 

6. (x — 1) (ic— 3) (y — 1) (y — 3) = 9. Transfer the origin to the 
point (2, 2) . 

e. y^ = a\x^ — 2/2). Put y = mx. 

7. y^ = a\x^ + y^). Show that the curve has a conjugate point; show 

also, by putting d^xldy'^ — 0, that there are points of inflexion at the 

points (+^o, ♦ 

8. a;® + 2/2 = Zaxy. [Folium of Descartes.] [See Art. 61, Ex. 5.] 

9. iy2 = Pl. Show that there is no point of inflexion. 

^ (a + «)» 

10. 2/^(2a — a;) = sc®. [Cissoid of Diodes.] There is a cusp at O. 

( 3 2 \ 
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12. ay^ = x(x - a^f. The curve has a loop ; at infinity tho curve is 
parallel to Oy ; no asymptotes. 

13. x‘^ + y^ = 2a\x^ — y^), 

14. x*-\-y* = a^xy. The curve is symmetrical about the lines as + y = 0 ; 
7/ is a max. at (^.3^ a, i.Sia). 

16, y^ = x%x — a). There is a cusp at O, and a point of inflexion at 
(«, 0), the tangent being vertical ; and the asymptote cuts the curve where 
X = a/9. 

16. ®Va3 + 2/VZ>3 = 1. [See Ex. XLII., No. 11.] 

17. = aas(a ^ as). Two points of inflexion at (0, 0) and (a, 0);» at 
inGnity, curve parallel to Ox, 

18. (r/a)* + (y/i)’ = 1. Eut x = acos^O; y = h sin^fl, 

19. y{a — cc)2 = x^, 20. y(a — £c)(2a — as) = x^, 

21. 2x(as2 -p = a(2x- + y^). 22. 4^^ + xy + 2x^ — 0. 

23. y^ + = 4as®. 24. x^ y^ = x — 2y. 

25. x\x^ + 2 / 2 ) = a“^y^, 26. ay(x + 2a) = x^y + aK 

27. y = Va2 — + x. Use auxiliary curves. 

28. ( 2 / — ac2)2 — 1 xi, 29. a^y^ + x-(x ~ a)(a* — 2a) = 0. 

30. ary- — x%x ^ a)(a; — 2a), 31. xy^ 4- 2yx- ~ a(x'^ + 2/^)- 

32. 2/“(* + a) = a:‘-^(as — a). 33. y\x + 2a) = (x + a)‘’(x — a). 

281. Polar Coordinates. 

Ex. 1. Trace the curve r = a cos 4.0. 

By giving 0 different values the curve 
can be easily traced by plotting points. ‘ It 
will be seen that tho values of r ' occur 
r periodically, and oscillate between + a and 
~ a ; hence the curve is iiiscribable in a 
o. circle of radius a. 

TABLE OF VALUES. 

6 1 0 I ^ I ^ I — ^ i J — i 
8 If I ~8 ^8 I 8 8 I ~F 8 

^’lalol— ai 0 a I 0 1 — a j 0 a... 

Npte tljat the values^of 0 which make r = 0 give the directions of the 
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tangents at tlie origin, as may bo seen by making e approach these values 
[see Fig. 60, Art. 266J. 

Ex. 2. Trace cos 

a 

4- = then 0 = ^ ^ ^ a say. 

Describe a circle, and let the numbers 1, 2, 3, etc., denote the positions 
of radii for which 6 = o, 2a, 3a, etc. There will be sixteen positions in all. 
Notiity that cannot he — we have the .following table of values : — 

^ I-—— I I 6a I 7a [ 8a... 

r - 1 a^ 10 1 — a*i 0 [ a- j 0 0 f 


Again, when r is real it has equal and 
opposite values; this, however, does not 
duplicate the curve, as the whole curve 
could be described by keeping to the + 
value of r only, the reason being that 
the numerator in 4^/5 is even. 

.3d 

In the curve cos V, the 

o 

numerator of the angle being odd, the 
curve will be duplicated. 


Ex. 3. Trace r cos 2d = a sin .3d. 



Here r — oo if cos 2 d = 0. To find the asymptotes, if any, we may 
adopt the ordinary method, or turn to cartesians. 

Choosing the latter, we have 


r(cos2 d — sin^ d) = a sin d(3 — 4 sin^ d) ; 


/, multiplying by r, 



\ 

a- + 2/-/ 


or X* — = ay(^x^ — ?/-). 

The asymptotes will be found to bo * 


X + y = and X — 2 / = 5 . 

^ A 


The tangents at the origin are given by 

sin 3d = 0 ; /. d = 0, 7r/3, or 2?r/3. 

Using the cartesian equation, since x occurs in even powers, the curve 
is symmetrical about Oy, 
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Also if a: = 0 ; y = a, anJ dyjdx = 0. 

To find where the asymptote x — y = aji cuts the curve, wo cau show, 
by putting as = y + ^, that y — 0*14a, or - 0*3«. 

Hence the branch A croswes its as 3 ’’niptot 0 , and there must evidently be 
a point of inflexion. To find this is troublesome, however, but we may 



either solve for cc in terms of y, and put d^xl^hj^ — 0, or use polars and 
put + Wg = 0. The latter gives ultimately a quadratic in cos 2^, the 

admissible root being — — , or 0*3C, whence 0 = about 35°. 


Ex. 4. Trace r = 

6 + a 

By lilx. 1, Art. 262, the asymptote is 2ao = — r sin (0 + a). 

There is also a circular asymptote, since r — a when 0 = oo . 

Again, since r — 0 when 0 = d, we have the direction of the tangent at 
the origin. 

. For purposes of tracing, let a = tt/G = J nearly; ^\e have then the 
following table of values : — 


$ 

r 

oo 

a 

0 

— a 

i —00 

IT 

TT “TT 

2 ”2 

a 

0 

1 

— a 

00 

a 

5a 

7 1 

X 2u 

1 2 5 
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To tost for a point of inflexion, use the formula u + u.^ = 0. We shall 
have (jd + a)(0 — o)2 + 4a = 0. 

Since the left hand side is when = — a, and — ” when 0 = — oo ; 



it must pass through zero for some value of e betw(3on — a and — oo ; 
hence there is a root between those values, giving a point ctf inflexion. 

282. Summary of Methods for Tracing. Curves in 
Polar Coordinates. 

(1) Write out a table of values of 0 and r, and thence note 
how r varies with 6, 

(2) Find the tangents at the origin by noting for what values 
of 0, r is equal to 0. 

(3) Find the asymptotes, by polars, or by turning to cartesians. 

(4) Find the circular asymptotes, if any. 

(5) Turn to cartesians if convenijnt, and adopt methods given 
before. 

(6) Find points of inflexion, if any, 

EXAMPLES XLIV. 

Trace the following curves : — 

1, 7 = a COB 30, 2. r = a cos 59, ^ 3. = a® cos S. 
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4. 9'- = a- cos 3ff. 5. r- = cos 40. 6. r = acos^. 

30 6 20 

7. r = acos^. 8. 9'- = a^cos^. 9. = a'^cos-^. 

0 

10. r cos 30 = a, 11. r cos 40 = a. 12. rcos^ = a. 

g 

13. r cos - = a. 14. cos 0 = 16. »•- cos 30 = a-. 

Q 

16. 9' = a tan 0. 17. r = a tiin^ 0. 18. 9' — a + h cos 0. 

19. r = a 4- 6 cos 20. 20. r = 1 + 2 siii^O. 21. 7-cos0 = 2a siii-0. 

22. r cos 0 = a cos 20. 23. r cos 0=1— sin 0. 

24. 7 ' = a tan Find the equation in cartesians ; transfer the origin to 

the point (0, a) ; again, express in polars, and show that the equation 
becomes r sin 0 = a cos 20. 

26. r cos 0 = 1 + 2 sin 0. 

26. r cos 0 = 2 + sin 0. Find the angle at which the curve cuts 0.r. 

Change to cartesians, and show that there is a conjugate point at the 
origin. » 

27. r‘ sin 0 = cos 20 ; the curve is sjunraetrical about its asymptote, 

Ox. 

28. r COB 30 = a sin 20 ; there is double point at the origin ; also three 
asymptotes equally inclined to each other ; symmetrical about O?/. 

29. r cos 0 cos 30 = a. 

30. r = a0 sin 0. 

<20 

31. r0 = a sin 0. Show that when 0 = 0, r-,- = 0, and is — when 0 

’ ar ^ 

is small ; hence there is a cusp at the point (a, 0) ; curve symmetrical. 

32. r* cos 50 = a*. ^ 33. r = 0(0 — 1). 

34 . r = 33. (92 - 4)r = a$. 
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CHAPTER XIX. 

CUR VA TURE--CONTAGT— ENVELOPES— EVOL UTES. 

283. The curvature of a curve at any poiut on it may be roughly 
described as the degree of bending about that point. 

A sharp bend denotes great, and a gradual one small, curvature ; 
while a straight line, which docs not bend at all, has of course 
no curvature. 

A circle bends uniformly at all points, or, in other words, has 
the same curvature throughout ; we may therefore choose the 
circle as the best means of obtaining a precise deQuitioii of this 
term. 


284. Angle of Contingence. 

Def. — If P and Q be two' points on a continuous curve, and 
the tangent at P roll on the curve until it becomes the tangent 
at Q, then the deflection of the tangent, 
the angle through which it has 
turned, is called the angle of contingence 
of the arc PQ, 

If PQ be the arc of a circle of itedius 
p, then the angle of contingence is PTK^ 
and this = PPQ- 

If equal arcs, however small or large^ 
be taken on the same circle, the deflec- 
tion of the tangent will be the same 
for all. Hence the deflection is proportional to the arc. 



Fio. 87. 
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285. Definition of Curvature — measured by 1/p. 

Def. — The curvature at a given point of a curve is the deflec- 
tion per unit arc from that point, if the curvature is uniform ; 
if variable, the deflection per unit arc, supposing the curvature 
to be uniform and the same as at that point. 

Z PEQ 1 

For the circle, this becomes or -, if wc use circular 

’ arc PQ p’ 


measure. 

For a curve of variable curvature, the obvious method is to 
take an infinitesimal arc at the point, so that the curvature is 
practically the same throughout. If ds) be this arc, and 

we draw the normals PE^ QE [see also Fig. 47, Art. 220], then 
regarding PQ as part of a circle, E will be the centre of this 
circle, and its radius coi’responds with what was defined as the 
radius of curvature p. 

The deflection is hence the curvature = d\l//ds = 1/p* 
[Art. 240.] 


286. Expression for p in Cartesians. 

Since tan ^J/ =idtj/d£, sec = ds/dx ; we have, difl’eren Mating 
the former with respect to .r. 




dy . 

dP * 


^ d\i/ dx'dxl/ ^ ! dP 

(1 + yi")* 


I 




dx dip 
2.^ 


or 


iPy/dP ''' 

£x. 1. In tlic ellipse we have, diflerentiating twice, 

IPx + Pyyx - 
tP + + Pyyt = 0 ; 


h'^x . 

' apy * 


2^2 = 


- (P + 

aPy 

- W + v 





§ 285-287.] EXPRESSION IN POLAR CO ORPIN A TES. 281 


/. p = 



/ ay ~ 


(aV + 

a*b^ 


But a^y 2 ^ ^ _ ^^^2 _ J 2 ^J 2 jp 2 

= a^b\a^ — cW). 

/, neglecting the negative sign, we have (numerically) 

_ (gg - ^ ^ 

^ aft aft * 

^vliere C7i> is conjugate to CP. 


Ex. 2. For the cycloid, x = a(d + sin 0) ; y = a(l — cos fl). 
jdx sill e 6 

iTcosl 

dy. jdx 1 0 . 1 . ^ 

= 1urs = 2 ®“*= = 45 ®“® 2 - 

(1+2^.®)’ a» 4a ^ 6 

: see® IJ • = 4tt cos 2 ‘ 


P z=. 




Ex. 3. Find the radius of curvature of the folium y(x2 + y®) = a(y2 — x*), 
it the point where y = a. * 

When ^ = a, a; — 0. Differentiating, we have 


yfx- + 2/'“) + 2^(a^ + yy,) = 2a(yyi - £c). 


Putting a; = 0, we have at once y^ = 0 for the point (0, a). 
Differentiating again, and omitting terms which contain y^, we have for 
die point (0, a) 


+ y") + 2y(l 4- yy.^) = 2a(yy.^ - 1) ; 


or a^yg + 2a(l + ay a) = ^aQiy, — 1) ; ^ 


Ilcnce 


p = Q^yfl ^ 

^2 4 


4 

a 


287. Expression in Polar Coordinates, 
Since ^ ^ ^ ; [See Fig. 45, Art. 216.] 

. dxl/ _d<l> 
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Now, tan tf, = where ^ ; 

ar r do 

= ^ r«-rr" 

sec=<^.^' = — — . 

But sec* <l> = 1 + tan'“ <^ = 1 + ^ = • • 

Adding, secV(l + </>') = ~^^ -. 

by (1) and (2), 

But s' = (/■“ + [Art. 210.] 

•*• <iivision, p 

288. Alternative Method. 


We have sho^n (Art. 242) that p = 

Using, as above, dashes to denote differentiation in we have 

r' 

P = r--.. 

1 1 r“* 7*“ 4- r*- 

Now _ = ; 

2 )- r- r‘ 7’* 

. _ 2y/ ^ (2 rr’ + 2r'r”) r - 4rXr- + ^ 27T^-^^ - 2 r^ 7'2 - 47-^3 . 

* * 1'^ ^ 

... (2.-^ + - rr") ; 

7*-* 7^ ^ 7* 


„ _ rr' _ ,y (.r\ +r'-^i (r^ + r'»)? 

P - y • 'rr'(2»-'2 + - rr") ~ 2r'“ + r* - rr" 


Kz. Id the system of curves r”* = a” cos me, we have 
771 log r = log -r log cos me. 

By differentiation, 

m t' 

— . r' = — 771 tan me, or — = — tan 77id . • . 

^ . r 


( 1 ) 
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Differentiating again, 

^ ??i> scC"* ipQ •••••■ 

T-‘ 

But from (1) ^ ’ 

hence 2r‘^ + — rr" = + r'-) — (rr” — r'-) 

= scc2 me + mr^ sec^ mO = (m + acc® me. 

• _ (^" 4- r'2)^ sec® me _ r 

* ‘ ^ ~ 2r''^ + 7’“ — 7'r" ~ (m + l)r^ set'-* (»i + 1) costw^ 

_ a”' 

~ (m + 

We get the same result thus : — 

By Art. 232, the pedal equation is = r”*’*'* ; 

/. = (m + I)?”'. 

dr 

, __ (7?' __ 

^ ^djt (wi 4- l)r’'*”^ 


289. To prove that p = (second prpof) 


A previous proof of this was given in 
Art. 243. 

The following is notew’^orthy. We 
have 

dp/dy\f = rY= OM [Art. 220']. 

/. taking the differential, 

av'*' 

= NL = ENd^ = EMd^ (ultimately). 

/. p = EM^MF=OY^-EM = p^ 

Note. — All the increments in the 
figure are +”; it will be a good exer- 
cise to draw the figure for different 
cases in which, for instance, (1) M 
comes to the left of E\ (2) the arc PQ is convex to O: and adopt the 
convention of fiign. In (1) wc shall obtain the same result as before ; but 



Fig. 88. 


in (2) we shall obtain p = - 4- 



284 


BIFFEBENTIAL CALCULUS. 


[Ch. XIX. 


290. Another Form for p. 

Since ^ = cos i(/ ; 
as 


Similarly, ^ = sin <(/ ; 
as 

= <.e.pg=cos4-. 

Squaring and adding, we liavc 

'’((.SO’HS/)-'’ 


“ VQf.sV \dsy ’ 


291. Value of p at the Origin — Newtonian Method. 

In the case- of a curve which touches the a;-axis at the origin, 
we have a very simple expression 
for p. 

In the figure let E be the centre of 
curvature, and treat the curve as if it 
were a circle. Draw the ordinate 
PMj P being indefinitely near to 0. 
Then by Euc. III. 36, 

NG^ = NP (2p + NP). 



Now NO = X a quantity infinitesimal compared with a;, 

NP = MP or y + „ ,, „ y, 

2p -h N P = 2p “h ,, ,, „ ,, 2p, 

/. we commit an infinitesimal error in writing 
a^ = y.2p, ' 

whence p = a?*/2y ultimately, Le. It (P/ty), [See Art. 93.] 

a:=y =0 

Similarly, if the curve touch Oy at the origin, p = ll{y-j2x). 
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292. Examples. 

The equation to a curve touching Ox at 0 is of the form 

y = ax^ + 2hxy + hy^ ca? + ^ . . . . (1) 

since by putting 2 / = 0 we have as^ = 0, implying tangency. 

Let Pi = as2/2y, hefore the limit is reached, so that U pi = p. 

Then from (1), 1 = a — + 21ix + + cas — -f ... 

y y 

~ 2api + 2hx + hy + 2cxpi "h 
But X and y arc infinitesimal ; hence in the limit, 

1 = 2ap, or p = l/2a. 


293. Tliis can also bo obtained from the ordinary formula; for noting 
that 2 /' = 0 at the origin, we have, from (1), 

y' — 2aas + 2hy + 2hxy* + 2hyy' + ... 

— 2a + 2}iy' + 2hy* + 2}ixy** + 2hy''^ + 2hyy " ... 

= 2a since a?, y^ y', ultimately vanish. 


/. P 


(i_+2/_:5^_j _ _ 1 _ 
y^' ” 2/' - 2 a 


Ex. In the parabola y^ = 4aa?, 



294. If the curve pass obliquely through the origin, we can find the 
value of p, thus : — 

The equation to the curve will be 

0 = aac + 62/ + + dxy + ey’^ (1) 

/. by diflcrentiatioD, 

0 = a + %' + 2ca; + dy + dxy' + 2e2j'y\„ 

0 = Inj" + 2c + 2 dy' + dx2j" + 2 ty’'^ + 2 eyy'\,. 


/. at O, j/'=-|;and 

0 = by” + 2c + 2dy' + 2ey'2 

, ^ 2aci 2a* e 

= 6*/" + 2c > 

2 

or y” =^-i^abd — a*e — 6®c). 

f> = (1 + p) / - “"e - 
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None of the terms in (1) beyond those of the second degree are wanted, 
for if these be differentiated twice, they are bound to contain either x ov y 
as a factor, and will therefore disappear in the limit. 


295. Equation of Circle of Curvature. 

Let EQiy k) be the centre of curvature, and EP = p the radius 
of curvature. 

We have drawn the figure so that x, y, 
ji, y 2 are all 4-”'’. [Art. IIG,] 

Noting that tan so that 



//i , 1 

RmxJ/ = — > ; cosu^ = , 

we have 

h=OM= OJSr - PR = - psinil, = X - 0 + vOl lb 

= x- 

•Ji 

Similarly, h = EM =y + p cos = y + ^ 

The equation to the circle of curvature is therefore 
{x-hY^(j-hf = p\ 
where Iz^ p have the values given above. 

£x. In the parabola ifi = AaXj we have 

/. h szx-fi sin = X -i- 2(x + a) = Bx + 2a ; 
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the equation to the circle of curvature is 

(X - 3a! - 2«)3 + ( r + xy/aY = 4(a! + af/a ; 

or X2 + r® - 2(.3af + 2a)X + ^ V = Sx*. 

296- Contact. — Suppose two curves to cut one another in 
the points P, Q, /S'... ; and let either or both curves alter in 
position or shape so that the following changes take place ; — 

(1) Let Q move up to, and coincide with, P. Then the curves 
are said to have contact of the first order at P. 

(2) Let R now move up to, and coincide with, P and Q. Then 
the contact is of the second order ; and so on, the contact being 
of the nth order when n -f- 3 coincident points are common to 
both curves. 

297. Algebraical Conditions. 

Let y = /(.?•), y = be the curves. Then for the points 
P, Qy E, ..^9 X and y are the same for both curves. 

(1) If Q(x + lx, y -f hj) be indefinitely near to ; then, since 
y and y 4- Sy are the same for both curves, their difference, S^, 
will also be the same. Similarly, hx is the same. Therefore, in 
the limit, dyjdx is the same. 

(2) If Zt move up indefinitely near to P and Q ; then, by similar 
reasoning, since two consecutive values of hyjhx are the same for 

both curves, their difference, 8,||, will also be the same. Hence, 

in the limit, or ^ will bo the same ; and so on. 

dx dx dx^ 

Generally, for contact of Vith order ^ d"y/dx" is the same for both 
curves. 

298. Circle of Curvature. — If P, be any given 

points on a curve, then, generally, no circle can be made to pass 
through more than three of them at a time, f 


t It is quite true that a circle will frequently cut a curve in more than 
three points, but the oonverae is not necessarily true. Hence, if we seleot 
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It follows, then, that a circle cannot, as a rule, have contact of 
a higher order than the second^ with a given curve, though it 
may do so in special cases, as at an apse, where the curve is 
symmetrical about the normal. 

The circle which has contact of the second order with a curve 
is therefore called the circle of closest contact^ or the osculating 
circle; and it is in fact circle of curvature^ as we shall now 
show. For since the contact is of the second order, a*, y, 
are the same for the curve" and for the circle. But, for the curve, 

p = , 

hence the radius of curvature for the curve must be the same as 
that for the circle, which is obviously its own radius, showing 
that the latter is the circle of curvature. 


EXAMPLES XLV. 

Find the value of p in the following curves : — 

1. (1) The parabola = ar. (2) The circle op = ^ 

(3) The ellipse 4- _ ^ 2 ^ 2 ^ 

(4) The lima^on r* = p\2ar’-<i^ + 6^) at the point p = r = a -{• h. 

(6) The cardioide = ap^. (6) The lemniscate a-p = A 

(7) The equiangular spiral p = r sin a. 

2. (1) sry = c2. (2) — a^y’^ = a%^. 

( 3 ) 4 ?/ = 332 r- 2 log X. (4) a/* — (ya^xy + Sc*'* = 0. 

(5) The catenary y = a log'3— 

a 

< ^ 

(6) c* = siny. (7) 2 / = a log sin-. 

(8) cos - = cosh - + sinh — . 

a a a 

three points, P, Q, 22 , on a curve, a circle can always be made to pass through 
them ; but although it may cut the curve in other points as well, we cannot 
0 /m>O 004 t|ie positions of the latter on the curve. 
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^ 3. (1) The hyperbola x = a sec y h tan <p, 

(2) The parabola x = a cot'-* y = 2a cot i#'. 

(3) X — aO; y = a log seed. [Cf. Qii. 2; (6), (7), and (8).] 

(4^) The catenary x = a log (sec e + tan O); y = a sec 0, 

0 

(6) The tractrix x = a log cot ^ ® ^ » y = a sin 

4. (1) The equiangular spiral t = 

1 ^ (2) The limacon r — a cos 0 + hy where r — h/2, 

(3) The cardioide = a- cos Je. 

(4) Tlie curve cos 3d. 

(6) The curve + cos 2d), at the point (a, ir/^)* 

6 . Find the value of p at the origin for the following curves : — 

(1) 2y = (a? — 2y)‘^. (2) 2 cos d = r cos 2d. 

■ (3) x{a - y)‘- = y\a - a:). (4) a;(y-’ - = a;^ + y^. 

(6) 4- 2»2 - 4y 4- 3 .»j = 0. 

(6) (ceVS - 2/)(l - 4x) 4- y^ 4- cc^ - 3y3 = 0. 

(7) a(a;2 - y^) = 2x^ 4- 

X0'' 

e. Use the (^, if/) formula to find p for — 

1 *. (1) The point p = a sin \l/, (2) The circle p = a(l 4- sin iff). 

(3) The parabola p = a cosec iff. 

(4) The rectangular hyperbola p^ = — a^ cos 2iff. 

7. If 0^ =/(0; y = <P(0* prove that p = (/« + -/>'). 

8< Prove that p = (m^ 4- Ui^)yu%u 4- W 2 ) where u = 1/r. 

Hence show that, for the parabola 2au = 1 4- cos 0, p = 2a sec® Jd. 
0. Show that at a point of inflexion there is zero curvature. 

10. Find the radius and coordinates of the centre of curvature at the 
point where as = a of the curve x^y — a\x — y). 

11 . Find the equation to the circle of curvature of the parabola y® = 4a», 
at one extremity of the latus rectum, and And where it again cuts the 
^uive. 

12. Find the value of p at the origin for the curve y = a? — sin ® ; also 
at the point at which x ?= •n/2, 

U 
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13. Show tJiat tlie radius of , curvature at the extremity of the major 
axis of an ellipse is e<pial to the semi-latus-rectum. 

14. In the hyperbola show that the radius of curvature is proportional 
to the cube of the length intercepted on the normal by the curve and tho 
fic-axis. 


16. In the cycloid show that p = twice the normal. [Art. 308.] 


16. O is a fixed point on a circle of diameter c ; P is a moving point on 
the circle. If OP be produced to so that = a constant find the 
value of at the point on the locus of Q where it meets the diameter 
through O. 


1 

17. In the curve r ~ a sec 26 , show that p = — - 

3 ir 

18. Find for what point on the ellipse the radius of curvature is a mean 
proportional between its greatest and least values. 


19. P is a point on the curve / - = efi cos 26 ; tho normal at P meets at 
(j the line drawn through O perpendicular to OP. Show that at P, 
p = VPO. [See Art. 233 (A).] 


20 . Show that for the curve 


^ = sin — — log tan 
art \4 



- o^cos-’ - 


+ 1 



'X 

a 


Answers. 

1 . Cl) 2 p 7 a 2 . ( 2 ) a/2, (3) C4) (a + hy/{a + 2^). 

(5) 2ry?/3r. ( 6 ) a-/'6r. (7) ?’ cosec a or ? 77^* 

2. (1) rV2r2. (2) -(aV‘ H' - CD^/nh. (3) + UyXj-. 

(4; -h a (6) 

(7) — a cosecr rja. (8) — a sec yja. 

3. (1) — (a- tan'*^ ^ 4- sec- ~ CJI^/ah. ( 2 ) 2a cosec** 

(3) a sec 6 — (4) ascc^e = y^^ja. (5) — a cot 6 . 

4. (1) r cosec a. (2) 2 a 7 ( 4 a 2 — ( 3 ) ar. (4) ( 6 ) —a. 

6 . (1) 1. C2) - 1. (3) «/2. (4) oc. ( 6 ) V/. ( 6 ) S- 

(7) Differentiate three times; — or 2^2a. 

3 

6 . (1) 0. ( 8 ) a. (3) 2a cosec’ ifr. (4) 

JO. — 2o; (a, —§'<). 
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11 . + y- — \0ax 4- 4«7/ — Putting y- ~ 4ax, and rationalizing, 

\vc obtain an equation in ;t*, wliich contains (x, — a)^ as a factor, the other 
factor being x — 9a. This should be so, since the circle of curvature cuts 
the parabola in three coincident points. The fourth point is (9a, —6a). 

12. qo; 2^2. 16. (6-l-c)‘*y(5-h2c). 18. x — aM^/a-\-b\ y = }fil ^ a-\-b. 

299. Envelopes. — The equation to a plane curve usually 

consists of the variables x and together with other quantities 
termed constanis. ^ 

Now, these “constants” may be made to have different values, 
in which case the curve will alter either in shape or position, or 
both, but the class of curve will not be altered. Thus, for 
example, the equation 

ax^ 4- ^hxy 4- 4 4 4 c = 0 

reprcstaits a conic section ; and by altering the values of any of 
the constants we do not alter the class of curve, although this 
class includes the hyperbola, the ellipse, the parabola, together 
with the more particular forms, viz. the circle, t\^o straight lines, 
and the i)oint. 

300. Family of Curves — Parameters. 

Def. — The equation f{x, y, ...) = 0, where aj,, ••• are 

all supposed to vary gradually, i.s said to denote a family of curves^ 
and the quantities a,, ... are called variable parameters^ or 

arbilrary conslanis. It is not dilficult to see that, if we gradually 
vary any of the parameters, the curve will gradually alter in shape 
or position, or both. This leads to the following definition : — 

Def. — When the parameters of a given family of curves are 
made to vary according to given conditions, the locus of the 
ultimate intersections of consecutive members of the family is 
called the envelope of the family of curves. 

The given conditions must be such that the curves pass 
systematically through a definite series of shapes and positions, 
and in a certain order, so that, given one member of the family, 
the preceding and succeeding member’s are ^uite definite. 
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301. The e)}r(Iopi^ toi/rhas t'vertf member of the family ; for let 
OA, AIj, H(. \ (■!>, J)E be live consecutive iiieinbers, then JJ, 
L\ D are four consecutive points on the 
envelope. But each of the curves A if 
BL\ CD passes through two of them ; 
hence, ultimately, the envelope Avill liave 
two consecutive points in comnioii with 
each of the curves, i,e. will touch each of 
them. 



Fro i)l. 


302. Examples in Geometry. 

Ex. 1. The envelope of a chord of a circle of cojistant length is a 
concentric circle, whose radiu*^ is equal to the distance of the chord from 
the centre. 

Ex. 2. If >S be a fixed jioint, and K a point on a fixed straight line, then 
the cnvelo]>c of the jierpendiciilar bisector of HK is a parabola, of which H 
is the focus, and the tixed line tlie «lirectiix. 

Ex. 3. It is known that if F be a point on an ellijise, foci S and S\ and 
S'F he joined and produced to IF so that FW ~ FS^ then S' W = 2fz, the 
major axis; also the tangent at P bisects SW perpciulicnlarl}'. Hence, 
conver.scly, if S be a fixed point and II' a point on a fixed ciirle, centre 
the jierpendiciilar bisector of SW will envelop an « llipso if U’, 

or S is within the circle. Similarly, if S' be without the circle, the enveloju* 
will be an h 3 q)erb()la. 


303. Analytical Method. 

ret/(^, y, rt) = 0 (1) 

be a family of curves a single variable parameter « ; it is 
required to find the envelope. 

A consecutive curve will be/(;r, y, a + ^a) = 0. . . . (2) 

The envelope is the locus of the ultimate intersection of (1) 
and (2) when Sa is infinitesimal ; and since a is variable, the 
resulting equation, which represents a ninyle locus, cannot contain 
a. Hence we must eliminate a between (1 ) and (2). 
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Xow, c'xpauding {:!) by Tayloi-’s Theorem, and negleefciu" 
small r^iiajj titles beyond those of the first order, we have 

/(•^, y. = 0 ; 

or, from (1), = b (3) 

We shall therefore obtain the envelope by eliminating a between 
(I) and (3). 

Ex. 1. Fimf flic etivtilopc the line a-L — 2aM + N = 0... (1), where 
Ij, ^I, N (u'c linear expressions in x and y. 

DiOorentiating in a, we have 

2a L - 2M = 0, or a = MjL ; 

ill (1) + N^O, or Jl /2 = 

L JL 

which is a conic. 

It is inipoitaiit to notice that this is fJtc condition that the roots of (1), 
^'onf^ideri‘fl as a tinadratic in a, arc coincident. Aho = LN is still 
the euveJoiic if X, My iV, arc any functions of x and y. 

» 

Ex. 2. Find the envelope of the line y = mx + aVl 4- ni®, ni beiny 
vanuhfe. 

Wc may dill'erentiate in w, and eliminate as before j f or put m = tan 
Adopting the latter method, \sv get 

y -- .X tan 0 a sec 0, 

or X sin 0 — ?/ cos 0 — — a, (1) 

Ditieren bating in 0, 

X cos 0 H- y bin 0 = 0 t-) 

Squaring (1) and (2) and adding, we get 

+ ^2 _ ^ 2 ^ circle. 


Ex. 


(f B 

3. Find the envelope q/y + x cot - = a0cot-, 0 beiny variable. 

^ A 


t Or, we may rationalize, obtaining in m the q uadratic (y — icxf = a\ I + m*). 
The condition for equal roots gives = ix“ — a‘)(y^ — a-), etc. 
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DifferentiatiDg in e, 

1 oO / .B ^ ^ o0\ 

— - j"Coset;*=r- = at cot 0cosec^- i ; 

2 2 V 2 2 2j' 

/. X = — 2 cos ^ sin ^ «(0 — sin e) ; 

SB B • B 

/. y = a& cot- — X cot- = aB cot - — a(0 — sin 0) cot - 

J» ^ dt Jt 

= 2a cos* ^ = a(l 4* cos S'), 
which is the cycloid. 


304. Method of Undetermined Multipliers in a 
Special Case. 

Consider the following example : — 

Ex, 1, Find the envelope of the line 


? + f = i. 

a b 


(I), 


rhere a and b are variable parameters connected by the equation 

a* + ft* = c* (2) 

We may substitute Vc* — a* for 6 in (1), and adopt the previous 

nethod ; or, noting that - ^ and a* + b* arc homogeneous in a and b, 

a D 

proceed thus : — 

Let ft stand for its equivalent — a*, so that ft is a function of a ; then 
hfferentiating in a, we have from (1) 

_ ^ - 0 
o* ft* da 

And from (2) 2a + 2ft^ = 0. 


Eliminating dhjda by division, we have 

- = - lA* = 




• • ( 3 ) 
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^raking advantage of Eider’s Theorem of homogeneous functions, 
multiply the first equation by a, the second by 5, and add : 


or 



2(^2 4 - 62 );,^ 


— 1 = 2c2a, i.e. A = — \j2c^. 


/. in (3) = a/c^ ; y/l)^ — h/c “ ; 

a}^ = c'^ac; ~ c-y. 

Remembering that we have to eliminate a and 5, we have in (1) 

• 1 + or a:® + = c^, the envelope. 

This curve, called the four-cusped hypocycloid, is the envelope of a 
straight line which moves so that a constant length c is intercepted between 
the axes of coordinates [see Ex. XXXIV., 4 (4)J. 


305. Geiienilly (bo show how Euler’s Theorem is applied), let 
... (1) ho the equation to a curve, in which a 
and b nrc variable parameters connected by the equation 

[,) = f„. 

Also let F be homogeneous and of the mth degree, in a and b ; 
and let J ,, ,, ,, ,, 7^th ,, ,, , 

Then reasoning as above, since h may be regarded as a function 


of i{y 


dF 

da 


^ db da ^ ■ 
. dF/df 
da 

dF^^df, 

da da ’ 

dF , ,dF 


a. 

da'^db'da ' 


'/df ^ dF/df ^ 

' da d b / d b ^ 


= A 

db ' k/ 


da 


, ,dF .( df , ,df\ 




bj Euler’s Theorem, mci = X.nc«, X = 

n fa 

• in = ^ 

^ da ti C2 d<d db n db’ 

Erom these and (1), a and b may be eliminated, the resulting 
equation being the envelope. 
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306. Evolutes. 

Def. — The evoluie of a i^ivcn curve is tlic envelope of all 
the normals to the curve. It is also the locus of the centre of 
curvature, the latter being the intersection of two consecutive 
normals. 


Ex, 1. Find the evohite of the i‘>arahotn y- — 4nx. 

The noriTical is y — m.i. — 2<iin — ani^ . 

To find the envelope, dill'erentiate in m, 


0 -- T, -- 2 (/ — 

iri- — (t — 

.*. from (1) «'iriil (2), — i:i\x 'la — am-y 


or 


ay- 


a: — 2a ( ^ x — 2 ^ 7 ^^ x — la 

" ':ia V' ~ ■" o ' / ~ ~oar 

Jf(x — 2a)3, which is the evohite. 


{|(* - -")} 5 


(I) 


C^) 


Ex. 2. Lind the erotute of the equiangular spiral r = ae'ho‘“. 
We know that/) = r sin a [Ex. XXXVI. 1, (1)]. 

dr 

p = - r coscc o. 


Hence if FjF he the normal, and 



That is, the evohite is r tan a = 
spiral. 

The latter can be shown to be a 
turned through an angle, tlms : — 


— p ; then since Z. EPO J — a, 
and EF— OP cosec a =. 0/^scc EPO, 
it follows that EO is X to A 

Now, E being the centre of cur- 
valiire, tJie evoluto is the locus of E. 

Let (r', O') be the coordinates 
of 7^’. 

Then 

r' - OE = root a; or r — r'tana; 
e' == Eitx = ^ + 0 ; or 0 

But r = 

.’. r' tan a = 

*ir)eota^ which is another ecpnangular 
spiral equal to the given one, and 
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The eijiiiition can be written r = «, cota.c*-^ tir)ci)t<< 


logcotu + (<y— J.t)c 


— J^TT + log cot a/cot a)<‘ot a 


llencc, if tlic axis of ac be turned through an angle ^ 
equation becomes r — as oiigirially. 


log cot o 


307. Caustic Curves. 

Def. — Lcfc A be n point of Jiglit in plane, from which rays 
diverge, and suppose the latter to be I’eflected at, or refracted 
through, a surface. Then the envelope of the reflected or 
refracted rays is called the raustic by rtijlection, or refraction^ 
accordingly. 

We si Kill only take one example, namely the caustic by reflection of 
light issuing from a point A on the circum- p 

fcrence of a circle APB, and reflected by 

the eiicle, regnided as a narrow cylinder. f /\ \ 

Tict AP bo a ray of light; tlion, if (B* be / / I \ 

jniiifd, tlio retlected ray is PJ/, where 67* P 

liisects the angle J The caustic will be \ j J 

the cuvelo[)e of PM, \ * r J 

If th('. A PA 1) ■■= tp, the coordinates of P 
1 cfcried to axes through 6 ^ will be x — a cos 2<f>, — ***^ 

;y -- <i sin !2</). ^ 

The ccpiatiun to P]\[ is // — a siu 2<f> = tan 3tp(x — a cos 2(p ) ; 

or a; sin flr/i — ycos^l«^ — (1) 

Piflerontiating in </>, 3 j;cos.' 1<^ 4- .3ysin.4<^ = acositp ; 

or X cos 3</) + y sill 3</> = Ja cos <p (2) 

Solve for X and y ; then 

a; = ^(3 sin <(> sin 3^ + cos <p cos3(^} 

= ^{2 sin tf> sin 3</> + cos 2 </»} = g(2 cos 2<fi — cos 4^) 

= ^(2 cos 20 — 2 cos 2 20 + 1 ) = cos 2^(1 — cos 20 ) + 
Similarly, y = '^(cos08in30 — 3 sin 0 cos 30) — ^(2 sin 20 — sin 40) 


= sin 20(1 — cos 20 ). 
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Transfer the origin to D such that CD = we then have, using polar 
coordinates, 

, a 2a ^ 

rco^e ~x = a; - ^ = cos 2^(1 - cos 2<^) ; 

. 2a . 

r&yue — y ~ 2^)- 

/. tan 0 = tan 2^ ; /. 2(f> = d. 

2a 

Hence, by substitution, r sin B ~ sin e(l — cos B ) ; 

2a 

or r = -^-(1 - cos B), 

which is a cardioide. 

For a geometrical proof, see Parkinson's Optics; see, also, Preston's 
Theory of Light. 


308 . Note on the Cycloid. 


M' 



The cycloid is the l»)cus of a 
point on the circumference of a 
circle which rolls on a straight line 
without slipping. To find the equa- 
tion, let P be the point which traces 
out tlie cycloid, and take for origin its 
j>osition (O) when in contact with the 
straight line Ox. 

Let Z. PllM = B; radius of circle 
= a. 

Tlion, since OM = arc PM = ad, 
we have 

X = ON = OM — PR = od — a sin d 
= a(& — sin d) ; 


Also 


y = PN = IIM — UR = a -- a cos d = a(l — cos d). 

dy _ dy idx _ sin d _ d 
V ju dBf do 1 — cos d ~ ^ 2* 


Now draw the tangent PT, and join PM ; then 
tan PTM ~ cot | = cot PM'M ; 
whence 2 PM is a straight line. 
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Hence PM is the tangent, ainl PM the normal (tiie angle in a semi- 
circle being a right angle). 


309. The radius of curvature can be shown to be 4a sin [Cf. Art. 
286, Ex. 2.] 

But PM = MM' sin ? - 2a sin ^ p = 2PM, 

2 2 

l*roduce PM to so that Ml\ = MP ; then P^ is the centre of 
curvatuie. • ^ 

the locus of Pi is the cvolute. 

Describe an equal circle touching Ox at M on the opposite side of the 
line, as in the figure ; and produce M'M to M^. Draw the tangent CM^O^. 

Now, the arc PA/ = arc MP^ ~ arc ; 

arc MyP^ = arc A/P = OM — CM^, 

if OC be parallel to A/A/j. Hence, since C is a fixed point, being directh' 

under O, and //A/, = arc P/A/j, the circle is rolling on the line 

and J\ is moving on a cycloid OPjOj, which is equal to the original one. 

Ilencc, the evolute of a cycloid in an equal cycloid. [Cf. Ex. 21, below.] 

Since PPj always touches the cycloid OP^On and it i§ normal to the 
cycloid ahouci it follows that if a thread be wrapped round the curve 
OP^Oi, and a particle be attached to the point of the string at O, then on 
unwinding the stiing and keeping it stretched the particle will trace out 
the original cycloid, which is the involute of the other. 


310. Application to Pendulums. 

If we invert the figure so that O^ is the highest point, we can regard 
DjPjP as the string of a pendulum, whose bob is at P. By this means 
we can make a pendulum swing with a cycloidal motion, and thus cause 
its oscillations to be isochronous for large or small vibrations. 

Sec also Chapters XXVII. and XXVIIl. 

311. Epicycloid and Hypocycloid. 

If a ciicle roll externally on a given fixed circle, and a definite point be 
taken on the former, then the locus of this carried point is called an 
epicycloid. If the circle roll internally, the locus is called a hypocycloid. 

The equations ot these curves are easily found in terms of an auxiliary 
variable. 
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(a) Let. P be tbe position of the carvied point, after the circle If has . 
rolled from B to K ; so that B is its initial position. 

Hence arc KB - arc KP. 

Let Z. KAB AK = a ; KH = h. 

Then Z KIIP = 

b b h 



Also Z UPS = lILN =.p + "f. = '' t- V. 

b b 

Heticf, X = AM — AN — Pit = (a + >>) cos -p — i cos ^ ^<p ; 

y = PM -= J[N - Hit = (a + 6)sii) <p - hsiu -V, 

which are the required rvpintions. 

We may note that since K is momentarily at rest, and KPB is a ri"ht 
tingle, therefore SP is the tangent at P ; also 

i = SPH =,p + PSK = ^. + % = 

Zb Zb 

If a = 6, we have the cardioide, whose equations are 

X = Za cos fp — a cos Z<p\ y — 2a sin <f> — a sin 2<^. 

(?) By changing h into — bj or by a method similar to the above, we 

[lave, for the hypocycloid, the equations 

X — {a — b) cos <p b cos • 

b 

y = (a — b) sin <f> — b sin 

h 
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^ curve is tlie four-cusped hypocyrloid, whose equations are 


X = cos <t* + ^ 3<p = a cos^ <f > ; 

2 / - sin 0 — ^ sin 3<p = a siii^ <t>. 


EXAMPLES XLVI. 


1 . Find the envelopes of the following ; — 

(1) y — 7HX 4- a/ in ; m variable. 

(2) a; + vysinfl = a cos 6 \ 6 variable. 

(3) y — ‘i/ix + in; m variable. 

(4) 'in^x — my a; m variable. 

(5) x cos 2$ + y sin 2d = a ; 0 variable. 

(6) a’(l — /-) 4- 2yt — n(l 4- ; t variable. 

(7) 2a y =- { m — -- ) hx -{- ( m ah ; m variable. 

rn / \ 7 n/ 

(8) c\y — 4- — a^y* — (ti- 4- ti variable. 

(9) XCOS0 4- ysin^ = a 4- &sin0j 0 variable. 

(10) sec^ 0 4- y^ cosec-^ 6 = a-. 


2. Show that the ellipse whose equation is 

2(7/2 _ cos 0 4- 2(a52 4- y^) = sin^ 0 ^ 
where 0 is variable, envelops the four straight lines cc ± y ± a = 0. 

3. Find the envelope of the curves (a/x)^ 4- (h/y)^ = 1, where the 
parameters a and b are connected by the equation a \^b = Vc. 

4 . Find the envelope of the parabolas 4- ~ where 

4- b~'^ = c~^. 

5 . Find the envelope of the ellipses q- ^ = 1, in which'^a 4 - 6 = c. 

6. Find the envelope of x sin 0 + y cos 0 = c sin 0 cos 0, 0 being variable. 
Employ first the direct method ; and then show that by putting ccosfl = a, 
csind = hj the method of undetermined multipliers can be adopted. 
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7. Find tlic envelope of tlie family of curves -f — 1, where 


a”* + ft'" = c»". 


Show that if m and n are interchanged we get the same envelope. 


8 . Prove that if the corner of a rectangular piece of paper be folded 
down so that the sum of the edges left unfolded is constant, the crease will 
envelop a parabola. 

9. Show that a 83 ’stem of concentric ellipses having their axes in the 
same direction envelop two equal rectangular hyperbolas. 

10 . Ellipses are described having their axes coincident in direction with 
those of a given ellipse, and the lengths of the axes are proportional to the 
coordinates of a variable point on the given ellipse. Prove that the 
ellipses all touch four straight lines. 

11 . The coordinates of a point on the liarabola being given by 

X = a cot^ ip; ^ — 2a cot }p, 

show that the coordinates of the centre of curvature are given by 
X — a(3 cot 2 1 /^ -f- 2) ; y = — 2a cot'^ \p. 

Hence show that the equation to the evoluto is 21ay^ = 4(;c — 2(^)3. 


13. The equation to the normal to the ellipse at (rr, y') being 


subject to the condition 6 V -f show that the evolute to the 

ellipse is (aX)3 + (67)^ = (a-' - 


13. A system of circles is described passing through a fixed point (7/, F) 
and having their centres on the circle + /y- = a^. Find their envelope. 

14. Find the envelope of the circles passing through the centre of the 
ellipse + ftV = a^ft^, and having their centres on the circumference 
of the ellipse. 

15. Show that the envelope of^he lines given by 

X cos 3e + y sin 30 = a cos^ 2 ^, 
is the lemniscate (x^ + y^)- = a\x^ — y-), or r 2 = ^2 cos 2d, 


16. From a fixed point on the circumference of a circle, chords are 
drawn ; and on these, as diameters, circles are described. Show that they 
envelop a cardioide. 

17. Two perpendicular tangents are drawn to an ellipse. Show that 
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tho envelope of the chord of contact is an ellipse whose eccentricity is 

18. A parabola is described touching a given circle, and having a given 
point on the circumference as focus. Show that tlie envelope of the 
directrix is a cardioide. 

19. A, J) are two fixed points, and P is any point on the circle having 

AB as diameter ; Q is the projection of P on AB, and between A and B 
on the line AB a point R is taken, such that AR =. BQ. Find the 
envelope of the straight line PR. ^ 

20. Show that the polar equation between p and r of the envelope of 

the lines x cos -f- y sin 26 — 'la cos 6 

is ' — ^(’r^ — a'^). 

21. Show that the ovolntc of the c^’^cloid 

X = a(e -f sin 0)\ y — (/(I — cos fl) 
is given by x = a(d — sinfl); y = a(3 -f cos 0). 

Show that this is an equal cycloid by transferring the origin to (air, 2rt), 
and by putting 6 v — <f>. 


Answers. » 


1 . ( 1 ) yi = 4(ix. (2) (3) 4xy + c^=--0. (4) V = ‘JTaV. 

(5) 4- (®) + 2 /® = (7) b-x- + a-y'^ = a%'^. 

(8 ) ctr + {<' + 2.r;)(.'r- + ?y2 — c-) = 0 ; Le. (x -f o) { 2(x‘^ -f- y^) - cx — c- } = 0. 

(9) ;i- + ( 2 / “■ by- = or, (10) aJ + // + a = 0. 


1 11 

X y ■“ r' 


1.1 1 
4. — I . 

y c 


5. 'X^ + y^ = cK 6. a;"* 4- = c^. 


7. 

13. T..ct (a cosO, a sin 0) be the coordinates of the centre of one of the 
circles. The envelope is 

4u‘'^{(a’ - hy^ 4- ( 2 / - ky} = ^2 4 - ?r - 

14. (x- 4- = 4 (a 2 a ;2 . 4 . b-y-). 19. (2y)^ — = ai 
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CHAPTER XX. 

IMMEDIATE INTEGRATION. 

312. Indefinite Integrals. — Integration, though it is, strictly 
speaking, a summation, may be introduced to the beginner as the 
opposite process to that of differentiation ; since, as we shall 
briefly show in the next article, the summation referred to 
^ depends on this opposite process. We therefore give the follow- 
ing definition : — 

Def. — f{j‘)dx is tlie cl iff or mi ml of/(ir), then * 

f{x) is the integral oi f{r)dx, and is written jf{x)dx. 
Tims, f{x) = fnr)dx, 

8uch an integral is called an indefinUe integral, 

£x. 1. The (lifTorenti.d of a;" is i}x^~^dx ; the integral of is ic’*. 

Or, since d.x^ — nx'^~^dx \ .’. jnx'*~^dx ~ ac'*. 

Ex. 2. d . log X — dx/x ; j dx/x = log x. 

Ex. 3. f/.cc = c?£c; jdx ~ x\ which reads thus: “ The differential of 
X is dx ; /. the integral of dx is a?.” ^ 

Similarly, if y =f(x), then fdy = fd.ffx) = j/Xx)dx = y. 

For instance, Jd,V I — x^ — Vl — aj2, 

313. Definite Integrals — Reason for the Term 
Integral. 

Let the curve in the figure denote the graph of the function f(x). 
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Let CA^ BD be two values of f{jr) eoiTesponding to two given 
values of a:, namely OA = and OB = b. 

Then. CA = /(a), I)B =f{b). 

Now, CA may be supposed to increase to BD by an infinite 
number of infinitely small increments, such as Pp, Qq, Rr ; while 

X increases each time by dx. Each 
of these increments is the differential 
of /(a;), wvi,.f{x)(lx, a variable quantity 
whose value depends on the value of x. 
Now, by giving to x in*^ turn all the 
values between a and b, and adding 
together the resulting values of f{x)dx, 
we obtain the total increment, namely 
Un-CA, ovf{b) -f{a). 



Fig. 9G. 


'i'his may be written 




Hence, to find the value of the left-hand side, we may first 
find what we^have called the indefinite integral of f{x)dx, namely 
f{x), and then take the dilference of its two extreme values, f{b) 
and /(«). And tlie usual notation is thus : — 


f/(x)cu X m -fin), (]) 

a and h being termed the limits of integration ; b being the 
supet'ior, and a the inferior., limit. 


Cb* ^ 

Ex. 1. I Tix^^^dx = — a”. [Sec Ex. 1, above.] 

Ex. 2. = poga: J =1-0 = 1. [See Kx. 2, above.] 

A strict proof of the above statement (1) will be given in 
Chapter XXVI. 


t GfeUeralJy, f<p(x)]* denotes tp(b) — ^(a). 
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314. Corrected Integrals. 

Suppose b to be variable, though constant during the operation 
of integration ; and replace it by z. Then we have 

j‘f{x)dx =f{z) -/(«). 

In practice, however, it is more convenient to write x itself 
instead of z ; thus : — 

j[f{x)cix =f(x) --/(a). 

The expression j f'(x)Ix is termed a corrected integral ; and is 
often written j f{x)dx. 

315. We now see a reason for the terms integral and integration,” 
which are indeed synonymous with “sum” and “summation.” The 
sign of integration^ J, is derived from the letter «, the initial of the word 
“ sum.” The expression fis^dx really means nothing more nor less 
than the sum of an infinite number of infinitely small terms; but the 
actual method by which we obtain this sum, and which apparently has no 
connection with summation, is the inverse process to that of differentiation, 
exactly as subtraction, division, and finding the square root are inverse to 
addition, multiplication, and squaring. 

It is evident that for the present we must put aside the idea of 
summation, and confine our attention to the finding of indefinite integrals, 
using the term “integration” in the sense of passing from a given function 
to that of which it is the differential coefficient. 

Like most inverse processes, it is considerably more difficult than the 
direct one of differentiation. We must, therefore, consider in detail what 
expressions admit of being readily Integrated, and the best methods of 
integi-ating them. Several chapters will be devoted to this, after which 
will follow the application of the Integral Calculus to the finding of areas, 
volumes, etc. 

In the next chapter, however, we shall give a few simple applications 
to illustrate the subject. 

316. Adding a Constant. 

If y = f(x) + 6^, a constant, then we still have 

dy f{x)dx ; whence ff{^x)dx == f{x) + 
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Hence, in an indefinite integral, an arbitrary coyistant must 
always be supposed to be added. 

Also, since j[f(x)dx = [/{x) + 0^"= \f{h) + o\-[f{a) + c\ 

=f(b) -f{a), 

the arbitrary constant disappears in the definite integral, as we 
should expect. 

317. Integral of a Sum or Difference. 

Suppose ?/, n\ ... are functions of then the diffei’ential of 


± ± ( 1 ) 

is (in ± dr ± dw . . (2) 


But if every term of (2) is the differential of every term in 
(1) respectively, then every term in (1) is the integral of every 
term in (2). 

Hence, to integrate du ± dv ± dw, ive need only integrate each 
of the tei'ms and retain the signs between them. 

This may be expressed as follows : — 

If P, ... be functions of x, then {{P ± Q ± R ...)dx 

= jPdx ± jQdx ± jUdx ... 

Ex. If y = — -• 

^ X 

fydx = j ~ frix^^^dx — j~dx = x’* — log x. 

318. Constant Factors or Coefficients. 

Since d[c,f(x)] = c.f\x)dt, c being a constant, 
fc.f(x)dx = r,/(x) = cff(x)dx. 

Hence, a coyistant factor may be ^placed outside the sigyi of 
integy'ation, 

(dm 1 [dx 1 , 
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319. Fundamental Integrals. — The following table is 
almost immediately deducible from those in Arts. 58 and 80 (q.v.) 
Thus, to find fx^dx, since «?.»"■*■* = (n + l)x’‘dx, 

.•. f(n + l)x"dx = ; 

i.e. (n + 1) fa^'dz = af‘+' [by Art. 318], 


In fact, if we differentiate we obtain 

n 4- 1 

SimiJarly for and others ; all the results of which may 

be verified by differentiation* 


TABLE OF FUNDAMENTAL INTEGRALS. 


r , 

/a’" dx = T - • 
log* a 

fe^ dx = e\ 

jeosx dx = sill X. 

j sin X dx — — cos x, 

^*800- X dx =■ tan x. 

j coseo* X d» = — cot x. 

/• . , fsiuxdx 

I sec X tan xdx = I — 

•' J COB- X 

, fcoaxd.i 
J coaec X cot x ax = / 

/ cosh xdx = einh x. 

/sinh xdx = cosh x. 

f dx 

f — T=r—-z:r^ == HI 


sech= xdx = tank x. 
cosech? xdx = — coth x. 

r , , , r a 

j ‘ j secli X tanh x ax = 


- = seex 


= — cosecx, 




X dx 
cosh- X 
= — seoh X. 

dx 

X 

— — cosech X. 
dx 

— i 

1 * — 


, f cosh X d 

j cosech X coth xdx = I ^ 

I 


- = sin”^ - = — cus~^ - 


= _ lan^' - = cot~’ 


dx 


I --=^sec-‘^= —-coseo-*' 

yxVx^-aS a a a a 

j s^xdx = gd-' X = log tan 

* J sech xdx gd x. 


/ —7^-- 7^ = Binh-* - = log(x + /\/x* + a*) + const. 

f V jc + a* 

jB . 

= cosh“’ -- = log(x + V X* — a*) 4- const. 


/■ 


dx 


fj 
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/ dx 1 1 ^ a + X r 1 ‘ 

-5 2 = - r= ~ log r® < <*]• 

a- — x* a a 2a ^ a — x 

^ [ dx! 1 _,® *1 , a; + a ^ 

I = - « '•"*'* « = - ^ _- [x > «]. 

* f dx 1 , , ® 1 , a -i- \/ x“ 

j X sf — x^ « ® ^ ® 

dx 1 1 a+ s^oT^lt 

/xVa^4~x* « a a ° x 


: — - cosech"’ ? : 


Although all of the above integrals are of importance, yet those 
narked with an asterisk need not be learnt by the beginner at 
the first reading. 

We shall now give several examples on the above forms, taking 
»hem in order. 


/|.n+l 

320. Form (A) — faf^dx = — 

Ex. 1. Find fx^dx. 

By the formula we obtain at once arl -4- §, i.e. 

The beginner may, however, notice the following rule : — 

We know that, as far as the x is concerned^ x^ is the d.c, of x^. 

Write down a;^, leaving a space (or putting C7) for the constant coefficient, 
Thus fx^dx = Cx^. 

Now C must be such, as to neutralize the coefficient we should obtain 
>y differentiating jcl, which is g in this case. Since § neutralizes f , the 
iile is : — Invert whatever constant we should get in differentiating hack 
he integral obtained. • * 

Ex. 2. fx^'^dx = 

Since, by differentiating we get 

( — n + 1)®“", C evidently = ^ i » 

. f , fda; 1 

t.e. /x-V® = ; or 


Ex. 3. f sin* xcoBxdx(^ 7, say). 

Here cosicdx = rf. since = dz, if we put z for sin x. 


7 = f 2 " dz 


z****"^ Bin’***’*a; * 

n + 1 ~~ n + i* 
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Ex. 4. fj;(l + x^)"da>(= J, say). 

Here the differential of 1 + a:* is 2a! dx, i.e. some mulUple of x dx. 
Hence, putting 1 + x^ = z, xdx = ^dz. 


. . f = j z’.^dz = aj = 2-« = -20 


I + a;2)"+i 
2(n + 1) * 


£z. 6. Jtan jcsec^flcVl — tan^xrfa;. 

The most involved part of the integral is Vl — tan‘^a;, and we therefore 
try the suhstitutionl — tan^x = a; — ^tan xsec'^xdx = dz. 

1 — j— ^jjz.dz — — ^fz^dz = — ^Ozi == ~ • 

= — J2^ = ~ J(1 — taii^a;)^. 

Er. 6. f‘ t±Slt~. 

J oV(x + l)^x + 3) 

Let the indefinite integral = J =: 

j V a?*^ + 4 cd + 3 

Put x^ + 4x + 3 = z; 2(a; + 2)dx = 

^ = /s/ z z=. 4- 405 + 3; 

C^]o ” C-v^x’^ 4- 4® 4- 3jj = 2V2 - a/3. 

j^n+l 

Note. — W hen w = — 1, the formula fx^dx = — t't + C' becomes 

^ 71 + \ 

- /f = J+C=cc +<;. 

Hence, as 7i approaches — 1, the variable terra becomes infinitely large. 
If, however, we consider the definite integral 


» dx = — , 

4- 1 * 


then putting w = — 1, we have 


It u {l + (n*4-l)log6...}-{l4-(n4-l)logo... ] 

j n+i=o w 4- 1 n+i--o n 4- i 

if we expand by the exponential theorem, 

= log & - log a, 

fdx 

and this agrees with the formula / — ^ = logs;. 

J ® 
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We may, therefore, regaid the first formula as universally true, even 
when ?<. + 1 = 0. 


321. Forms (B)— = p" ; f — = loo- a;. 

^ ioga J X 

T? »r / e*^^dx 

** i 

Put = 2 , . f . dr ~ dz. 

' 2 V ar; 

/. 7 = 2Jddz = 26* = 26'^^. ^ 

Ex. 8. f "t = (—,i(z = x- + 3x-l, 

Jx^ + Sx- I ] z’ ' 

— log 2 = log (a;- 4- 3x — 1). 

Or, at once without any suhstitution, 

1 = /‘'iff + 3^ - 1) ^ ]og(a;2 + 3x- 1). 
j iL^ 6x ^ \ 


Ex. 9, = log/(^)‘ 


£z. 10. 


/■ 


dx 


I (1 + as-) tan 

Selecting taii”^jc as the most involved part of the integial, put 


tari""^ X = z : 


- ,/Jx = dz. 


I = ~ log 2 = log tan“i X ; 

[/]* = logtan-iQC - logtan-J 1 = log^^ _ log j = ^og/2. 

322. Forms (C) — /cosic^/ic = sin a?, etc.; and Jcoshxdx 
= sinh X, etc. 


Ex. 11. 


/ 


>V* cos dx 


V X 
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Put ^ = 2 , then -.^-——dx — dz ; 

2v a; 

/. 7=2/ cos zdz = 2 sin z = 2 sin e '^ *. 

Ex. 12. ( tan z = tan (log a;). 

J X coa^ (log x) J cos^ (log x) J cos-^ z . ^ 

Ex. 13. J (cos cc — sc sin sc) cosh (sc cos x)dx. 

Put sc cos X = z; /. (cos sc — sc sin x)dx == dz. 

I = Jcosh z dz — sinh z — sinh (sc cos x). 

/ dx X 

~7-.?=^d= 

V — sr « 

I etc- 


Ex. 


f i?»__ If 'A , 

j Va^- 62*!* “ bj V'a* • ••"=• ““ 


fi(6a;) 1 . _, 5 £k 

• — 2 — y iiin — , 

o^sc*^ 6 a 


Ex. 16. 

Jd^ + b^sin^x 

Observing that cos xdx = d(3in sc), this suggests putting sin x = z ; 

.•./=./■ 1 [.„<&-> , = t /■ [if „ = J, = 6 ,i„ 

y + O-z- l)J + b-z- bJ(d-{-v^ 


It. V 1 . 6 sin a; 

= _ . - tan 1 tan * . 

b a ' a ao 


Ex. 16. 


r e^dx 

j V l + 


Put e® = z ; = dz. 

dz 


:. 1 = J = sinh“‘ z = sinh~i e®, or log (e® + Vl + c^®) + (7. 

/ sec 


Ex. 17. 


sec® X dx 


6® tan® X 

Put b tan sc = z. /. b sec® xdx = dz. 


i = 1 [- = 1.1 tanh-' i t tanh-> 

a- — 2 - 6 a a . ao a 


or l-log^+*i“i^* 
2ab a ~~ o tan sc 
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EXAMPLES XLVIl. 

1. Find what must be difl'erentiated to give tl.o following expressions, 
testing your answers by differentiating them back again [form (A)J:— 

(1) X, a:*, 3?, a!*°, a?*. W <**, 3x,*. 

(3) >Jx; II Vx. (4) V*^ 

(6) (x - ay, (;J - x)-», ?(2 - 3®)-2. 

(6) 2a!(t+x2)2, a,(x2 - 1)*, acV«-’ +T, -x/a/l - x*. 

* 2 ^ 1 

(7) (a> + l)(a=^ + 2® + 3)», 7^r!rF^-' 


Find the value of the following 

indefinite integrals [Form (A)] : — 

(1) /cos X sin^ flc rfx. 

(2) fcos^x sinx dx. 

(3) /cosa5\/siiix rfx. 

(« 

* jiSw 


<’> /n/S”'"' 

/ cob2 cc(l -• tan 

Find the value of the following [Forms (B)] : — 

(1) /e2*+3d3c. 

(2) /ace** rfx. 

(3) /siua; 

<*> /ars 

r(2a; + 3)rfa; 
Jx^~+3x-l' 

(6) feotx dx. 



(7) /sec''*£ce*“*daj. 


( ( 

/(I + x»)tan-‘®' 


<"> Im- 

. . /-sinx + acosx^^ 

^ J xBinx 

(ta) /■'=?* 

' / cosa; + smsc 

/a A\ f 2a5 <?ac 

jilTain^x 
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(17) / 


dx 

X + a; log a; 


f 

j2x-\-l + V2x + l 

(18) [22^^’ dx. 

J V 1 — sina; 


4. Find the value of the following [Forms (C)]: — 

.-V . o , fRinVxdx 


(1) Jaj cos 

/ON fcoBlofi^xdx 

j— i — 

(6) J sin X cos (cos x^dx. 


/o\ f x,dx 

Jx^cos^Cl/x) 


/ X sinh 1 — x^ dx 


^ ( 8 ) 
Vl — as^ cos^ V i “ 


xgN Hog a? sin { 1 + (log ag)^ }egag 

J ® 

r^l + 

J eiu^ (see') 


rind 

the value of the following 

[Forms 

(D)]:- 

(1) 

f dx 

J — 5c2 

(2) 

f dx 

1 V9“~4®2' 

(3) 

r dx 

J + b'^x^* 

(4) 

f c?a: 

,/ - l' 

/KN 

f xdx 

C6) 

r x^ dx 


J Va^ + x"^ 



W 

f e* dx 
/ 1 + e**' 

(8) 

f sec^ X dx 

1 + aHan^a?" 


/" sin sc <^05 

^ ^ J^b cos^x^ 


6. Find the value of the following definite integrals 


( 1 ) r 

' ^ y_3 V'3 - 2® 
(3) /! COS X si] 


sin X dx. 


PV* ® c?a5 

®j, vnr 

<.)/; scc^ as tan x dx. 



316 


INTEGRAL CALCULUS. 


[Ch. XX. 


(6) r . (6) f ® cos a:(l - sin x)“* dx. 

J - 1 Jo 

r*l+tan-‘»a; 

C^/ I 1 I 2 dx» 

Jo 1 + ic- 


Answers. 

1. (1) W, (2) (3) JxJ, <x», 2xi. 

(4) -g^,. -GxJ. (6) -■2(3-i)^ 3(2-3 x)-‘. 

(6) ^(*'=-1)*. (*?+!)*, 

(7) ^(cc^ + 2 £c + 33^ 2 \/a;^ — a? — 1. 

2. (1) Jsin^®. (2) - Jcos^x. (3) §(sinx)i (4) lOoRa;)®. 

-Ki^- (’> (8) 

3. (1) ie2*+3. ( 2 ) ^e*’. (8) -«■“■. (4) ilog(2x + 3). 

(5) log(x2+3x-l). (6) Ic^siDX. (7) e--. (8) 

(9) logtan~‘x. (10) '2a'^ ‘‘/Xo'^a. (11) Jlog(l+x*). 

(12) log (a sin x) = log x + log sin x. (18) log (cos x + sin x). 

(14) log(l + sin^x), (16) 21og(l + V x). (16) log(l +' V2x -f- f 
(17) log (1 + log x). (18) - Vlog «. 


4. (1) Jsinx?. (2) -2cosv'x. (8) sin log x. (4) -tan 5. 

(6) — sin (cosx). (8) —cosh Vl — x“. (7) — tan V 1 — x®. 

(8) — Jcos {1 + (log x)‘'‘}.(, (9) — cot(x«*). 


6. (1) «n->| 


(2) lain 


,-i2x 
3’ 


(8) \ tan-' 
ao a 


(4) ^cosh-' ax = i log (ax + VaV - 1) + C. 


(6) i sinh-' p ^ log (x^ + Vx' + a‘) + C. (6) J ain-> a?. 
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( 7 ) tan- 


/o\ 1 1 (t tan £B 

(8) _tan 


( 9 ) 


- taiih-> (. /* cos a') = log 

^ab VV a ) 2Vab Va - 


Va + Vicos® 


Vicos® 

6. (1) 2. (2)2. (3) i. (4) J. (6)log(e + l). 


(8) log 2. 


(7) g(» + 4). 
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CHAPTER XXI. 

ELEMENTARY APPLICATIONS OF THE INTEGRAL CALCULUS. 

324. Velocities and Accelerations. — We have shown 
[Art. 117] that ds/dt and d^sfdf* (or dvidt) represent the velocity 
and acceleration respectively of a moving particle at any instant. 
Suppose, now, that a particle moves under a given constant 
acceleration a ; we shall show Iiow to obtain the ordinary 
formulae for tlie position and velocity at any time. 

Let = velocity at the time f. | 

Then dvjdt = a, or dv = cult ; 

= jadt ^ at C\ a being constant. . . . (1) 

The value of 0 depends on the initial conditions. 

Suppose that, when i = 0, the velocity is then in (1) 

« = 0 4- 6^, or 6" = u. 

V = M at 

This can also be obtained by the use of corrected integrals, 
remembering that when < = 0, = w ; thus ; — 

j dv = ^ adtj or — w = at. 

Here v and t are the variables, u and a being constants, 
c 

325. Again, since v = ds/dt, ds/dt u at ; 
or, ds = (u + at)dt, 

8 = f(u at)dt = ut-h iat^ -f 

t To be precise, by “UtB time t’* is meant a certain instant, namely, 
t seconds after some given instant from which the time is reckoned, and 
whicli is called “ time 0.” 
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If = 0 wben t = 0, then O = 0, 

-f ^ ul^ \ 


or 


j ds = j (u + at)dt ; etc., as before. 


326. Since « = = 

dt ds dt ds 


/. vdv = ads ; 

1 vdo = a I ds, if v = u when s = 0. 

J u J 0 i- 

2 ~ = w* -)- 2as. 


327. A particle moves along the axis of x so that its acceleration 
towards the origin is proportional to its distance from the same. 
To find its ^^osition at any time. 

The acceleration is vdv jds \ vdv jds = — ks, since the 

acceleration, as measured in the +*'*' direction, is — k being a 
-i-'® constant. 

/. vdv = — ksds. 

Integrating both sides, ^v“ = — ^ ks^ 4- O. 

The value of 67' depends on an additional datum ; suppose, then, 
that u is the velocity at O, or v = u when s = 0, 

^ = 0 -{- C, or O = L ?r ; 

v^ = u^ - ky \ 

Since r = ds/dt, ds = V w-" — ks^dt ; 

, ds 


0 ) 
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To find Cy suppose the particle to be projected from tlie origin 
at time 0, i,e. let s = 0 when / = 0 ; then 

0 = 0 -f" 

and /. t = -4“ 8in“^ — - s, 

s = sin ( V /r . jf), s = sin ('//". /). 

The particle therefore moves with simple harmonic motion. 

If a be the amplitado, i.e. if ?• = 0 when h = Uy then from (1) 

0 = li' — or '// — a jJ /•, 

6* = a sin {/J h ./). 


328, Areas of Plane Curves. 



Let PMy QX be two very near ordinates of tlic curve y =/(i/j). 

Draw PRy QR parallel to 0.c. Then if 
(t, y)y (x 8Xy y -i- 8y) be the coordinates 
of P and Q respectively, we have 

Area of PX = PJI.MX = ySx., 

Area of RX = QX.MX = (y -f- 8y)8x, 

The difl'erence = Sy.Sx, wdiiqh is of the 
second order of small quantities, and may 
be neglected in the summation, as wc 
shall show. 

The curvilinear area PAINQy bounded by the arc PQ., is inter- 
mediate between PX and RN ; hence its area is y8Xy the error 
being less than 8y,8x. 

Now let CA be a given brdinate, and let A denote the area 
CAMP. Then evidently PMNQ = BA, the increment of A ns x 
increases to a; -4- Bx. 

8A = yBx nearly. 

Using differentials we have, exactly dA = ydx. 

/. A = fydx. 


Fig. 97. 
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Tf OA = OB = then area GABD = ^ ydjD. 

To show that the accumulated error is negligible, we have 

= 8a; S:Sy, 

if 8ic be made the same for every term of the series (or OA be 
made to increase to OB by equal increments), 
i,e. = (b — a)Sx, 

which is negligible compared with the Av4ole area GABD. 

Ex. In the parabola — 4ax. 

fydx =f2's/ux(ix = 2 ^/aj A/xdx = 2j^a.^^x^ + O 

= 4- (7. 

To find tlic area of a segment cut off by a double ordinate for which 
sc = /?, y = A;, we have • 

/ h . 

ydx — ^ ah, h — since 7c^ = 4ah, 

0 

For a further consideration of the subject, with examples on 
the same, see Chapter XXYII. 
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CHAPTER XXII. 

ELEMENTARY TRANSE^ORMATIONS-^INTEGRATION BY PARTS 

329. In this chapter we shall give some general elementary 
methods of dealing with integrals which cannot be integrated 
at sight. The methods of partial fractions and successive re- 
duction will be given further on. 


330. Separation into Terms. 

. — 1205^ 4- — 1 

Ex. - * * 


^ J ( 2 a; - lydx J8 

=: j^Sx^ —''1205 + 6 — = Jcc® — 605^ + 6 o 5 — log 05. [Art. .310.] 

/ aa5 4-Z> , f xdx , /* dx * . , . , , 

= a V^f -f ac‘-* + 61og (op + Vl + x^). 
f x^dx ri - (1 — 5t*2) ^ f dx 

**• 8. j 1 _ ^ - j 1 _ *2 


X 1.-1 1 , 1 + 05 

tanh ^a: — cc = ^IQ&Y ~x “ 


Ex. 


’ = a? — + Jas^ — Joe* + — log (1 + a;). 


331. Substitution of a Single Letter for a Compound 
Expression. 

r a^dx 
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Put 2* — 1 = y ; .•.«!= l(y + 1), dx = \dy, 

. J fl(& + lfy^ + 2y+l , 

•• J-j ^ =sj 

^ 1 _L 1 

“ TS^ ~ 12jr» ~ 32y« 

_ _ 6y2 + 8y + 3 6(2a: - 1)2 + 8(2® - 1) + 3 

96y* 90(2® - 1)« 

_ _ 24a;2 - 8® + 1 
96(2® - 1)< • 


332. Rationalization of the Numerator. 

Ez. = multiply above and below 

by v'rA®, 


/ dx 

V l — ^ 



sin" *05 


vr^. 


333. Rationalization of the Denominator. 

f 

E*. f^-^!^!^+-^)'‘^’ifwemultiplyaboveand 

J Va2 + ®2 - ®, J a’‘ + x^ -x^ 


below by the numerator, 


=/' 


+ 2x^ 4- 2a; V 


dx 


2 2 

= Jdx + ^xHx + -^Jx^/ d^ + x^ dx 


9/,.3 Q 

“ ® ■*■ 3^ ■*■ 3a^“* ■*■ 


1. Integrate: — 

(1) IriEd®. 

X 


( 4 ) 


^x^dx 

1 +V 


EXAMPLES XLVIll. 


(8) 


xdx 

1—05* 


(S') ^ ~ ^ d®. 
2® + 1 


(3) <<^JZd®. 

(3) cy£.-^:g d®. 

x\x 
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1 — 

('7') ^ dx, 

(9) dx, 

(U) <^-'^L+?L)?da,. 

^ ^ 1 + *2 


( 8 ) 


( 10 ) 


( 12 ) 


a/I-o? 

(x — V 1 — a;^)^ 


dx. 


(2 + a: + Vl + x^y 
1’ +■ 


dx. 


2, Integrate : — 
^ X? dx 


' ( 2 ) 


xdx 


X - 2' (a; + 1)2* 

(4) (x + l^ipr. — ^ydx. (6) x\x + ay^dx. 


(3) (^±i)(* -L2W 

a; + o 

(6) a;2^ 3p ^ adx. 


0) 


xd x 
a/x — 1 


(8) £c(a5 — 1)» dx, 

( 10 ) 

(2a; - 3)’ 


( 8 ) 


(1 - xydx 

-V^i + X 


3. Integrate:- 


« v!l.' 


dx. 


« v/s-* ! 


fZa; 


Vi + X + Va? 
Va:(Vi 4- cc — Vas) 

(7) t.-.')^EE?a;da;. 

Vas + a— Vue — a 


vedx 


(«) 


^2 + 9*2 - 3a;' 


( 8 ) 

a;/v''a; - 1 


Answers* 

1 ?>2 
1. (1) logo: — X. (2) — log(l — a?) — 05. (3) — o^as® + 3ot2ta5 4- 3a521oga; — — - 

(4) X - ia;2 4- - log('i4-a)). (5) ^ - ^log(2aj 4- 1). 

(6) £c — 6Va;4'3loga;4-2®“^. (7) -2tan“*a; — a, (8) 8in''^x4-2Vl — a:2* 
(0) 2 tanh-* J - 1 log (o* - a;*) +. Bin-»| = | log 

(10) tanh"^ a? 4- 2 Vi — 052. 2x — tan'^a; — 2Vl 4- a;2. 

(12) 2 j 5 4- 3 tan'^ac 4- 2 log (1 4- as®) 4- 4 Binh“i a? 4- 2 Vl 4-052. 
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«. (1) W-i-x^ + 4x +70 + 8 log (x - 2). (2) log (1 + ®) + 

(3) + 2 log (x + 3). (4)-'aV(* - SK&c + 8). 

(®) ~ 42ax + 8«s^X® + o)’. (7) ^(a; + 2) Va; — 1. 

(8) A-(5a! + 2)(a! - 1)«. (9) (3x^ - Ux + 43) V'oT i- 

(10) !(»'•’ + 3®2 + 18x - 54)(2x - 3)-i.. 


3. (1) 2 8in~',y + V4 — xK 

(3) iv'^^i2“-r62 +-cosh-»?®. 
^ ' a a b 

(S) 'l>/x + ix^ + i(l + x)i 
(7) ,4^®“+ 


(2) /\/ac2 — 1 — cosli“^a;. 
(4) ^{(n? + 1)^ + £c»}. 

(e) ^(2 + Oa^)^ + ixK 
(8) cosli~i X + Kec~i X, 


334. Integration by Parts. 

Let u and v be functions of x, * 

Then d{itv) == udv + vdiiy 

uv = judv 4- ^vdu 

^^id;v = uv — ^vdu. ... . . (i) 

This formula, .which should be committed to memory, is 
of great use when vdu is easier to integrate than vdv. It 
moreover plays an important part in the chapter on Successive 
Reduction. 


Ex. 1. jx\o%xdx. Let dv stand for xdx, and u for log a?. 
Then v and du whence vdfb —^dx\ 

J* X A 


/. 7 = ^log 05 — -J 05 dx ; 


4‘ 


It should be noticed that (1) to get uv^ the part dv is integrated; 

(2) there is a negative sign ; 

(3) to get ^vdu^ the part v that was 
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integrated is now left unaltered, Vhile tlie part u that was left 
unaltered is now differentiated. 

Ex. 2. /sin-^ojeZiC = assiii”^ x — /a;fZ(8iii”^ x) 

= X sin“i £c - J 2 = ^ a; + V 1 - cc'^. 

Ex. 3. r — = X, 2 VaT+ll ^ 2fVx + Idx = 2xVx + 1 — ^(tc + 1)1 
j Vic +1 

= (a; - 2). 

Ex. 4. f(fcosxdx = ^tihix — /e* sin cc <Za?, if wc make r/y = cosaj^Za:. 

Again / eT cos x dx — e* cos x ~i- sin x dxj if we make do = dx. 

Adding and halving, 

, ^ , c*^(sin X -f cos a;) 

j e* cos X dx = — ^ ^ ^ - 

Ex. 6. /V — ay^ dx = x*J — 'ff ■— • d V 

, /• a52(Z® 

= + j 

= ® j 

= SB V a* — oc^ — / Vu'* — ac’® dfx 4- ’ 

/, 2 / Vtt^ x^ dx — x\^ dk — 

t /. f Bm-‘5. 

:. 6, t Similarly JVa^ + s^cU = ^ sinh”^ ^ 


Ex, 


2^2 a 

xVd^ + X^ , Cl^ , , f-T, :rv 

2 ^'2 («+ V + + 0 . 


Ex. 7. t Similarly /V — d^ dx — 


2 2 cs 


ceV a,*^ — . . /-- 

= 2 ^ (^+ — “ ) + 


t The three last integrals are very important, and the student should 
endeavour to commit them to memory. 
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EXAMPLES XLIX. 

Integrate by parts : — 

1, x^logccdx. 2. xainocdx. 8. logardz. 

4. xfx^dx. 6, log(a;+ + 6, ac*‘ log as c?cc. 

7. tan“^ X dx. 8. 9, x(x + a)® dx. 

10. Qxi'\-a)QjG’\-hy'dx. 11. a> sin-^ a; e?ic. 12, d^ainxdx. 

13. 14. a; tan“^ £c J5. 16, (log a;)® <fa5. 

V 1 — sc''* 

16. V + x^ dx. 17. ^/x^ — d^dx. 18. cos 2£C rfsr?. 

19. s’m sc cos sc dx, 20. e* cos nsc dx. 21, 6' sin x sin Ssc dx. 

• 22. sc^ cos sc dx» 

Answkrs, 

1. (3 log sc — 1). 2. since - secosse. 3. sc(logsc - 1). 4. 6^(05 - 1). 

6. a;log (sc + Vr+ - Vl + ac"*- 6. {(^ *!• l)logaJ - 1). 

7. a;tan“'a; - ilog(l + cc^). 8. J(» - l)V2ar+T. 

9 . ^^(4ir - + »)'• 10- („ +t)S''+ + !> + (« + 2)<» - 6}. 

11. l(2x^ — l)sui~^sc + — sc-^. 12. Je"(sincc — cos sc). 

13. cc — V^i — sc^ sin“* sc. 14. ^(1 + cc^) tan”^ sc — Jsc. 

16. cc(logcc)^ — 2»logsc + "lx, 16 and 17. See text. 

18. |e“(cos 2cc + 2 sin 2sc). 19. i\yC*(sin 2sc — 2 cos 2cc). 

c* 

20. j--^r — ^ (cos nx + n sin nsc). 

+ n ^ 

21. le^ {^cos2£c + 2sin2sc) — i*7(cos4cc + 4siii4sc)}. 

22. x(x^ — 6 ) sin x + 3(x^ — 2) cos sc. 

336. Rationalization by Subst itution. — This is useful 
when a surd of the form y a bx^ or under certain circum- 

stances y a hx^, occurs in the expression to be integrated. 
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£z. 1. 


/; 


d'jc 


j a + 'Jx 
Put ^x = y, 0 Tx-y^; 

r(V« + v) - 


UW >V i/7 ' 

” ^ " J Va + y j ^“ + 2/ 

= 2Va.-2V<»log(Va+ -/x). 


£x. 2. 


/; 


f5 + 1 


<ix. 


J asV £c ““ 2 
Put » - 2 = 2/2; •*• = 22/e«y. 


;; 5P — 2 = 2/ ; • • 

_ O = 2 ff 1 + V2' 

~^J (y“ + 2)y A 

_ 2Vb- 2 + V2 tan-* ^ 

^ r VaJ + 2 

.o/w + .» + o/|^ + «//5-i 

+ 6, + 6„^(,- - .) + 

^22/»+Gy + 61og(y+l)+61og(y-l)+3Iog(y-l)-3'os(y+l) 

_ 2a'5 +6*^ + 9 log - 1) I- 3 '^S 


forfl - Vl - 

Putl-a>'“ = y'‘; :.-=odx = ydy. 

, _ J (1 - y> jy ^ Pnt.2 _ y, or2 - -/i - x2, = z; 

...;. /(i^as^./(-?+3-.> 

= _21ogz + 3z-i*-=-21og(2-y) + G-3y-K4-4y+2/^ 
= - 2iog(2 - y) + K8 - 2y - y’") 

= - 2log(2 - Vl - ■^) + 4(8 - 2Vl - - 1 + 
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EXAMPLES L. 

Integrate : — 


X dx 

2. 

I 

1 

3. 

x^f xdx 

1 + Vcc 

V £C + 1 


1 4- V^£C 

xdx 

6. 

dx 

6. 

dx 

V 2£C + 1 


Vcc Va; + 1 


iJai — 3 ? 

x?dx 

8. 

2 — 3aj , 

— — ■ ■ - ■ — — doc^ 

9. 

- y dx. 



XV 1 — X 


XV x^ — 2 

dx 

11. 

dx 

12. 

- dx. 

x^^ + x^ 


X* + 1 


2 + a; “ 2 


13. 





• 

1 + V 1 + £C^ 




Answers. 

I. ac — 2 Va: + 2 log (1 + Va;). 2. x — 4 cc + 4 log (1 + x), 

3, + 2) — 5 a; + 3) -f- 21og(l + ^ x). 4, + \.(x — !)• 

5. 2 cosli^^Va; = cosh"*i(2a5 + 1). 

6. 2sin“^ Vcc = sin’"i (2 ^ x — x^). Put x — \ sec Ex. (5). 

7. J \fx^ + \(x^ - 2). 8. G v^l - a; - 2 log ^ 

9. \^x}^ — 2 — /.> + 1)}. 

II. 4v'£^TT(a'’ - 2). 12. l(x - 2)3 - 2a*. 

13. - hy‘^ + 23/ - 2 log (2/ + 1), where y = Vee^ + 1. 

336. Use of Trigonometric*al Formulae.— By making 
use of the various formulae in trigonometry, many integrals can 
be transformed into others immediately integrable. 


fsin 0(1 — cos2e)<id t^medd ». 

= 1 Jii — = I - fsinedff 

COS^e J COS-*0 J COH^e J 


= sec e + cos 0. 
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Ez, 2. j sin^ edQ — 1/(3 sin B — sin 1 cos 9 + i*a 3^. 

Or: — 1 = /(I — cos2 0) sin ^ = — cos^+ Jcos^tf, which agi-ees with 
the preceding result. 


Ex. 


/ d0 r sin^a+cos^a . _ f sin 9 d0 f cos 9 d 9 

sin 0 cos d"”/ sin $ cos d ^~] cosd “^/ sind 

5 = — log cos 9 + log sin 9 = log tan 9. 


Ex. 4. fsin me cos nOdB = J/{sin(m + n)$ + sin(m — n)9}d9 

= - 2(J+ir) + ”>» - -Icm-W) - “>• 

Ex. 5. /cos^ 0 = 1/(2 cos2 = 1 j*(l + cos 20) W 

= 1/(1 + 2 cos 20 + cos-^ 29)d9 
s= l/«/0 + i f cos 29 d9 + J/(l + cos40,)c?0 
_ 9 sin 20 0 ^ sin 40 30 sin 20 ^ sin 40 

“ 4 + ~T~ ■*■ 8 + ~32~ = 8 + ~4~' + ~32~' 


f sec‘^ 0 c20 r da: 


/*(! — cos^ 0)2 + 2 cos2 0 , Z' sin* 0 + 2 cos 20 

= j sin*0 sin*0 


1 + cos* 0 /* (1 COS^ 0)2 + 2 COs2 0 

sin*0 

= /d0 + 2/ COt2 0 COSCc2 0 d0 = 0 — § C0t2 0. 


EX. 7. /80ced« =/7f™ (if X = tanO) 

— log (x + VrTlc‘0 = leg (tan 0 + sec 0) = gd‘i 0. 
Ex. 8. /tau2 0d0 = /(8ec2 0 — l)d0 = tan0 — 0. 


Integrate : — 

008*0 , 

8in»* 

4. cos2 0d0. 

7, cos 30 sin 20 fi0, 

: ^ l+sin*0 , 

10. TT 'dB. 

* • COB* 0 


EXAMPLES LI. 


2. cos*^0d0. 
6, sin2 0d0. 

f 

8 . sin*0d0. 


11, cot2 0d0. 


sin* X + cos^ X , 

13. — r— 5 » — aoj. 

Bin* a; cos* 05 


^ 1 + sin* 0 , 

®- “cosM 
6. sin0 8in20d0. 
9. sin* 0 cos* 0 d0. 

12. tan*0d0. 

dx 


14. 


Bill'* X COS'* X 
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Answers. 

1. — (cosec 9 + sin e). 2. sin 0 — J sin^ 9, 3. tan 9 + sec 9 4- cos 9. 

4. -^9 + J sin 29. 6. — J sin 20. 6. J sin ^ J sin 30. 

7. J cos 9 — cos 59. 8. J sin 20 + ^ sin 4a. 

-- ^2 sin 4a. 10. a + § tan3 a. 11 . - (cot a + a). 

12. J tan2 a + log cos a. 13. ^(sec^ie — cosec® cc). 14. tana; — cot cc. 


337. Trigonometrical Substitution. — This is often useful 
when the surds V V 4- ic®, and V occur. The 

substitutions arc given in the following table : — 



Surd , 

Put for as 

Value of surd 

(a) 

aJ a"^ ^ X“ 

1 

(1) a sin a 

(1) a COS a 



or (2) a tanh u 

(2) aseohtt 

Q>) 

V a* + »* 

(1) a tan a 

(1) a SCO a 



or (2) a sinh u 

(2) a cosh u 

• 

(c) 

— U* 

(1) a sec a 

(1) a tan a 



or (2) a cosh u 

(2) a sinh V 


Note. — If a = 1, these surds become respectively Vl — Vl 4- and 


There are other substitutions which might have been made ; 
thus in (a) we might have had in the second column a cos 0 or 
«sech^^; but there is no advantage to be derived from using 
them instead of those given. 

These substitutions may also be ^made in other cases. [See 
Ex. b, below.] 


/ dx 

a/ 

Put a; = a sin a ; 


dx = a cos a d0. 
- cos 0d0 


/ acosac£a ^ ® 

a cos a a 
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Ei. 2. ’/VaS - x^dx. 

Put X = asm e; dx a cos 6 dB. 

I = a*/cos* »di = + cos 20)de 


= ^ sin 2d = -^(d + sin d cos d) 

- a; , . 

= sm 1 — I ,, as before. 

2 a 2 


Ex. 3. fV dx. 

(1) Put X = a sinh u ; dx = a cosh u du, 

2 

/. I = a^fcosh^u da = + C08h2w)c?M 

flr2 ^^2 ^2 

= ^ sinh 2 m = + -g sinhw cosh w 

. , , X , ccVa^+a;- 

= -^8inh~^ — ! s 

2 a 2 

(2) Otherwise, put a: = a tan d ; ^ dx = a sec^ d c?d. 

.*. / = a^f sec^ d, d'd = a^/sec d . c?(tan d) = a^ sec d tan d ~ a^J sec d tan^ d de 
(integrating by parts) 

= a^sec d tan d — a^f(sec^ d — sec d)<?d = see d tan d — / + a^/scc » de, 
= a^seedtand — 7 + a^log (seed + tand) [see Ex. 7, Art. 336] ; 

I = ^sec d tan d + ~ log (sec d + tand) 

Jd ^ 

X s! a?' + , , /- , , a- 

— 2 H g- log (a; + V a- + x-) + 6", where C = — ^ log a. 


C.4. {^f(E±lldx. 

y(a=== + l)* 


Put a: = tan d ; dx ^ sec^ d rft. 




tan^ d (tan d + l^L/sec^ d (/ d _ f siii2 d (sin d + cos d) , 


- 7. . /■sind(l-cos2d) n - cos2d, 

■jeos^d^ ’*“ycosd J cos'^d ^ +y cosd 

' / So^2^d^^ " ^ ede jeos d de 
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= sec « + COB e + log (tan e + sec tf) — sin B 

2—05+052 , ^ /- 

= 'Vr+W + VI + a;*)- 


'■•■ /Vi- 


Put a; = a cos 6; /. dx a sin e de. , 

/. /= — [cos 6^/ ^ 61110 de=-a^fcos0(co3ecO~ cot e)3ineci^ 

J A “1“ COS O 

[see Mtsc. Theorems.^ 

= — a^/cos e do -h a^Jcos^ fl ci0 = — sin 0 + + cos 2oyid 

= - a 2 sj„ 0 4 - sin 0 cos 0 ) 


= — aVa.2 — 05^+^ cos ^ — + 
2 a 


a2 05 , x y/ 

+ 9 


Otherwise 


((ax — a:F)dx f(a^ — 05^) + ao 5 — a® 

= J V — 3 ^ djr + a —i — a^( 

J Vcr ~ cc-^ j V a2 — at-i 


vV — X? . a? . 


K V <*2 — £c 2 


' a“ . ,x f — fl 

+ T^sin av a2 — ot? — a^gj^-i, 

^ a c 

„2 , X 

— a V — flc^ — -pr sin ^ — 


2 ^ 

which differs by the constant ^ ^ from the preceding result. 

2 2 

/ c?a5 


Put &a 5 = a sin 0 ; dx — j- cos 0 do 


/= ?. 


a 1 f cos 0 c?0 If o ^ 1 i. £ 

b' ay 'coP'8 ~ ® “ 0*6 ® 


aJ ^ €4*2 — 
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Integrate : — 
dx 


Va** + 

4 

7. 






+ 05 


-dx. 


EXAMPLES Lll. 

2 . 

V o;2 — 

g dx 

X 

- ixPdx 


11. 


1, 2, 3. See above. 4. 

X 

6, 


Vl — £C^ 

V 2 ~ 05 

V22c‘^ + X*^ 
Answers. 

X 


dx. 


3, a/ dx, 

6 . 

(a2 + 

9. _^-±J^-rf05. 
(a“ 4- 

12. 

x(x^ + i) 


5. v^a;^ — - a cos"' 7. 


+ x8’ 

7, — 1 — 2 log (x + — 1) 


aWa^ + 6V; 

8. - K** + 2) Vr- 9 . i 10 . a sin-i | + 

11, cos~*- — log = cos~* 5 — cosh~* - [put X = 2ci. •’ ]. 

2 X 2 X 


12. log— , -Srr^_- + tan"' X, 
Vl+x^ 


338. Miscellaneous Substitutions. — Innumerable sub- 
stitutions may be made which can hardly be classified. Some are 
given in the following example : — 


Ez. / V2 + tan^ e de. ^ 

Put tan 3 = X, or a = tan"' x ; /. a = ^ 

' 1 + 


^ T — ^'^2 4- x^dx 
J t + o? • 

... 

7 (1 4- y)^/y 


Put x^ = y; 


Put y = ~; 
z 


/, 2xdx = cfy. 

/. dy ■= — i iZa. 
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Put 2i8 + 1 = dz = vdv. 

^ = - j(^-i _ I + 

= coth“i y 4 . cot“^ v, since v> l.f [See Arts. 80, 319.] 
But V = V2m = \/^-^ = s/~^ ~ 'v'2cot*e + 1 ; 
/ = cotli”^ V 2 cot^d + 1 + cot*^ V 2 cot^d + !• 


*339. Since — 1 = 2 or tan d = — 7 — -^== 7 , we might make 

V w“ — 1 

this substitution at once. 

Thus, difTerentiating, 

2vdv — — 4 cot « cosec^ QdB ^ 

= - 4 =. - //2 Vi;* - + l)d 0 . 


de= - V2. • 


1^—1 .( v * + 1 ) 
V2v 


Also V 2 + tan^ ^ = v tan = - / -—-- f 

V — 1 

^ - 2/ (,._fxv* + i) = 

Otherwise :— / V2 + tan*« do =/ Vl +sec *0 rfff. 

Put 860*9 = x; 9 = sec~*V®; <^9^= ^ ^ ; 

••• ^ - i/tSs - i/£iys 

= J cosh“^ see® ® ^ sec** sec® 
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•340. To show tliat these two results agree — 

Let J sec“^ sec® 0 = J (/> ; 

/. sec tf> = sec® 0, 
cos <[> = cos® e, 

oot^i, = = 2 cof'a + 1. 

/. ^<t* = cot“i V 2 cot® 0 + 1 . 

The other part may be est{iblished trigonometrically, or by logs, thus : — 
^ cosh'i sec® B = ^Jog { sec® 0 + V sec'^ 0 — 1 } 

= ^log {sec®0 + tan 0 Vsec® 0 + 1}. . . (1) 


Also coth”iV 2 cot ®0 4- 1 = coth 1 — 


V sec‘^ + 1 


= ^log 


a/ sec®0 + 1 + tanfl 


tan0 2 ^ 8ec®0 + 1 — tan 

— 4- 1 + tan®0 + 2 t an 0 V see® 0+1 

— ^ gg ^2 e -I- 1 — tan® 0 

= \ log (sec® 0 + tan 0 V see® 0 + 1) = i coBh“i sec® 0 , by (1). 


’^* 341 - Th(^ following proof may bo noticed : — 

If cosh ML “ sec ij), we know that coth Jw = cot h(t>, [Kxs. XIV., 24 .] 
u = cosh“^ sec tpi and = coth“i cot ^fi > ; 

/. J cosh~i sec tp = coth“i cot , (2) 

Now, from Art. 340 , 

sec <p = sec® 0, and cot = a /2 cot® 0+1. 

/. by (2) ^ cosh~i sec® 0 = coth“i a / 2 cot® 0+1 . 


EXAMPLES LIII. 

Integi’ate, by means of the substitutions given ; — 

^ ^ . o 

1. —7 — / put X = asin®0. 

a/ x\ a — X 

dx 


(a;'+ a)dx 
a/ xa/ a — sc’ 
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dx _ __ aip 

■ ^x(x - ci)^ ’ ^ ~ - a"' 

0 . ~ - ? . a; = a cos 2d ; also a; = a sin e 

a + X W a, X ’ 

7. + x-dx; x = 

8 . ^a; . a, _ I (e* + e-i-). 

(a}2 — d^)dx ® I _ 

xVx^ + ’ a ^ 


EXAMPLES LI V.— MISCELLANEOUS, 


Integrate by inspection, or by any of the preceding methods 

1. 3. 

1 Vu; + a \^+ ‘ 


6. as log (1 + x)dx, 6, tan"' x dx. 


+ 1 + I 


(1 + 
x\/l — 

X dx 

Va* — 


dx. 14. 


log X dx 


- sin 2a; dx 
1 + sm^ic’ 

, - sin X dx 

14. -i -- =r. 

V 1 + cos’^ X 

„ „ sin X dx 

17. — T. . • 

Vl - 


]osxdx 


12. ^ ^dx. 

^ + e--* 

, - sin 2a? dx 

V 1 4- cos^ X 

18. sec^drfd. 


19. tan $ sec^ $ de. 20. 


Q_ X tan "' X 


sec 6 + tan 6’ 


2. tan"' Va? cfcc. 23. Va? tan~' Va? c^a?. 24. a?(l + a?^)tan"' a t^a?. 


26. 1 cosh ^xdx. 
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052 ^33 

88. . 88. li 

*J Qi? — «2 

V^a52 + «2 

80. 

Va5+ 1 

81. (a? - 2) V 05 - 
Va5 4* 3 


Va;4-a + Va; — c 


05 - 1 - a — Va 5 — a 


Answers (LIII.). 

1 . 2 8in->, A; 2. vers-'? = cos->-3i?. 8. Sosin-* /-- VRa-T). 

a! a a 'X/ a ^ ' 

4. 2^/» - 4Vatan-*. A 6. - \ 6. 

9. sinh“’^^ + ~^ = log (cc^ + + Vas^ + SA-* + a^j — log(aa5). 

Answers (LIV.). 

1 . Ja 52 +a:+log(£c-l). 2. |(a5~2a)Va5+«* 3, ~ -41og(cc+l). 

4. 5. ^-^log(a5+l)-K«^-l)^. 6. ^as^tan-ia;- i»a‘-*+ilog(l + fl52). 

7. Jic V^~4~i + J 8inli~i 05 — Jas^. 8 . J(log £c)2. 9, — -(1 + log cc), 

l®- - o7?-7— S-x- •"SCl + sill®®). 18. Jog(e* + e-'). 

13. Jsin~i£c2 + jVl — 14. — Biiih“i coscc. 16. - 2Vl + cos‘^^. 

10. i sia-i ^ . 17. ^(8m“ia5)2. 18. tan 6 + J tan^ e. 19. J see’* 6. 

20. log (1+ sin 6). 21. 2(V£C — tan“iVa5). 22. (l+ci5)tan“iVa5- Va:. 
23. ^a;Va5tan-iViB+Jlog(l+a5)- j£c. 24. J(1 + 052)2 tan-^ a5-Ka5 + 3a^)* 
25. VTT^ tail-' a; -sinh“> 05. 26. J(a)2- 1)^ cosh-' 05- J(Jur'*-a;). 

27. cosh-i?o 88. r”^^jg±? -^sinh-»^. 

* ^ 2 ct 2 45 a 


88. i(a,® +® V a*— oScosh”* 

80. +^co8h-«a- VS^l. 

31. K® - 10)^0!* - 9 + Y f- 
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CHAPTER XXJTI. 

STANDARD FORMS. 

(lx 

342. Integration of 

We shall show that? (except when 4- ^lix + ft is a perfect 
S(|iiare) this integral is reducible to one or other of the three 
fundamental forms : — 

W / = sin or — co8~‘ - . 

J Va^ — a a 

t 

~ \ 'J «“ + - log a. 

/v? ^ = log (s 4- 'v' u^) - log a. 

That this is most probably the case will appear if we begin with 
any one of the latter integrals and put ^ = a? + 


Thus \-j 


dz r dx __ r 

V (d + z^ i V (d + (:/? + (-y j V 


dx 


4- 2rx 4* 4- 

which is of the form w^e arc considerii^. 

We shall first give some numerical examples and then take the 
general form. 

343. Numerical Examples. 

dx 




a;)(3a3 — l} 
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Wo have (2 - - 1) = - 2 + 7a: - = - 3(x’‘ - l-v + *) 

= - 3{(a: - ly - (J)2} = 3{{if)“ - (x - if] 


Ex. 


^ 1 /* 1 f IP ^ ^ 7 

^ ~ Vsj V(§>— 

1 ■ -1 Gz _ 1 _j_— 1 Gx — 7 

- 73 ““ T“ 73®™ ~~5 

0 r ^ 

■ • J VSx'J - iOx + 3’ 

We have 3*“ - lOx + 3 = 3(x^ - ® + 1) = 3{(x - §)=- (J)^}, 

1 f dx 1 f d% _ , 

^ = 73 ; “ v§j ^ - 

= -^gcosli”’^, or ■^2log(3z + VSz’* — IG) + C 
{O being the constant - ^log4, which we ignore) t 

= ~"p^ cosh”! log { 35t* - 6 + V — lOa; + 3) } + C. 

r ‘ dx 1 f l_ f 

®' J ” Vsj 7^- o> +1{ “ 73 ; 7z^+(72/3)a 

= sinh”! or log (Sz + V + 2) + C 
= siiih”! or ^ log { 3uj - 5 + v'3(3'^“'^10x- + IQ} + C\ 


Ex. 4. 


/ dx 1 f dx 1 

757-+W+ 3 - ^sjx + l- 73’°S(® + !)• 


In these examples we have given all the different cases which 
might occur (except, perhaps, that in which the expression under 
the radical sign is the sum of two negative squares, which gives 
an imaginary result). 

We now take the general form. 


t We shall denote by C some constant, the actual value of which is not 
material. Moreover, if C be used hcice in the same example, the two do not 
necessarily denote the same constant. 



dx 

§344.] INTEGRATION OF 

344. General Form. 


341 


We Lave ax^ + 2/rx + h 


= a[(a, + ^y 


+ 


ab — Id 


Case I. — Let a be and ld'> ciby so that + 21ix + h 
breaks up into two real linear fs^ctors, or can be expressed as the 
difference of two squares. 


Then 7=;^ -^ 



dr 


a/ 


l_f 

fd ^ (d) a J a/ — 


inr 


if s = 4- - ; and = --- the latter being +^®, 

= -- - cosh~^ ?. = -I- cosh~* 

. rn ^ td ab 

Jrt “ :7a 

= _ ^ lo»- ( + ^ ^ Q 

a/ a V cd / 

~ + A 4- V a(ax^ 4- 4- 5)} + 

[See footnote, Art. 343.] 

Case II. — Let a be 4-'^*, and ab > Id, so that aod 4- 2hx + b 
does not break up into real linear factors, i,e, can only be expressed 
as the sum of two .squares. 


Then I=~ 
fj a 



dx 1 r dz 

~ 7?T 

4- - ) 4“ 

a/ 


m{' 


if ^ = a; 4- - ; and md = ? --- . A the latter being 4-'" ; 
a «- » 

and by reasoning similar to the above this becomes 

sinh“^ or log {aa; 4- A 4- *Jdd{ax^ 4- 4- &) } + 


Note. — So long as a is 4^^®, the logarithm form of answer is tho same 
whether /** > or ■< ab. ' 
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Case III. — Let a be and ab = so that ax^ + '^hx + b 

is a times a perfect square. 


' ^ 1 C 1 ^ ax -\-h 1 , , 

Then 7= log ----- = log {ux + h)+U. 

J ' a 

% 

This can be deduced from either of the preceding cases. 

Thus, in case I, m = 0 ; 

I = log (s + ^ — ;w^), omitting the constant, 

= log 2s = ^ log z-hO= log (ax + A) + U. 

It is true that the constant — ^--log/w given in Case I. 

becomes infinite, but this counts for nothing as there is already 
omitted another constant which may have any value from 4* 
to — 00 , 


Case IV. — Let a be — and 7r > ab. 

Then taking the 4-'"® factor — a outside, we have 

_ , , ( ^ "Zlrx h\ 

axr 4 - '>hx 4 A = — « < — a;- — 

I / ,/iY,h^-ab{ f ^.>v 
= + J -«(m -^) 

if s = » + - ; and rr? =——~^ the latter ieiny +'°, 
a a 

^ 1 r dz ^ I . 1 1 . . a.x -\-h 

“V_;J ^ h'^'^Tib' 

"^‘^ase V. — If a is — ", and ah > A®, then as^ + ihx + J is only 
expressible as the sum of two — squares. Hence I is imaginary, 
its form being the same as in Case II. 
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345. Included Forms — 

J (a -- x)(x — b) 

This, of course, is included in the form we are considering ; but 
it will be an instructive exercise to discuss it separately. 

Now (a — x)(x — b) is bound to be expressible as the difference 
of two perfect squares ; we shall therefore get a rational answer, 
the coefficient of is — the resulting form will be 


] -^7 

Thus {a. — x)(x — b) 

= — a;’* + -V b) -- ab 

= "" ~ "" so that dx ^ dz\ 


r (iz 


: - = Sin“^ — = ! 


2x — a — h 


■^346. The following method is worthy of notice • 

First, suppose a >* &, so that (» — 5 is Then 

f d x _ f dx 

J V (rt — 6 q- 6 — x)(x — 6) J Vx — h'J (a — b) — (co — /!>)* 

Now let — h =. z\ ~ = dz, 

s Is X — h 

1=2 = 2 siii“i ~T^==i = 2 siii“'^. / ® • 

J S (a — b) ^ Z“ s a — b \/ a ^ b 

and noting that 2siu"itt = sin”^2aVl — this becomes ' 

Next suppose h'^ a, and we shall get 

/ ■*" cto 

/fx — a^(b — d) — (05 — a)' 

which will become 

o • -1 /x — a . 2 — x^(x — 6) 

2 sin“i /v / X — “ = Bin“‘ — — a*~ 

W b — a b — a 
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* 347 . These last two results apparently disagree with the first one. 

Now, it must be remembered that (besides the consideration of the 
omitted constant) the inverse sine is a many- valued function. 

\ ■ Let sin~'t; stand for iha principal value m Wig first result, i.e. the smallest 

+ angle whose sine is v. where v = — , — If Sin”ii; denote the 

^ a — t) 

general value of sin“^ v, wo have 

Sin"i i; — + ( — 1)*' siii~^ y, 

which may be wi-itten four different ways : — 

(1) = (7 + sin-^ y, 

(2) = C — 8in“* V, 

(3) — C + ^ — sin"i y = (7 + cos^i v, 

(4) =<7—^4- sin~i 2 ; = (7 — w. 

Hence, in reality, neglecting the constant, our first result should bo 
written ± sin”^ y, or ± cos"“^ y. 



which agrees with the two latter results. 


348. A third method is to put a? = a cos® ^ J sin®^. 

Then {a — x){x — h) 

= {a — h) sin® 0. (a — h) cos® ^ = (a — hy sin® 0 cos® B ; 
dx= ( — 2a cos 0 sin B ’\-2h sin B cos B)dB = 2{b — a) sin B cos B dB^ 
/. / = — 2^dB = — 2B. 

Now 2x =a(l +COS 2B) -f ^(1 —cos 2B) = ft 4- ^ — cos 2^, 


_ Y all —1 2x “■ ft "" b 

/. / = — 2^ = — cos ^ , — , 

a — b 

whichy by Art. 347, agrees with the previous results. 
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r d^r _ 

J V (x — aj(x — 


/>) 


Since (x — a)(x — 7j) is expressible as the difference of two 
squares, and the coefficient of is -f this must lead to the 
. inverse hyperbolic cosine. 

or log {2a; — « — + — aj^x — (7. 

The latter may be written 

log {(a; — «) + (a; — /;)-f-2V (a; — /’^)(a; — /^)} = 2 log — a/x-^B). 


Otherwise 


I =( ^ 

’ J 's/ X — a V (x — a) "h (a — />)’ 


supposing 


J'dz^ + a-b' "I'Jx-a ' 

= 2 sinh“^ 2 sinh“\/ 

V ^ ^ y/ a ^b 

or 2 log 2 log (V x-rt+ Vx^ji+C. 

Also, since cosh 2w = 2 sinh^ + 1, 

'2'u = cosh“* (2 sinh* u + 1) \ 

2 sinh-./^^ = cosh-‘ { 2 + 1 ) = cosh-^ pj. 
yr a — b \ a ~~b / « — ^ 

us before. 

The integral may also be obtained by putting 

x = a sec’* 0 -- h tan’* 0, ox x = a cosh’* w — sinh’* u, 

EXAMPLES LV. 


1. Integrate: — 

.'-v dx 


dx 
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(3) 

dx 

(4) 

dx 

Vas® — ic + 6 

a/(x — 3)(5 — ac) 

(6) 

dx 

(3) 

dx 

^\x - SX® - 5) 

*J + 2x 

(T) 

dx 

(8) 

dx 

V(2 — x)x 

^ 5jjj5® — 12a5 + 4 

(9) 

dx 

(10) 

dx 

V4 + Sac — 5ac® 

*J 2a;® — 5ac — 1 

(11) 

dx 

(IS) 

dx 

4ac® + 12ac + 9 

*J (2ac — 3a)(3ac — 2a) 

(13) 

dx 

(14) 

dx 

V 3®® — 2ax + a® 

V ac® + 2px + q 

(IS) 

dx 

(16) 

^ dx 

V'(®-aXi;+6)" 

fj {ax + 6)(6a; + a) 


C X dx 



8. Lval„atoj^-p=-^-^, _~, 

^ by putting 


tT 

11 

(8) Va:® 

-1=0; 


and show that^the two results agree. 

3, (•>«. by p.tu.3 

(1) X + a — z^\ (2) X = a tan® 9 — 6 sec® 9 ; 

(3) X — a sinh^ u ^ h cosh® u ; 
and show that the results agree. 

4. If a, be the roots of aas® + 2hx + 6 = 0, prove that 

I . 1 2x — a — B T 

or sm * — , according as a is +’® or — 

V — tt a — fi 

Show that these results agre% with those of Art. 344. 

6. Integrate (1) ^<^dxi (8) 

Answers. 

J. (1) oosh-> Coe - 2). . (8) * sin-i 


(3) smh~^(a? 
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(4) siii“i (x — 4). (5) cosh“^ (x — 4). (6) cosh“i (a? + 1). 

(7) sin-* - 1). (8) ^ ooBh-i (9) Bin-i 

(10) cosh-i (11) ^ log (2a: + 3). 

(12) J_ cosh-i (13) - anh-‘ 

Ve 5o ^ W3 aV2 

(14) log(a5 + p + Va:''* + 2^ + q). 

(16) 21og(^a^+ Va+3) = 28inh-\ cosh-i ^^^ — 

V a + 0 a + o 

(16) 4- cosh-‘^fL^^^ 

Va 6 « - * 

2. J cosh“^ (2(c2 — ,3) ;± cosh”^ Vas*** — 1 ; for each = log ( — 1 + V^a;“ — 2) • 

6. (1) V(a; — a)(x — h) ~ (a ^ b)\og(^/x — a + Va; — 6). 

^ . / - — T- " ■■ ■■■ m ^ ■* V • 4 “* ^ 

(^2) — V (ic — a)(6 — £c) — ^-(a — J) Bin’ll ' — b — * 


350. Integration of V aa^ + 2?ix 4- bdx. 

We can show that this integral is reducible to one or other of 
the three forms; — 


t (a) S^W^dz = 

z^f ^ — d? d 


{h) + z^dz = 


- -cosh-'-. 
2 a 


{c) J^z^ ^ d^dz= 2 

The discussion, however, is exactly the same as before, and we 
shall therefore only work examples. 


Ex. 1. /V(a;— l)(a; — 3)6?a; 

= — 2)2 — 1 rfa; =/ Vis* — 1 dis, if a = sc — 2, 


t ISee Art. 334, Cxs. 5, 6, and 7. 
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= ^ cosli“"i z 

_ (a;-2)V(a;- l)(a;3~3) 


i cosh“’(.r — 2) 


= j ,og{, _ 2 + - 1 X.--- 3 )}. 

Ex. 2. /V2 — 3sc — 405® rtfx 

= / V - (2a5 + 1)2^05 = i/V f J - dz, if a = 2a; + J, 

= + i • M sin-’ 

= i /ll _ gs + 41„i -1 4z 
4V 16 ^32' Vil 


_8a: + 3 j. 41 . , 8* + 3 

- -16- V 2 - 3r - la- + san . 


351. Integration of 

* dx _ dx 

'XfJ ax^ + 4- <?) V + 2hx -f b 

1 , 1 , 

111 the first integral put x = -; f/u; = — ^ d.^. 
f dx r ' _ f 


/ dx 

x'J + ^ 


2A;4' + b 


r 

J ^"\/ 


2/i . /-> V cf> 


~x 


-\-2/i2-\-bz^ 


which is of the form considered above. [Art. 

In the second integral, first put 2 )x q = y ; then ax^ + 2/ix 4- b 
reduces to soine quadratic expression in y, say /y^ 4- 2 my 4- 


•'• I ( px ■ 


_ 1 f dn 

+ i> PJyV hf 4- imu + n 


’ ' J (px -h q) ^ dx^ 4- 2/ix -h b Pjy*J hf 4- 2my 4- n 

which is reduced to the previous form ; and putting y = Ijz we 

C d,z 

reduce it again to the form / -# — . This is equivalent 

J az^ + 2hz 4- ^ 

to putting at once ^;.z: 4- y = l/j. 



px + q 
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ax^ + 2hx b 


(lx. 


349 


Ex. 1. 


/.- 


d'jG 


Put X = ■ 


v'(2a! - iX3 - X) 
dx— 7 dz. 


- /V(2 


£^2 


= — - 7 — Sltl' 


2)(32 - 1) 


73' 


.,63-7 


[by Ex. 1, Art. 343] 


= _ Jr Bin-* 

Vs 




3a; 4- 4 

Put 2a; — 3 = 2 ; dx = — -i 
2 22- 

Also 2x2 - 3x + 4 = *.2x(2x - 3) + 4 =-|(^3 + 1^! + 4 

_ 33 + 1 j_ 4 _ 832 + 3z + 1 

232 ‘ 232 ' 

. 2 — — 1 r — 1 . { 

“ 4~ 4- 1 V 2y 


222 


' V 822 +'32 4- 1 


^ [ dz = _i ( rf 2 

72; 272 7i^+“ g3“+"i 4 j 7(3 + *)2 + ^/r 

^ 1 sinh-> 1 einh-1 

4 V23 4 723(2x - 3) 


= — i sinh~‘ 
4 


' 6a; 4- 7 

V23(2a; - 3)’ 


362. Integration of -. — 

7 «jr‘ + 2Aa; + 6 

Since 6Z(aa;® + 2hx + Z/) = 2(«a: -f k) dr, we shall write 

7 2(ax-hli) 1 ^ 

V ax^ + 2hx b V ax^ 4- 2hx b ‘V ax^ 4- 2hx 4- 1) 


h being chosen so that the numerator of the first fraction contains 
the termjfTa;, in consequence of which that of the second fraction 
is without ar, and is therefore of the form considered in Art. 342. 
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To find h and Z, compare coefficients in the numerators of the 
two sides. 

We have px q — 21c{ax -f h) + /. 

:,p = or 1o = pj-2a^ 

q = 2kh 4- /, or Z = <7 — 2kh = ^ — — = . 

Or, at once, px + q — <1— ~ 2(rta; + //) - -f ^ 

1.^1$ ZCl Alt 

= ^,2(^a. + /0+^— 

f 2(ax + k)i/x ^ ^ f ^ 

V 4- !^kx “h ^ i V 2//a? 4- d 

The first integral = k j if ^ = ax^ 4- 27^.r 4- Z>, 

s=: 2k a/ aJ 2hX’\-h, 

(t 

The second is found as above. 

In practice It and Z can often be guessed at once. 


Ex. 


1 1 -of (2a- - 2)(Z.x /• ^ 

J — 2x + J Vx^ -- 2x + b J Vx^ - 2:c + 5 




(Z;K 


V(» - ip + 2'=“’ 

= 4//®“ — 2x’ + 5 + sinh"*— g— ' 


sSor'Ji’ 'f » = as^ - 2x + 5, 


Put 2x — 1 = y; /. cZ® = JcZ^, and os = J(y + 1). 


■/ 


2(y + ly ^7(y + 1) + 1 dy ^ j-2.,/2 - 37/ - 4 


Vl - 7/= 

2(ya - 1) - 3y - 2 


vr-r 




vrr 




rfy 



§ 352.] 


EXAMPLES. 
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= ■" 1 — y-* — sin”* y 4* SVl — y- — 2 sin"* y 

= (3 — 2/) Vi — y^ — 3sm“^?/ 

= (4 — 2aj) V 4x(l — flc) — 3 Bm“^ (2a; — 1) 

= 4(2 - - 3sm“i (2a; - 1). 

Ex. 3. /■ 

7 (a? - 2) Va;^ - 2a; + 5 

Let a;2 — 2a; + 5 = /?, for brevity. 

Then, by division, — = 2a; + 3 4^ — ^-75. 


Vi^ 


a; — 2 

A / =J 

= A + B say. 

Now, since c?7? = (2a;*- 2)e?a5, 

J 

= 2^^/? + 6 sinh"* . 


^^+Jda>+4f 

J(x - 2)VJi I 




dx 


V(x - 1)» + 2* 


:A 


In B put a; - 2 = y, .•. a;^ — 2x 4 - 5 = * 2 / + 5 = y® -V 2y 4 5. 

. ^ , f 1 r ^ - 1 f 

7 yV2/‘^4-2y + 5 JVba'^ + 'ig+l 


^ . 4.: ^ « 4_ Binh-i^, where « =-^7^ 

V57 V(« 4- i)'^ + 2^5 2 a; — - 


7 - Rinh“i nf 

V5 2(a;-2) 


.•. 7 = 2Vit;^ - 2a; 4- 6 + 5 sinh“i^-^- 


2(a; - 2) 


= 2^Ii 4- 61og(a;-l ^ ^ "li 2 


EXAMPLES LVI. 

Integrate the following ; — 

1. (1) ^ X? — Gx + 5dx. (2) V2ax — a^dx. 

(3) V(a; — a)2 + (a; - b)^ dx. 
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8 . ( 1 ) 

x*J — 4 


(3) 

W 


^ 

CcV — (2® + 1)(£C + 1) 

dx 

(X — 2 ')^/x — 05^ 


3. (1) 

V a? — 2aj + J> 

(3) - i L+^ da!. 

- 1 

4, (1) (jg + 1)^ 

a:V ay^ — X 


(3) 


(as — 2)(fl5 — 3) <Zfl5 


V(x + 2)(x + 3) 

5. (1) (x 4- 1)'>/£c2 + 1 dx. 


( 2 ) 

(4) 

( 6 ) 

( 2 ) 


dx 

a;V — 4a; + 1 
dx 


(2x + 3)V(x + 1)(® + 2) 
dx 


A* 


a;^(a; — 1)“ 
xdx 


Vix - 2)(3 - x) 
x^-1 


(8) (^.x. 


(4) 


• a:^ + a; -f" 1 


dx. 


(x + 2) — 4 a; + 3 

(2) (a; + 2) — 2x — 3 t/x, 


(3) ( 2 ?x + </) V ax'* + 2^x + Z> dx. 


Answers. 

1. (1) .K® - 3)Va'^ - Uj! + 5 - 2 cosli-J 
(8) i(a! - a)>j2ax - x^ + W sin-i 

a 

(3) -_6 v/(a:-o)==+*(x-6)a + sinli-i ~ ° ~ 

8. (1) i cos-1 H (2) sinh-i?— i. 

^ ' 2 X ' ^ X 

(4) seo-i(2x + 3). (6) cos-i 

8 . ( 1 ) 2v'*=‘ - 2x + 5 - sinh-i . 


/o\ _i 2 -j- 3x 

(8) cos 1 — ~ — . 


W - 2.V /^. 


(8) — V(x — 2)(3 — x) + sin“i(2x - 5). 

(8) cosh-i X + 2 sec-i x, ( 4 ) + cosech-i x. 
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' 4 . (1) - a: + 2. / ^ | cosli-i(2a! - 1). 

US £t 

(8) 2. /il+i +|cosh-*(2a; + 1). 

(3) — + 3) 4- ^ cosh-^(2a; + 5). 

(4) fj — 4:i; + 3 + cosli'“^(aj — 2) — cosh”^ 

5. (1) 1(2x2 + *3^ + 2)V£*;2 + 1 + J sinh'^ x. 

(2) J(2x‘'‘ + r>x - 15) A"^'- 2:^'3 - 6 cosli"*® 

(3) ;^(ax® + 27 jx + 5)* + ^ "/ 1 / ax^ + 2/ix + 6 dx. 


dx 

353 . Integration of 

We shall show that this integral is reducible to one or other of 
lie three forms : — 

(a) = 

J ( 1 “ a a 

(r) I —1 coth"’ ” “ ^ T" ; 

^ ^ J ?J- — a^' a a 2a z + a 

10 case in which ax^ + 2?ix -j- b is a perfect square being 
ccejitcd. 


354. Method of Partial Fracyons. — Before taking the 
meral foi'm we shall adopt this method to prove the above 
rmiilm, although they belong to the fundamental forms. The 
etliod itself will be more fully discussed below (Chapter XXIV.) 
Taking (0) first, we have, using x instead of z, 

^ = = Lf , 1 

_l_ 2 *) 2a\a — x a -{- xj* 

• 2 a. 



354 


INTEGRAL CALCULUS. 


[Ck. XXII [. 


iu which the expression is broken up into two partial fractions, 
the numerators being found by rough trial. 


f dx _ 1 f dx f dx 

— '‘2a j a — x 2a j a x 


= - (« - ») + ;-r + '’^ 

2a 2a 

I , ^ + .7t 

= — Jog — - ' 

2a " a — X 

or = -tanh^'— . 
a a 


Similarly in (r), 

r. = i- ~ = — loo* ^ t 

] — d^ 2a] X — a 2a J x + a 2a x + 


or = — icoth“^-. 
a a 


0) 




"^'355. 3'his method may also bo adopted in the case of {a). 


riiuis 


1 1 Y 

0(^ — xi) ” 2a + xi a — xi ) ’ 


= 2 ^- {l<^g(^ + */) - log(a - xi)} 
J a + iK* 


a — ai 

Hence, compoiiondo and dividendo, 
xi — e 

a 


i« 


/. / = ~ tan~i -- 
a a 


= ^t^lna7. 


f To aid tlie memory, it should be noticed in (1) that “on both sides, a 
comes before x (alphabetical order) ; and addition in the numerator conies 
before subtraction in the denominator (as in learning Arithmetic).” In (2) 
both conditions are reversed, i.e. a come-j after x, and addition comes after 
subtraction. The coefficient l/2a roust not be forgotten. 



§ 355, 356.] INTEGBATION OF zi — f—r. 

ax^ + 2 hx -f b 
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We shall get the same result if we call = (jj + ai){x — a/), and 

remeinher that tan“^ - is many-valued. 

** \ 

Otherwise : — 

1 

1 a + xi 11 tt 1 . 1 1 , , » 

lai ° a — XI a% ^ ^ . xt ai a a a 


356. General Form. — We have 


f dx 1 r (} 

j ax^ 4- ^Ihx b ~ a j / , Ay 


ab - Id 


[See Exs. XIV., 3.] 


ds 

ah — • 


Case I. — If ab !> A^,‘ or lur 4- '^bx 4-^ = 0 lias imaginary 
roots, tlien 

, _ 1 « , 1 . _i 4- A 

^ a ~aJ ab 'J ab ~ A^ ab — A’^ 'J ajr-^lif 

Case II. — If ab<, ld^ or ax^ ^hx h ^ has real roots 
(a and ^ say), then . 

/ = i r 
J " - 

First, suppose — ; that is, r — is 

But this 




) = (* - <*)(» - /?)• 


Hence {x — a)(ir — yS) is 4-'% x does not lie between a and p. 
Then 

1 — a . , — 1 «ir 4- A 

'TW^b' 


1 ax + ^ ah 

ab ax A- b ^ A® — ah 
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Secondly, suppose so that {.t — a) (a? — y3) is — ; 


lie. X does lie 'between a and 

Then 1= — - — -^} - 

^ a I /r -- at) _ 

J 


I 


ax -f h 


1 J? t'lnh-' 


V — ah V h? — al)* 


__ 1 ^ — ab A- (fix + /?) 

li^ — a/ /i^ — iib — (ax 4- b) 

I IC^ — ah — 4- h) 

2VA'^ — \/ li^ — ab A- (a'‘^ + 


Notes. — In either case the 4-'* value of the surd is to be taken. 

Wc have assumed a to be 4-''®. If a is — we may take tl»e — sign 
outside, and the discussion will bo the same as before. It may be 
remarked that, in considering the above dilferent cases, tlie object is to 
obtain an answer free from imaginaries. But, if we agree to admit 
imaginary values, then there is nothing to choose between the three forms 
of answer. Moreover, it is far simpler to be able to state that the integral 

J ar2 ~ ^ ^ I r ~+ b'^ gives rise to (say) the inverse tangent (real or imaginary), 

this being understood to include the other two inverse forms. 

In Case If., when we are not concerned with the limits of the integral, 
it is convenient to use either form of answer indiscriminately. 


_ ] _ 

ax A- h 


Case III, — If = aby then 



* 357. The last case may be deduced from the preceding cases, 
though not at first sight. 

Thus, in Case I., if we put h^=ab^ /= 30 x tan“^ 00 = go x ^ = 00 . 
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ax^ -4- *2lu' -f h' 


Bnt, notiui? that tan“^ /w = - — cot”‘ m = ^ — tan ^ , we have 

^ 2 2 m 


ah — /r 




a x -4- h 




_i / ah — ^ 
ax + h 


= G X tan-* i^V- 

ax + rl nv. 4- h. • n.cr. 4- h. 


ax -^h ' ax A- h 


the limit of which, when ah — A® = 0, is 77 JT/’ 

ax fh 

Olherwise, if we put ab — = r, aa + /^ = A, a$ + h = E 

y 5 =r l|tan~i S. «_ tan --j [see Case I.], 

• = 1 tan- = 1 tan-' C 

the limit of which, wlion r = 0, is 

B - ^1 ^ 1 _ f __i t ^ r t Y 

AB ~~ A B aa A- h aj 3 + /^ L ax 4- hJa 

» 

In Case IT., tirst part, imtting ax -f /^ = //, V ~h^ — ab = r, 

then -llog-y = A] logA -L\ - Iog(l +r)\ 

'ir y + r 2/1 \ y/ °\ y)\ 

^-3 1 -J 

.2J- + V = h terms containing r. 

, 2»- ly 8y’ I y 

Ilcncc when r = 0, this becomes — ior 

y ax h 

The second part cannot be considered, since {r being zero) 
would have to be — to satisfy the condition given. In the 
first part z may have any value. * 


358. The method of partial fractions may be adopted in the general 
case. Thus, if a and /8 be the roots of ax^ + 27ix + & = 0, whether real or 
imaginary ; and a >> /S so that 

„ ^ — h — ab „ — h — — ah 

a. — j ^ — 

a a 
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a being supposed 4-’* ; tlien 

1 

ax^ + 2/da? + h~ a(x — aj(x — 

supposing £c >• a >- /3 ; 

dx 1 


[Cu. xxiir. 

= 1 1 L4 

a(x — a)(x — 0) a a — y3\a? — a a? — ’ 

7, _ a/7,2 1 nb 


■ ■ / ax^+2hx+h o(a-fl) ” x — ^ 2V/i^ - ab ' ° ^ _^h+ ii'^~—ah 

< a 

__ > a.r + 7i — V /i-^ — «/> 

2^ — ab ax + h + — aA 

If a? < /3 <; a, 

I = i j { f--^l = 

a(a — fi)}J fi — x) J a — xf a(a — 0) ^ — x 

leading to the same result as above. 

If a>a;>^, 


lo-~ 


Jog- 


X 4- 


J= 1 f- = log5J=_5, 

rt(o - /3)\ ja-a? J X - a(a-/3) x — fi 

V — ab ^ (ax 4- A) 


which reduces to 


.loK 


2 Vh^ - ab ° V/t-* - 06 + (ax 4- b>y 
as in Case II., 2 nd part. 

359. Examples. 

/ dx _ 1 r ^ _ 

.3*2— lo^^To ” V - ft)" +T V W 

_ 1 1 . ^ 1 ^ - 5 

a/2 ' 

®*- *• /(2 - xX 3 x - 1 ) i-|tanh-> g— 

, , Ckb - 7 
= f t,anh-> g 

. . . , 1 1 , 5 + (® - D , . 6 x - 2 

Or, using the logarithmic form, = 3 • 2 :| log |r:r(ar^r|) = il°Sl2^6i 

, , .3.* — 1 - 



§359-361.] INTEGRATION OF ■ 

■’ + 2/ix + o 


Ex. 3. 




359 

, 3® - 6 

4 


= - jcoth-i?^.::-® 

* 4 


(7/-, in logarithms, 

- 1 ■ i ■ s I = i - * '<«3irV4 + "• 


360. When the denominator factorizes, th© method of partial fractions 
may be used. Thus in Ex. 2 above, let us write 

_ 1 _ some quantity some quantity 

(2 - x)(;5x - 1) - 2 -ic + aii'-n: • 

To find the numerators, they must be such that, on reducing to a 
cominoJi denominator, the x term in the numerator vanishes. Hence they 
are respectively + 1 and + 3; and since 

_ 1_ 3 _ 5 

2‘- cr> 3a: - 1 “ (2 - 1)’ 

we must evidently divide by 5. 

1 _ 1 f 1 . ^ 

* • (2 - xX^ix f) ” 5\2 - a; .Sii; - 11 




(lx 


(2 — xX^x — 1 ) 


- l log (2 - *) + i log (305 - 1) = Jlog 


3 .?; - 1 

2 — X 


361. Integration of — ^ dx, 

a.cr -f 2lix -f b 

Exactly as in Art. 352, we have 

px q = ^,2(ax 4- -f = k.2{ax -f h) + 7, say. 

2ci (I 

. f P^_±J = /. /■ + A) -7a. I 7 f 

* J -f- 2hx +5 J ao? 4- ^kx + b J iix^ 4- 4- b 


The first integral is k log {ax^ 4- 24a; 4- b), and the second is of 
the form considered above. 

If the denominator factorizes, however, it is better to adopt the 
method of partial fractions. (See Chapter XXIV.) 
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^ - /{* + 2 

- J-- + 2- +/??iV2'*' 

= + 2a5 + log (x^ — 2x + 2) — 2 tan" 


* 


EXAMPLES LVIL 

1. Integrate by the method of partial fractions : — 


(1) 

dx 

4^2* 

(2) 

dx 

4x2 - V 

(3) 

dx 

(4) 


dx 


(x 

-TX^’~3)- 

(«) 

dx 

xix — 3)' 

(6) 


dx 

r; — 3)(3a; — 2)' 


dx 

(8) 


dx 

V* ^ 

5 + i;i,e - iix?' 

(ax H- (6x + a) 


2. Integrate by reducing to the fundamental forms : — 


( 1 ) 

(3) 

W 


dx 

— 4a:; + 5* 
dx 

dx 

(x — «.)(/a — X')* 


3. Integrate: — 
2x + 5 


(1) 

(3) 

( 3 ) 


+ 4a; + 5 
x3 + 1 , 

X + 1 

2x‘'* - 6x + 2 


dx. 


dx. 


( 2 ) 

(4) 

( 6 ) 

( 2 ) 


dx 

4x(l — x)’ 
dx 


Sx^ + 4x H- 5’ 
dx 

(ax 4- b)(cx + d)' 


X — 2 

_ 2x - 1 


dx. 


( 4 ) 

x(x — 2) 


( 6 ) 


I - a2 




Sx - 7 


2x2 - 3x + i 


x2 + ax + a2 
dx. 


dx. 


dx 

■ 2x + 2 



Answers. 


1. (.) (2) aios£^;-|. (.) 

(4) i log (6) i log (6) i log 3 


: - 1 ‘ 
0)A'»=fra- 


( 8 ) 


’3* - 2* 

J. log“f-±± 

— 6'-^ ® />J5 + tt 


2. (1) taii->(® - 2). (2) 4 tanh->(2a: - 1).*(3) - f coth"* . 


(4) - Ltan->5? + ?. 

Vll Vll 


(6) ^.r tanh-i^ 

a — o a o 


a b 


( 6 ) 

ad ~T be ad — be 


3. (1) Jog (x^ 4- 4a5 + 5) + tan”i(aj + 2). 

(2) i logCx'i - 2x- l) + ^-coth->^. 

(3) ^ ^ log (*'■* + 1) + tail-* X. (4) - X + I log (x2 - 2x). 


(5) 4 log(2x2 - 5x+2) - 3 coth-» = log (x - 2) - ^ log (2x - 1). 

(6) X — a log (x2 + ax + a^) — -f- tan"' 

V3 V 3a , 

(7) i log (2^ - & + 4) - -“j 


362. Integration of 




a sin*^ B 4- 27^ cos B sin B b cos® B' 


It should be noticed that the d<jpommator of the above is 
homotfenrouH in nines and cosines, and of the second degree. 

The integral 


= /.7 


sec® B dB 


tan® B + 2h tan B + b 


= ( 1 

J ax^ + i 


dx 

'ihx 4“ 


if X = tan B ; 


and is thus reduced to the preceding form. 
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This includes a number of important special cases which we 
give below. 


363. 


dO 


a + h cos 0 

We can transform the denominator by using the half angle. 
First, let a > h. 

do 


Then I 


-I 


-V + ^(cos"^^ - sin^ 


de 


{a + b) cos‘^^ + (ft — sin^~ 
sec^ ^ dB 


“f“ “f" {ci — h) taii^ \B 

dx ... .0 

{a b) + {a — 6)^-’ 1 2’ 


="/. _ 

='i4-iv^ Si V Si *1 

V — b^ a b 21 

This result can be put into a different form. 

For let a b cos - = m, y/ a b sin ^ = 71, so that 

I = - , tan ^ — • 

_ ^2 m 

Now put 2 tan'-' — = = tan ^ ; 

^ ^771 ^ m 2 

. 1 — tan® 9n^ — rd‘ 

, . cos 4^ — 

(« + Z>) cos® ^ sin® ^ 

2 2 


a cos 0 


(a + b) cos" t + {a-b) siii"| « + 6 cos 0 ’ 
2 2 



363 


(W (td 

§ 363 , 304 .] IN TEa RATION OF AND ^ 


• 1 ^ 


_i a cos 0 h 


V - W a b cos $ 

li a <,1) we shall get 

I = tanh-’ i A / ^ tan 

/ , — e , , . e 

^ \ b -|— It cos “|- \/ h Cl sin 

V& + «cosf*- Vft-^sinf 

We can show tliat this = - . cosh”’ ^ \. 

A/i)'‘—a^ a + 0cos9 


364. fj^ and.f- 

j Sin ^ j c 


We have 


[ dQ^^ir __ ((B 

^ sin'^cos^ 

J 2 2 


=1 j -.■ 

e>' 2 e J !c’‘ 


= I — , il a? = tan - 
j !E 2 


= log X = log tan ^ . 


= f- 

J cos 6? I ^ 


■ do ^ 

cos’’|-sin'’| Jl-tan’’! 


-^/t^ 


= 2 tanh“^ a; = 2 taiih~^ 


’(tan|), 


r = log = log(scc 0 + tan 6) 

= log = gd”* B, [See Misc. Theorems, ~\ 

This might have been deduced from the preceding integral j ' 

_ r ^ j. i\ 


(JL _ f___ = 2^11/. = log tan^z: + 

i«-^-Jsin(| + t,) Jsin(|+e>) 
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Again, as in Ex. 7, Art. 336, 

f if * = tan e, 

J cos 0 y \/ j 4I tan^ 0 J V 1 -i- 

= log (a; + V 1 + x^) = log (ban 0 + sec 0) as before, 
or = sinh~^ tan 0. 

Also 7'= /■ = /’- 7 =^~ , if * = sec 0, 

JVsCC^er-l JVu!‘-l 

= co8h~* X — co8li~* sec 0, 

the logarithmic form being as before. 

From the above results, we have 

f = gd”' 6 = log tan 4. I? ^ == log (sec 0 4- tan 0) 

J cos \J \4: ^ / 

= 2 tanh“^ tan hO = sinh”^ tan 6 = cosh”^ sec 0. 


365 


\ ct 4",//' 


fie 


sin e l> cos e 


r (W 

J cos^ - 4- Birr -J 4" cos - sin - 4- ^ [^cos^ - — sim 

r rie ^ 

^ I (« 4- I?) cos'^ - 4- 2/i cos ^ sin ^ 4- — 0) siii^ ^ 

ft/ 2 2 2 2 

which is reduced to the form we are considering. 


fi 


do 


'2 + 3 COB 0 + sin 0 
if c = cos -Ja, s = sin ^a, 


[ 

= y 2(c2 + s“) + 3(c* - *2) +'2cs’ 


_ { - 
“y 5c^ + 2cs — “ 


a 

sec2 2 do 


5 + 2 tan ^ — tan^ ^ 




2 ’ 


ttl 



§ 365, 366] INTEOliA TION OF 

« + 6 cos 6>+ <• sill ^ 


365 


= ‘V«. 


dx 2 £C — 1 1 V^G — 1 + £C 

(x — 1)'^ ~ jJij ^ V^G >y/G + 1 — ® 


= -777 tanh'“^ 




b + i “ tan ^6 


366. Integration of 


a! 4- 7/ cog $ + d s in 0 
a h COB 6 e sin 0 ^ 


The numerator can be expressed as tlie sum of three quantities, 
viz. : — 


(1) A multiple of the denominator, a 4- ?>cos0 + sin0, 

{'!) A multiple of its differential coefficient, — ^sin B 4- ccos^, 
(/i) A constant. 

For, let id 4- Id cos 9 c sin $ 

= l(a 4- cos 0 ■{- c sin 0) 4- W 2 ( — ?> sin 6? 4- ^ cos B) n ; 
then, comparing coefficients of 1, cosf?, siu6>, we have the follow- 
ing equations for finding /, and : — 

4- = a! ; 

lb me = y ; • 

Ic — mb = d, 

_ bV + ed Vc— hd h(cdb — aV) — cida — vid) 

”*=6^+1?’ "•= //'-fi 

We therefore have 


^ dO 4- m f ~~ 0 + c cos B 

~~ J a + b cos B c sin B ] a b cos B 4- c sin B 


+ u 


/. 


dB 


4- b cos ^ 4- sin B‘ 


The first integral is IB, ^ 

The second is m log (a + b cos B + c sin B), 
The third may be obtained as before. 


Ex.l. 

J 1 + cos 0 + sin 0 
Let 2 + 38 — c = /(I + c -f «) + m(— s 4- c)+ 



366 


INTEOItAL CALCULUS. 


[Ch. XXIIT. 


Then ? + n =r 2 ; I + m = — I — m S; 

vlience Z = 1 , m = — 2, 7 i — 1 . 


— sin d + cos e , 

- . ilu T- 

+ COS 0 + sm d 


Then r =A I 


2 ^ . e ‘ e 

COS^ - + C(^s - sill - 


' I - 

1 + tan » \ 


/. 1 = fdS ^2 f, " <Ze + f . 

■' y 1 + COS 0 + sm d y 1 + cos + SI 

= d — 2 log (1 + cos e -t- sin 0) + J' (say). 

Then r = 1 f— 5 -^* = = log (l 

.*. 1=0 — log(l + cosd + sin^) — log(l + cos 6). 

_ rt r 1 — sind , 

Ex. 2. I d0. 

J cos 0 2 

In this example, ?, and n can be guessed at once, 

Thim7=/' — 

j COS 0 + 2 J cos 61-1-2 

/*' do 

= I „ 5 + log(cos e + 2). 

;lcos*'4 + 


Thus 1 = 




3 -f- tan2- 


The first integi-al = 2 j " — = 2 = - 7.3 

j 3 + tan2f + 

== 2 an-in,tanA 
V-3 Wd V 

2 /I 

1 = ^3 tan-* f tan + log (cos 0 + 2 ). 


VS*""'' 


2 X -,/ 1 

= — > A tan * ( - 


EXAMPLES LVIIL 


1 . Integrate :- 


(i) 

^ cos^tf — 2 sin^a 


( 2 ) 

sin 0 cos 0 
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( 3 ) 


( 6 ) 


de^ 

1 + QOS^O' 

do 

(cos 0 — sill oy" 

( 7 ) 


( 4 ) 

( 0 ) 


do 


C03 (sin 0 + COB 0) 

do 


(sin 0 — 2 COB 0)(2 sin 0+ cos 0)’ 


do 


5 cos'-^ 0 — 4 cos 0 sin 0 — 2 sin® q 


2. Tntegi'ato : — 

do 


(1) 

( 3 ) 

( 6 ) 

( 7 ) 


1 -f- cos 0 

do 

2 + 3 cos 0* 

do 

4 + 5 sill o' » 

do _ 
4 cos 0 — 3 sill o' 


3. Integrate 

do 


(1) 

( 3 ) 


sin 20* 

do 

sin 30* 


( 2 ) 

( 4 ) 

( 6 ) 

( 8 ) 


do 


1 + sin 0* 

do 

3 + 2 cos 0 

do 

cos 0 + sill 0* 

do 

5 — 4 cos 0 + 3 sin 0* 


( 2 ) 2 - 


d9 


( 4 ) 


3 cos 20* 

do 


2 cos nO — sin nO 


4. Integrate: — 

. X sin 0 do 
^ ' sill 0 + cos 0* 


( 3 ) 


2 + 3 cos 0 


sin 0 + 2 cos 0 + 3 


do. 


*5. Integrate : — 

(1) 


COS0 + cos®0 


do 


/ON ^ . 

^ sin 0 + cos 20 


( 6 ) 


(2) 2-si^^g 

^ ^ 2 COS 0 + 3 

(4) 3»ina-4coBa-5 ^ 

2 + cos 0 — 2 sin 0 


(2) tan 0 sec 20 dO. 

(4) 


2 + sin 20 


tan 0 do 


V cos* 0 + sin* 0 
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Asswiiiis. 


1 . ( 1 ) •;^,tanh->(V2tan9). (2) log tan 9. (3) 


(4) log(l + tan 9). 

1 1 1 sin 0 — 2 COS 0 

— tau 0 '^^® °2 sin 0 4 - cos 0 


0 / 6 < ttS 

2. (1) tan^ (2) tail (^5 T 4 ^ 

\^n ^200339 ^ 

* sin 10 + cos ^0 

(3) -J5t*nl*-'(^75‘»"|) 


0 

2 tan ^ 1 

(6) ilog 

tan^ + 2 

(6) V^tanh-'^^^^tan^ - 1^' 

(7) Mon- 

W _ 2tani0 

fe^ 2 1 

^ ’ 31 + 3 tan ^9 


* 1 *^d^ 

3. (1) J log tan 9. (2) - - fy cotli-'(v/5 tan 9). (3) J log tan 

2 2 tan ^- + 1 

' W -^5 tanlr> 

0 1 

4. (1) 2 “ 2 ^ 

(2) i.log (2 cos 9 + 3) + ^5 tan-* tan 0. 

(3) P + Jlog(s***« + 2cos9 + 3) - gtiin-i {^(1 + tan J9)}. 

(4) 2|log^sin| - cos|^ - 9|-- 

8. (1) gdFi9 - tan |9. (2) - ilog(l - tan^a). 

4 tat4 + 2^ 2 

(8) 3(^ton«-4)’ 

1 , 2 tan 0 + 1 

^ (4) ilog(l + tane + tan20) + ’ 

(5) h sinh"^ tan-* 0. 
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METHOD OF PARTIAL FRACTIONS. 


367. We shall now consider the integration where f(x) 

ai^ ^(jt) are rational integral algebraical functions of x [Art. IG, 
footnote], by resolving into partial fractions — that is, 

into a series of fractions whose denominators are linear or quad- 
• ratio factors of The x'esiilting expression can then be 

Mutegrated by the preceding methods. 

If /(.r) be of higher degree than we can always divide 

down until the remainder is at least one degree lower than 
^*the divisor ; the quotient, too, is immediately integrable. Por 
" example — 



_ - 1 


x' -j- X 




1 + 


— 7 ^— _ 3 | 

■r' + X — -J i 


</x 


S'* . » , f U^ — Tx — a^ 

= _ a; + j . 


and in the latter integral the numerator is one degree lower than 
the denominator. 

We sliall therefore assume, unless stated to the contrary, that 
J^x) is one degree lower than 'vhich is of the wSli degree, 

fs% ; we shall also assume that the roots, a^, og, ... a„, of the 
equation 2 = 0, are known, whether they be i*eal or imaginary. 
There are four ceases to* be considered : — 

(A) Real and different roots. 

(B) Multiple real roots ; i.e. real roots, two or more of which 
||.re equal. 
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(C) Imaginary and different roots. 

(D) Multiple imaginary roots. 

* In any case wc may write = a{x — ai)(;r — — a„) 

a being the coefficient of jc”. 


368. (A) Real and Different Roots. 


Let aj, ttg, ... be real, and let no two of them be equal. 


Assume 


^ I _j_ _j , . /]) 

^(,r) X — a? — tt2 *** x — 


in wliich Ai, A 2 , ... do not involve x. Required to find .I 2 , etc 
Clearing of fractions, since = a{x — ai^{x — a^,..{x — a„) 
we have 

f(.c) = Aifl(x — a..){x —a^)...(x — a,J 


+ terms containing a; — ai as a factor . (2) 

Now, suppose A If Aq, etc., were known ; then (2) would be ar 
identity, and therefore the coefficients of like powers of x woulc 
be identicaWy the same on both sides of the equation. 

Conversely, if we assume that (2) is an identity, and equate 
coefficients of like powers of a?, we shall have equations for finding 
Aif A 2 , etc. Moreover, /(x) is of the (/i — l)th degree, as also is 
the right-hand side ; hence there are coefficients to equate 
(including that of x^), and these n equations are just sufficient tc 
determine the ?i numerators Ai, A 2 , ... A 

Again, if we assume (2) to be an identity, then it will be true 
for all values of a;. We may therefore find A,, Aa, etc., by giving 
special values to x. 

ThuS| let X = tti. Then, since a? — ai = 0, we have from (2), 
/(ai) = Al^^(af — a^)(ai — a 3 )...(ai — a„) ; 

= /(“4 

— ^2X^1 — a.j)...(ai — a„) 


Hence 


A, 

a? — ai , a(X — a,)(ai — agXa, — 03).., (a, — aj* 


/W 


and it will be seen that tliis can be written down, if in f{x)[^{xy 


i 
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we substitute for x in. all parts except the factor x — a„ which 
we write down unaltered. 

This may be remembered by noting that, unless we made x —ai 
the exception, the fraction would become infinite. 

Similarly, r — ^ ; etc. 

aj — aa a{a^ — a,)(a; — a^(aL^ — a3)...(aa — a„) 

Note. — The above method may bo adopted even where 02 ,* 02 , 'etc., are 
imugiuary, but in practice the method of Art. 37i is preferable. 


369 . Suppose f(x) to be of higher degree than and let 
1/^(3?) be the quotient when f{x) is divided by <#>(a?), the remainder 
being one degree lower than <t^{x). 

-^1 I -^2 1 ■ -d/I 




X — ttj 


4- ... +■ 


/(,/') = iI/(x)m(x — a,)(.c — tt2)...(.r ~ a„) 

+ Aia(x - a.^)...(x — a„) + ... 

and since is multiplied by all of the factors, that term will 
go out in every case, i.e. whether we put x = a„ or ua, or etc. 
Hence the rule for finding Ax, A<2, etc., is the same as before. 
Thus /(ai) = Aia(ax — ttg) . . . (aj — a„) ; etc. 

The advantage of this in practice is that, if we can write down the 
quotient by inspection, we do not require to find the remainder. 


370. Another Form for Ai, etc. 

Since = a(x — ozXx — a3),..(x — a„) + terms containing 
(1; — a,) as a factor, 

= «(«! — a2)(«i — c^)...(ax — a„). ^ 

— ; and similarly for A2, etc. 

X OLi ^ \®1/ ® 


371. Examples. 


10*2 - 6ic + 1 
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(1) Writing cc = 1 in all parts except a; — 1, wc get 

10 - G + 1 _ 1 

(oc-iXDW - X - 1* 

(2) Writing x = § in all parts except 3a5 — 2, we get 

A O. -4 + 1 _ 1 

(-XX3:«-2)0#)- 3a; -2* 

(3) Writing x = — ^ in all parts except 2a3 + 3, we get 

4 ^ + 9 + 1 _ 2 

. (- £ 0 (- + 3 ) " 2x + 3 * 

= log(a5 ~ 1)~ J log (3a; - 2)+ log (2a; + 3). 


Ex. 2. 


h 


X* + if ^ + 1 


dx» 


f (a; — l)(a; + 2)(cc — 4) 

Adopting the method of Art. 309, we note that since the munerator is 
one degree higher than the denominator, the cpiotient will be of tlie first 
degree, and will contain only two terms. We need only, therefore, hike 
two terms of the numerator and denominator. 


Thus-t. 


= -—o — = a; 4- 2 ... 


x‘* — 3a;''® ... a; — 3 . 

Putting a; = 1 in oil parts except x — 1, we have 
1 - I + 1 ^ _ 2 

(.f“- 1X3X-3) 9(.f-i)* 

Putting X = — 2 in all ])arts except a; + 2, we liavo 

10 + 8 + 4+1 29 

( - 3X;f + 2X - 0) 18(x' + 2)* 

Putting X = 4 in all parts except x — 4, we liave 
2^6 - 04 + 10 + 1 ^ _ 209 
'-(■iXGXx-^y ' ]8(x-4)' 

.*. the fraction = x + 2 — — + — + — — . 

9(x - 1) ^ l«(x + 2) ^ 18(x - 4) 

= g + 2® - glog(a! - 1) + ift>og(® + 2) + ='i®B®log(a; - 4). 


Note. — Whenever possible, partial fractions should be obtained by 
iHSp^tion. 
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372. It will be seen that if two or more of the roots aj, a.^, etc., 
coincide, then some of the quantities Ji, etc., will become infinite. 
Thus, if = ag, then yli = oo . For this reason the case of equal 
roots has to be considered specially, as below. 


EXAMPLES LIX. 


( 2 ) 


1 . Integrate : — 

xcLii 

(x-3)lx -~6)' 

2. Integrate : — 

(* - l)(x - 2)(» - 3)- 

f>x^+ Bx -23 

(2.C - l)(3:«i + 2 XjJ -3) 

3. Integrate ; — 
x^dx 


/ON 


dx 


(ax — b)(bx — a)* 


dx. 




W/;rr 


+ 3 


{X - !)(.; - 2) 


C2) 


(•31 

'■ ^ - a“)(x - '2«)' 


4. Integrate : — 

1 — cosfl 


( 1 ) 


COS 0(1 4- COS 0) 


de. 


cos e de 
4 - cos2 0' 


de 

1 — COS^0’ 

de 


( 6 ) 


1 4- £c sin 05 + COS x 
05(1 4- cos a;) 


dx. 


sin 0 (3 -f cos'^ 0)' 

. . cos 05 4- 35 sin 05 T 


Answers. 


1. (1) 2 log (05 — 6) — log (05 — 3). #(2) log (x — l)(a5 — 2). 


I , 505 - a 


^ ax — h 

2. (1) ilog(x — 1) — log(x — 2) + Jlog(® — 3). 
(8) log 


(8) log 


a?-t 


_ (2x - l)(x - 3) 

3fl5 4“ 2 


(4) logx + 2 --^log^. 
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3. (1) a;-log(x-l) +41og(a:-2). (2) + 2 log (a;-l) -log (x4- 1). 

(3) + 2ax - 2a^ log (a; - a) + log (ac + a) + log (a; - 2a). 

4. (1) log (sec e + tan <») — 2 tan \e. (2) 2~^2 "■ i 


(3) By partial fractions, ^^|tan ^ ^^3 tan — tan“* (^'^3 2 ^^ • 

_ f cos$d0 
Yise, 7 = jij 


Otherwise, 


dz 

/ 3 + siii 2 e ~ J S 


-h 


which becomes 


tan“^ ^^^‘sin The two results are equal. 

(5) log X — log (1 + cos x). 


^ fl 1 , coa0 

( 4 ) i log tan ^ - 4 ;^/ 3 tan-> 

(6) log X — log (x + cos x). 


373. (B) Multiple Real Roots. 

Let r of the roots of = 0 coincide, so that 
€l>(x) = a(x — ai)'(i/* — ...(j’ — a„). 

Then we shall express f(if‘)/<t>(x) in the form 

I I p _ _L , 

X — tti {x — a^y *** (jr — a^y X — a,.^i a? — a„ 

In this case, as before, if avc were to clear of fractions we should 
have on each side of the equation an expression of the {n — I)th 
degree, from which we could obtain n equations for finding 
etc. In practice, however, other methods are adopted, of which 
the following is perhaps the simplest. We give two numerical 
examples from which the general rule may be gathered. 


Ez. 1. 


j(x- 


(x + 1) dx 


I 2 

Putting sc — 1 = y, the fraction becomes 'v^*ch wo 

shall put into the form 
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Take 1/y^ outside, and divide (y — t)(y — 2) into y + 2 by ordinary 
long division, but in ascendimj powers of y, until the remainder is just 
divisible by and we have 


.V + 2 J 

y“(y - i)(y - 2) “ y 


_l+_2 . 5 11 - 5y 

-y^^ + 2y + 2(1 - y^l - y) 

1 , 2 5 ^ 3 1 , 

y^ yi 2y I - y 2(.i - y) * 

ceding rule in case ^A), 

• =-_i , 5 __3 . 1_„ 

(a;-l)»^(a;-l)2^2(x— 1) a; - 2 ^2(a;-3)- 


/ = - ^ log (a: - 1) - 3 log (x - 2) + I log (x - 3). 

Tlie actu.il work may be made shorter if we observe that and 
can be found at the outset by case (A), so that in the process of long 
division wo need only find the quotient, as the remainder will not be 
wanted. And tlic terms in the quotient will not go be^mnd one degree 
less than the of the denominator. 

• 

rutting £c — I = 2/j fraction becomes 
+ ?/V _ 1 l_-;b % 

yy^ U ”■ ~ \ i - 2^ + if 




2 %- 4 - 3 ^^ 4 - 5 ^^ + if 


1 , 7 , 23 + 3y + 5.7° + y» 

y‘^ 'J (1 - 

Putting y — 1 = 0 , tlie last fraction becomes 

32 + 16z + 8z2 + z» 35? , 16 . Q . 

9 = — 2 d f- o 4- 2 t 

z * 

and since y = cc — 1, 2 = sc — 2, we have 

•7 + 8 + a: - 2}rfa>. 

= + 7 log (* - 1) _ _2H-5 + 16 log (a: - 2) + 6* + isfi. 

X — 1 as — ^ 
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The remark at the end of Ex. 1 docs not apply in this case. 

* Note. — The above method is -also applicable to the case in wl}ich the roots 
are imaginary, but in practice the method of Art. 375 is preferable. See 
also note at end of Art. 371. 


EXAMPLES LX. 


Integrate : — 
- dx 


x\x + 1 ) 


( ^ ^ Y 

\x — a) 


dx. 


2x‘^ dx 

• (^— i)^(x4- ly 


7. 

9. 

11 . 


al^dx 

a;3 — 3a5 + 2 
4^/05 

32 dx 

(a; + l)Xx -- 3)3’ 


(a? - 2)dx 


4. 

6. 

8, 

10 . 

12 . 


/ x d- a Vc/a 
\x — aj X 


}dx 

dx 


{x - 2)\x - 3)(x - 1 ) 
(8 — 7cc)f/£^ 
cc (a? — 1 )(£c — 2)3 

4xdx 
(a^ -^^3* 

dx 


(x^ + 3£c + 2)^ 


1 . 

X X 


Answers. 


2 . log(a; - 1 ) H- 


sc — 1 


3, X + 6a log (sc — a) — — 


4a3 

X — a (x — ay' 


4. log X — 


Aa 


6. aiog(a? - 1) + i\ogix +^1) - ~ 6. — ^ + Jlog|^. 


7. Ja? + 3aj - 3 ^^ ^ (a? - 1) ~ ^ 9 ^ log (as + 2). 


8. log 


; - 1 sc - 2 2 (® - 2)3* 


9. log 


2x 


sc + 1 

sc — 1 sc^ — 1 * 


10 , 


. - (a? - a:2)2' 


[Integrable at once if we put = y.'\ 
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X - 3 (x ■- ;$)“ 2(x + 1) ^ X + 1’ 

12. — ~ - + 7 log (x + 1) + - ~ o log (ac + 2) - Vyjo + 

05+1 05 + .4 


374. (C) Imaginary and Different Roots. 

If </)(.r) has real coellicicnts, the imaginary roots ©f < 3 S(.r) = 0 
will occur in conjugate pairs \_HnlL and Knight^ s Higher 
Algebra, Art. 513 ; or, G. Smith, Art. 446], so that the imaginary 
factors of <^(r) will also occur in conjugate pairs, the product of 
each pair being a quadratic expression with real coefficients. 
For instance, if a + ^i he a pair of roots, then the product of the 
corresponding factors.will be 

_ a - Pi){x - a + = (^ - a)2 + 

= — ^aX + 61 ^ 4 - 

which is of the form aj^ 4- 4- b. 

We shall take the expression the partial 

fraction corresponding to a pair of imaginaiy roots, and it will be 
seen that by so doing we shall still use n quantities Ay, etc., as 
before. 

The method to be adopted is that of the first part of Art. 368, 
with certain modifications, however, by which the work can be 
shortened. We shall again explain by means of examples. 


Ex. 1 


■h 


2 , 

ax, 

{X + + 1 ) 


Assume that - — 


A , Bx + G 
cc~-ri® a:'^+ 1 * 


{x + l)(a;'^ 4- 1) 

By case (A), we have at once A = — ^ ; hence, clearing of fractions, 
a;2 « 2 = - 1) + (a; + l)(iya; + C) 

= (Z? - i)*2 + (^B+C)x + C-i . . . (1) 

Equating coefficients of and x, /. i? — J = I, and B + O = 0, 

/. Z? = C = - g. 
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The latter, of course, satisfies the equation — 2 = (7 — J, as it should do, 
since A has been determined. 




X — \)dx 
+ 1 


= - i log (a? + 1 ) 4- i log (x^ + 1 ) - § tan-i x. 


Otherwise^ using imaginaries; since ( 1 ) is true for all values of a;, real 
or imaginary, put a ;2 + 1 = 0 , or = — 1 . 

- 3 = _ I) + + C)x + (7 - J 

= ^ ^ + (7 _!-(/? + C)x. 

But X = ± » ; hence equating real and imaginary parts, ^ 

/y+f7 = 0 ; or i? = - 6 ^ = f . 


Ex. 2. 


J('x 


Qi^dx 


I (x^ + X+ iXx - ‘J)(x ~ 1)* 

We may write at once by case (A; [see also Ex. 2, Art. 371]. 


^ -~l o_ 1 I 32 ,_Ax + B 

(x‘ + X + l)(x - 2)(x - 1) ^ 3(x-l)'*' 7(x-2)'^ x^ + x+1' 

x'‘ = + x + l) + (Ax + J})(x - IX'X - 2 )- 


Put a:“ + a; + 1 = 0 ; then, to find the simplest value of x^, we have, 
multiplying by x — 1, 

ar^ — 1 = 0, or = 1 ; 

/. ac® = x^ = ~ X — 1. 

— X — 1 = 0 + (Ax H B)(x^ — 3x + 2) 

= + (B - 3.4)x2 + (2A - 3//)x + 27? 

= ^ + (/? - 3^)(- X - 1) + (2A - 3i?)x + 2B 

= (bA - 47?)x + 4^ + 7? (1) 

X now being either of the roots of the equation x^ + x + 1 = 0. 

We sliall show that we can still equate coeflicients of x and 1 ; for suppose 
7x + w = px + q, where x = o + /37, 
then l(a “b + w = T^C® 4~ ^0 ”h 5, 

or, ?a 4 - + 7)37 = pa 4 - 5 - + p/37 ; 

, and equating real and imaginary parts, we easily get 

7 = p, m = y. 
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Hence in (1) above 

5.4-4B=-1, 4^ + i?=r-l, 

whence A = — B = — 


J = ia;2 + 2a; - ^ log (a: - 1) + log (x - 2) - ^ dx, 

and the integral 

f 5x + 1 y > /" 2jc + 1 , o /" dx 

J ~ y a> +i; +“i V ^+x+n. 

= 4 log(a2 + a: + 1 ) - S f — — . 

. y (* + i)" + (^^3/2)2 


whence I. 


5 


log + fic + 1) — a/ 3 tau“^ 


2:^5 + 1. 

“TT’ 


£x. 3 



— ^ j _ f *5 — ^ + 1 - 

— 1 J (a; 4* 1 1 + 1 — as 4- 1 ) 


Let = Jl/ + 

a;‘* — I X- + cc + 1’ 


where il/ denotes all the other partial fractions. 

x'i - a;3 + 1 = M(x^ - 1) + (Ax + JJXx^ - lXx2 - X + 1). (1) 


Put x2 H- X + 1 = 0, 60 that = Ij x^ = — x — 1, 

a/* — + 1 = £c 2 — 1 + 1 = _ >_ a; 1 . 

in (1), by repeated substitution, 

— X — 1 = (Ax + B)( — X — 2)( — 2x) 

= 2(^x + d^)(x^ + 2x) = 2(^x + ^)(x - 1) 

= 2{Ax^ 4* (S — A)x — i?} 

= 2{A(- x-l) + (B- :9l)x- B} 

= 2{(B - 2A:}x - (A + B)} ; 

/. B — 2A = — A -h B = ^ ; whence A = i; B = 


Similarly, we may write 

a;6 . a;3 4- 1 = - 1) 4- (Ox + I>)(x^ - l)(x2 4- « 4- 1)^ (2) 
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Put .t.- — cc + 1 = 0, SC) tliat = — 1, £c‘^ = cc — 1 ; 

/. x-» - a:-" + 1 = - + 2 = -x+ a 

/. iQ (2) by repeated substitiitiun, 

- cc + 3 = (Cx + DXx - 2)2x - 2(Cx + J))(x + 1) 

= ^ 2{Cx^-+(C-^l))x + I)} = - 2{(2C+D)x-]- (D-C)} 
/. 2C + D = J, G — I) = ^ \ whence C = D = — ^ ; 


tlie fraction = 


1 


7“iT + 


2x + 1 


6 ( 0 ! - T) ' (>(a; + 1 ) 6 (a:'^ + x + \)'^ - x + 1)' 

+ ilog(a:^+a: + l) + Jlog(a;2-a;+l)_^,^tan-i^^3- ■ 


Ax — 5 


f (lx 

• Jx*~+V 


Ex. 4. 

Since ac* + 1 = (x^ + 1)'^ - 2x2 = (x^ + ~ 'v'2a! + 1). 

1 Jx + B Cx + 1> 

assnrae 2,4 + i - + ^2x + f + ^2 _ -^-Zx + 1 ‘ 

Clearing of fractions, 

1 = {Ax ,+ B){pr^ - ^2x + 1) + {Cx + />)(x2 -f ^'2* + 1). 

Put a;2 - ^2x + 1=0, /. a;^ + V2x + 1 = 2^2x ; 

/. 1 = {Cx + J))2^2x = 2^2Cx- + 2.yJ2Dx 
= 2^2C{^2x - 1) + 2^f2Dx. 

2^2D + 4C = 0, or D + ^20 = 0, 


and 


1 


1 ; /. (7 — — ^ D — 


Similarly, putting x^ + a,12x + 1 = 0, we get 

1 = {Ax + /?)(- 2J2x') = 2^f2A{y/2x + 1) - 2^2Bx, 


whence A = 2 ^ 2 ’ “ i' 


» + V2 




“ + 1 24 v ^2 + a/2x + 1 2aJ2 ‘ x^ — jy/2x + 1 * 

Now /*— = J r . 2^ + 4 . J_ /■_ 

J x^~h^2x+l ya;2+V2u;+l ^ ^2] x^ A- ^ 


2x + 1 

= J log (x^ + V2cc + 1) + tan”i ( V2-» + 1). 
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Similarly f- dx = i log - J^x +1)- tan"* (^Sx- 1), 

} XT — 

= __l_ loo- ^ + 1 . _i _ tan-i 

4V2 “ - v'Si + 1 ■•■ 2./2 1 - sc^ 

' (. I -. , , _, ^2* \ 

= 2V2V“‘'‘ ‘ l^./- 


Integrate : — 

1 ] i?L±-.tdx. 

x(l + -x^) 


EXAMPLES LXI. 


(x + V)dx 

x(TT^^) 


4. 1)(,. _ 2)- 


("f- -f-'ry 


(;r.2 + l)(x - ‘jy 
o flc* dx * 

«• ^.4-zt:- 
(x — ay dx 


(x +J^dx 
'?{x^ + X 4-T)' 


( 1 — cr ) dx 

£c'^ -1- ac* + £15^ + X 


x^ + 'x^ + 1’ 

a:\x^ + 2a2) 


Ax^ + 1‘ 


M. 

x^ 4- a* 


16. [p„ttane=a,]. 

tan e + Kec2 fl ’ ■' 


17. -/tan « de^ [put tan e = x^]. 


/ T -*’** 

19. — - n - (?aj^ [put as = see B + tan d]. 

(x^ + 1) \x 
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Answers. 


•1. log X + tau- 1 a'. 2. “ S tan-^a;. 

4. J + 2x + ^ log (a: — 2) — ^ log (x^ + 1) — | taii~i x. 

®- 2(1 -x\ + log (1 - -r) + i tiin"* X. 6. + i log 

-Til X — 1 • 1 . 2.J1 + 1 

8. s log (» + «) — J- log (x® — ax + rt®) — tali'"' 

1 , X ,1 ‘2.C + 1 - X 

»• -2-:^®-‘°S7n;r+^ + V3‘“" V3 • *«• logp--tan-i X. 

11. - tan-' = :73 “vJ ■ ■*■ 

12. J log^^^, [put a? - y\. 

14. -A - tan"' !*• i'og ^-±A + J Uin"' — 

i^'la a- — x^ » ft 2a;-i _ 2x + 1 ^ 1 ^ 2^“^ 

- « 1 ^ 1 , 2 tan 0 -)- I 

16. 0 -i- log V 2 -H sill 20 — -^2 tan~i — . 

1 , x2_^2x-fl , 1 , 

"• V2 '°s 1 -AT® ■ 

= {sin"*' V sin 20 — sinh'^Vsin 20}. 

18. Put X - tan 0, and see preceding example. 19, See Ex. 17. 


13. tauU-'i+ J-,tun-' 
a V 3 


376. (D) Multiple Imaginary Roots. 

Suppose <l>{x) = 0 to have* r equal pairs of imaginary roots ; 
then <t»(x) will have r equal pairs of imaginary factors, i,e. will 
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contain + 2hx by as a factor (/r < ah). In this case we 
may assume 

4. - ^3^ *1* ^ 4 , 

<t>lx) ~~ ax^ 4 - 2hx ^ b \ax^ -\- '2,kx 


. ^2r-l^ ~h ‘^2r • ^2r+l ^ 

_1_ _I_ 


(ax^ 4- 2hx 4- a; — 
wbere^ar+i,...^„ can be found as in Case (A). 


-*+ ... + : 


• 376. Ex. 1. [.- ,- . -. -5 / — -,Y,- * 

J (x^ T 1)-^ (as — 1) (as — 2) 

- . -Ax Ji Cx 4- D 

Assume fraction = Af 4- + (^2 4.“i)2» 

1 2 

where /V = — + ^tp; rr\* 

4(ic — 1)# 25(x — 2) 

a: = A/i(x2-f 1)‘^4- {(/ix + i/)(*'i4- Z>)}(a;-l)(®-2). (1) 

Put + 1 = 0 ; 

/. x- (Cx -I- DXx- - 4- 2) = - ((7a; + 7J)(3£c - 1) 

=-.«{- 3(7 4- (3i> - C)x - i>}. 

/. 0-377 = 11 . :i . n _ • 

30 4- 7) = 0/ ^ 1^’ 

.% in (1), a; = Afi(a;2 4- I)"* + (Ax + B)(x^ 4- l)(x - l)(a; - 2) 

+ -!)(=>= -2) 

= A'!y(x^ + 1)2 + (^a; 4- B)(x^ 4- !)(«; — 1)(£d — 2) 

— (jx^ 4- 11a; — 6 

+ 

.-. 0 = Jt/,(a:2 + 1)2 + (Ax + B)(x2 + l)(x - l)(x - 2) 

x^ — 6a!;2 4-05 — 6 

+ ib 

Dividing out 4- 1 f, we have • 

0 = + 1) + + .B)(x - 1)(!K - 2) + 


t Since the equation ( 2 ) is true for all values of x, it must be true \irheu 
4- 1 = 0 ; but this makes the first two terras vanish, in which caso the 
tlcrd must also vanish. Hence x® 4^ 1 must be a factor of that term. 
This is true generally. 
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Again, put 4- I = 0, 


/. 0 = {Ax + i?)(a:2 — Sas + 2) + 


X — G 


whence 


/. 10 (Ax + -B)(l - 3x) 4- a; - 6 = 0, 
10{3^+ B + (A- 3R)x} + a; - C = 0, 

A — 3R = — ^ - A = V- B — ^ 


3^ + : 


(liT* 

X — 3 


_ , 17a5 + 9 

fraction =. JIf + + I0(a;2 + 1)2‘ 

/= - ilog(a! - 1) + #slog(x - 2) + J/(jlog(a;2 + 1) 
+ tS<t tan“’ * + -1 o- 

f X — 3 ^ f xdx ^ f dx 

j (x2 + If - j (X^ +1)3 (x3 + 1)3 

~ 2(a;2 + 1) “ “5^’ 

, — C dx [seQ^edO . 

where X = j ^-r+i)5-= J if ai = tan e, 

= Jcofi^ede = 4/(1 + cos20)t?0 = 


> + sin e cos e) 


= 4 tan”^ + 4 


+ i‘ 


/. / = - 4 log (x - 1) + log (x - 2) + log (a;2 i ) 

3 X -1 3x + 1 
- tan 'a; - --^y 


£z. 


*3 — 052 _ 2x + 1 

-p 4- a, + 1)2 


c7x. 


Assume fraction = 


Ax + B 
x^ 4- X H- C 


(7x4- ^ 

+ (x‘^ + X 4- 1)2’ 


/. — x^ — 2x + 1 = (Ax 4- B')(x^ 4- X + 1) 4- (7x 4- X> 

Put X® 4- X 4- 1 =*0, or x^ = 1 ; 

3 — X = (7x 4- A 
Substituting in (1) and transposing, 

X® — x^ X — 2 = (Ax 4- B')(x^ 4- so 4- 1). 


• ( 1 ) 
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Dividing out hy a? + x ly 05 — 2 = Ax + R, 


fraction 


’ X^ + X + 1 (56®^+ X + i)®* 


*'• ^-fx^'+~x + ^ /(«,2^+a,+ 1)1.'^® - 
2jx^ + x+l 2j (3^ + X + ly 


1,.., , ,-v 5 _, ^35+1 1 Tf flfj; 

-.^logCas' + ^ + l) ^gtan + 2(*2 +'a! + l)'^2j {(x+i^+l 

1 a/3 

Call the last integral X, and put ® + ^ = -^^tan 9. 




sec® e d$ 


sec^a = 373 ® *)• tSee Ex. 1 .] 


^ 2fl5 + 1 7 2a5 4" 1 

“7^" ^ Q x^ + x +T 


1 1 2j; +1 "* 7x 4“ 5 

:. f=^ log (x* + « + 1) - 3;73 tan-> — ^ :jr^^ fy 


377. The method is the same for a higher number of coincident 
• imaginary roots. 

To integrate the general term, which we shall call 

' ^ 

(«*» 4- 2A* + <-)’■ 

it may be written 

— (2ax 4- 2h) dx dx 

(ax^ + 24a? 4- by ^ (ax^ -h 24a; + &)*■ ’ 

The integral of the first term is - ^ 

that of the second may be found by trigonometrical substitution 
as in Ex. 2, above, and then by the use of multiple angles ; or by 
the iniethod of the next chapter [Art. 407]. 

2 G 
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Integrate : — 


1 . 


ag^ + as + 1 

(x3 + 1)2 


dx. 


3 . 


5 . 


Q^dx 

\x^ + ^y 

c 29x - 17 

(x^ + 1)X* - !)(•* .+ 2) 

a (!B - 


*• (x2 + IX 

x^dx 

(£c 2 - 2a; + 2)2’ 

COS^ e cZe r Q _ 

cosd — sin 6 

l)(2x + l)dx 
- a; + 1/ * 


Answers, 

2. Jlog(x2 + 1) - - tan-t». 


1* tan" «- 2(^ ly 

a;4-2 «. i 2a; + 1 

®- VPTl ^ ® !)■ 

a; 

4. JlogCa;’*^ - 2® + 2) +2 tan"* (® - 1) - _ 2x + 2' 


6. log 


(x - l)(a! + 2) ^ 6 tan-» ® + j 


'+ 1 


7 + 8® 
2(x“ + 1/ 


0, |0 _ J log (cos 9 - sin 9 ) - i cos 9 (cos 9 - sin 9 ). 

4 , _, 2® - 1 , 5 - 4 ® 

7. log (®® - » + 1) + 3^3 ^3 ' 3(®“‘ - ® + 1) 
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CHAPTER XXV. 

METHOD OF SUCCESSIVE REDUCTION. 

• 

378, In the following chapter we shall endeavour to show how 
certain forms involving high powers can (when otherwise not im- 
mediately integrable) be expressed in terms of forms the same as 
before, but of lower degree. The method adopted is Integration 
by Parts, or an equivalent to it ; the formula obtained is called a 
formula of reduction ; and the method in which we successively 
apply this formula is called the method of successive reduction. 
As this method is specially useful in the case of certain definite 
integrals, we shall first make a few necessary remarks concerning 
definite integration, going more fully into that subject in the next 
chapter. , 

379, Preliminary Remarks on Definite Integration. 

Let = /'(.?■), so that = f{f)^ and 

jy (•«>&=/(*)-/(«) (1) 

(fl) The first point to be observed is that, since x does not 
appear on the right of (1), J cl>(x)dx is independent of the letter x. 

Hence, for example, ( <l3(jr)d.v = f <i>{y)dt/^ since each is equal to 

(b) Next, suppose we interchange the limits b and a ; then 


jy(x)ax =f{a) -/(b) = - {/(b) -/(a)} = - 

i.e. J <l>(x)dx = ~ j 4>(^)dx (2) 

or, interchanging the limits changes the sign of the integral. 
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\c) Again, it must nob be forgotten that whenever the variable 
is changed by a substitution, the limits must he changed as ivell, 

\ For example, in the integral — — if we put x = siiifif; 

J Q\X + 1) V 1 ~ flC-* 

ifchen when ec — 1, = Jir ; and when eb = 0, = 0. 


Ilencej ^ i) VI j , si** » + 1 


' = (I - !)}„' [l>yE^-I^VIII.2(2).p.307] 

= 0 -(-!)= 1 . 

380. Integration of n being a 4-'^® Integer. 

Integrating by parts, 

1 'it* 

Cx^(r^^dx=i -1 — dx . . (1) 

^ a a 

and since fx^e^^'^dx is expressed in terms of which is 

of the same form, but one degree lower, we have a formula of 
reduction. The advantage of this formula is that we need nob 
integrate again, since by changing 7t into — 1 we can express 
dx in terms of dx ; and so on, the operation being 

rey)eated until the power of x is reduced to zero. 

Thus Jx”e’'**^dx 

= — ^ -f- - dx^ 

a [ a a ^ I 

a \ a I a® ^ 

= etc. . , c 

1 .A-L . W »_j ■ . 3.2 I 

= + ... H r^'i a:f 


l)-3.2 I 




P + S'-- + + •■■ + ?}• 
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381. f 

Jo 4 

Since It = 0 [see Art. 153, Ex. 6, (4)], for H-'"® values 

ac = 00 

of n and a, and It = 0, it follows, from equation (1) of the 

(C=: 0 

preceding article, that 


/; 


x”e'~^dx = - / 


(and repeating the formula) = 


€lj 0 


1 ) ...3.2. 1 r 
a*^ J 0 








382. Integration of a;”*'“^(l — n being a 

Integer. 

Integrating hy parts, we have 

= ^!(1 - .r)*-' 4- fx^(l - xy-hix (1) 

a formula of reduction in which the power of 1 — a; is Jowered hj 
1, and that of x raised by 1. 

By successive application we sliall arrive at the integral 
which can be obtained at once. 

We could also, of course, expand by the Binomial Theorem. 


383. 


j ' xy^-'^dx. 


Since in (1), vanishes when x ^ 1 and a; = 0, we 

have 


/V-Vl - a:)”-V.c = Cjrn - x^-^dx 

J a m J a • 

_ >t_ziJ:. '±:rLl f V+vi - xy‘-^dx 

m w 4- 1 / 0 

= etc. = - (-L- J>(2_-%-.2-l /'e-e-e*. 

m{m + 1) ... (/« 4- i 0 

that is, since ( , 

J Q wi 4“ 1 
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_ ..('L-J)- 

ii){ni -f- 1) ... 0^^ 4- — i) 

{jn - _0 !(m - 1 )J ^ 

{uL 4 - — 1 )! 


384. The condition, namely, that n is a -f integer, is neces- 
sary, since otherwise the factor (I — will not ultimately 
disappear ; but m may be any quantity. 

Suppose, however, that m is a integer while n is any 
quantity. Put 1 — a; = y, then 


(1 “ ^y"~^dx = — /(I — yy^’‘^y*^~‘^dy ; 

and the factor (1 — may be made to ultimately disappear by 
the same method as before. 


Again, -xY-hU= -J°(l -yr-Y-'chj 

= f 

J rt 


[Art. 379 (fi).] 
[Art. 370 (h),-] 





[Art. 379 (a).] 


Hence, if cither or be a integer, we have 


-xy^'-’hlx = 


'\m -1- n — l)T 


this last result also follows from the symmetry of the answer, for 
■;w and n may be interchanged without altering its value. 

If, however, vi is not igtegixil, the answer must be wi’itten in 


the form 




{m -f n — l)(m 'i- n — 2).,.{m -|- i)m ‘ 


Similarly, if n is not integral, it must be written 
(ni — 1)! 
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385. Integration of and being 

integral. 

We have /sin" = — /sin"“^ ^ ^7(cos 

(integrating by parts) 

= — sin"~^ ^ cos ^ — 1)/ 3in"“® ^ cos® 

(and, putting cos®^ = 1 — sin® 

= — siir“^ ^cos^ + (n — l)/(sin"”®^ — sin”^)^?^ 
-•-/=— sin”“’^cos^ + (n — l)/sin””® — (/i — 1)/ 

/. transposing and dividing by n, 

/ = _ 1 sin—* 0008 0+ /siu— = 0(10 . . (1) 

n n 

a formula of reduction in which the degree is lowered by two. 

If n >)e — = — m say, then 


f — L + 1 f 

J sin”* 0 ~~ m sin”*+^^ m J si 


dO 


sin”*+® O' 

Now the L.H.S. has a lower -f® power of sii!0 than the 
K.IT.S., but, as is always the case when the factor to be reduced 
is in the denominator, we may obtain a formula of reduction by 
transposition. 

Thus, transposing, and dividing by — we have 


k 


dO 


cobO 


4* 


m 

m 


1 /si: 


dO 


' sin”*+® -f- 1 sin’"'*'^ m \ } sin”* $' 

Now change m into — 2, and this becomes 

[ d$ __ 1 cos^ ?? — 2 f dO 

/sm"“$’" sin”-i $ n^i J sin”-® 6' ’ ' ' 

/ do 

-T— ^ 

SlU u 

= log tan if n be odd ; and at the integral j = — cot By if 


71 be even. 
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We may also obtain the formula (2) by beginning with the 

/ dO 

Or, we may work as follows : — 

[ d$ _ rsin ^ B + cos^ 6 __ / d$ f cos B d(ain 0) 

Jsin^0~'J sin”d ^ ^ J sin^“^ 0 J sin”^ 

_ ( dO 1 cos^ 1 [ dO 

“ j 6 w — 1 6 w — 1 7 sin"“'^ 


^6 

cosd . n — 2 /* dO , - 


n — i,sin””^ 0 n — 1 J 6 
Similarly fcos^^OdO may be reduced; it can also be deduced 

from J^m”0dd by changing 0 into ^ 

These two integrals are particular cases of the more general 
integral /sin”* B cos” B dB given below. 

386. p sin” BdB and j « cos” BdB, 

Referring to (1) above, since the first term on the right 
vanishes whep ^ ^ and when ^ = 0, 


f •*« sin” B dB ^ f * sin”" 

Jo fl J 0 


BdB 




First, let n he even ; and reapply the formula by changing n into 
/i — 2 ; the above becomes 


= etc. = 


!irJ fhin’‘-*ea6 

n n ^ 2 J 0 

(he 

n - 2 4: 2J0 


n — 


{jl — 1 — 3) . . . 3 . 1 TT 

- i^)...472 ' 2 ’ 

Secondly, M n he odd, and we get 


r — 1 — 3 4: 2 fl * ^ 

=z . r,— r^siuBdB 

n n 2 5 3^0 

'/! 


_ (/i— 1)(« — 3)...4.2 


n{n — 2). ..5.8 


— , since 1 * sin BdB = 1. 
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Again, change $ into | ^ [see Art. 379] ; then 


j 2 = — J^cos^BdB = j'^cos^BclB. 


Hence the two given definite integrals are equal. 
These results may be written thus : — 


5.^.1 TT. 
2 “ 2 ’ 


fr.in-’MS 


1^' 

387. Examples. 

Ex. 1, ((x^e^^dx = — 4- Sfx^e'^^dx. 

= — + 3 { — aj 2 g-j- ^ 2fxe‘~^dx} (diminishing 

numbers by 1) 

= — — 3a;%“* + 3 . 2 { — aje""* + fe'^^dx) 

= — (x^ + 3a?2 4- Oa? + G), 


Ex. 2. j'a>W\ — xdx. 

Since tlio given integral = j ^/x(\ — xfidx [see Art. 384], we have 
/ = y a/^(1 “ x^dx = [fa;* (1 — * x^Jx 

= ^ . 4 /* £c^ (1 — xydx 

■» 

= §.4.|.3j®»(l -a:)3da! = t.4.|.3.?.2 aj^(l — x)dx 

= ^. 4.^.3. .2.^.1 J x^ dx 

= f.g.?.5-n-'4!. since Jx*dic = [ajVjJ _ 
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Ex. 8. /(as - 2)3(4: - 3)’rfar-. 

Put X — S = y, 

then / = jy^ (y + l) Vy = 1 (y + 1)“ - |.3/y« (y + i^dy 

= %y‘(.y + 1)® - 1-3 { + i)“ - h'^fy^Cy + ^'>dy] 

= HJ/i(y+ 1 )®- i-?-%K3t + l)* + f.?.3.2{§3t% + l) 

- %Ap"‘dy] 

.= %y^(y + 1)® - + i)® + ?-?4-3.2yS(y + 1) 

1 1 

“ 6 * ? -9 • 2 / “ » where y = x ^ 3; etc. 

XoTE. — In this example I could be found more simply by expanding 
Oj + 1)“. See Art. 331. 


Ex. 4. / siu^ e de and j “ sin<* e dO, 

Use 5 and c to denote sin e and cos 0 respectively. Then, since 
dc = ^ s c?fl, and ds = c d0j wc have 

fs^'dd = — ft>^dc = — s^c + 6fs*c^dd (integi*ating by parts) 

= _ .y5^ + r^fside - 6js^d0 (V c2 = 1 - s2) 

= — + ^Js^de (by transposition and division) . . (1) 

= — J + |[— 4 . ^fs^de] (reapplying the formula) 

= — J ~ J . + S . I [ — J sc + J 0 ] (reapplying th e formula) 

1 5 53 531 

= ~ sin*' 0 cos 0 — siii^ 0 cos 0 — sin 0 cos 0 + v -. 0- 

b 0.4 6.4.2 b.4.2 


* 5 3 1 TT 

- tiin^0d0 = y Vnfj- 
^ b.4.2 2 

Or (when the indefinite integral is not required) from (1) 

a y. 5 , 5.3 ^ 5.3.1 , 5.3.1 

io* « io* ^ ~ 6 . 4.2 -■6.4.2.2‘ 

Ex. 6. 

J COS*^ 0 


whence 


/. 


d0 
cos* 0 


f cos 0d0 

_ sin 0 j 




J COs 2 d 

~~ cos^e ~~ J 

sm 01 — ^ ^ 
\cos 2 op 

— sin 0)d0. 


sine ^ 

^ fl — cos* 6 

, sin 0 

n f 1 J 

f ^ 

cos* 0 ” “ 

V CO8*0 

"■ cos 2 0 

J cos* 0 j 

' COS £ 

— 1 

“ 2 cos* 0 

+ .= 
^ J COS 0 
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The definite integral evidently infinite ; 

applies in the general case where w is a — integer. 


a similar result 


EXAMPLES LXIII. 


1. Evaluate the 

following definite integrals 

1 by changing the variable 


Cl) 

P Xdx Cl 

• 

.= sm0]. 


(2) 

/ ‘^a:, [puts: 

= 1 — sill 0j. 


(») 

f — [put as = 2 
i,tW4:+X^ 

tan 0]. 


(4) 

1 dXf [put x — 

a sin 0]. 


(6) 

j V dx, [put X = 

a tan 0], 


(6) 

J ij — a? dx, [put X = 

a sec 0]. 


(7) 

r. [put X = 

j o'V 1 + 

cos 0.] 

2. Integrate: — 



(1) 

dx. 

(2) ^ Jr. 

(3) sin*0cf0. 

(4) 

cosec* 0 de, (6) cosec® 0 de. 

(6) sin® 0c?0. 



(7) cosec® 0c?0. 


3. Evaluate ; — 



(1) 

/’“as* c^as 
jo 

(.) 

(S) P 0(^(1 — x)^ dx. 

(4) 


^'dx. (6) 

- X/ 

— a;2)* dx. 

(8) 

p sin* 0 ( 

tCfl- (7) 

cos® 0 de. 
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(8) sin^ 

/ o 


de. 

£c"e*’ dx. 


(9) [5 
J 0 

( 11 ) j'oogx) 


^ cos^ 0 dB. 

dx. 


4, 

that 


/ /y«9}| /y* 

w>-m, show 

af^dx ml , . . « . . 

6. Show tliat 

x*^“~^dx _ (m — l)!(w — 1)! 

y 0 (1 + a0"*+" ~ y 0 (1 + »)"*+’* ~ (m + n — 1)1 ’ 
if w and n are +''* integers j and is of that form if either m or n is a 
integer. * 

6. Show that 

fx” cos ax dx = — 2 -' ^ < 2 os ax) — cos ax dx. 

a tt" 

Hence if ^ = ir/2a, and „P,. = w(n — !)...(» — ?• + 1), show that if n 
be even 

[ x** cOBaxdx = 4- A;’*"”* — ... + (— ; 

Jo a' a**) 

and if n be odd, the last term in the bracl^s is ( - 1) 


1 . ( 1 ) ^ - 1 . 


Answers. 

(2) 0. (3) ilogS. 


(4) 


(») ^2 + log(l + V2))- (6) ^{2V3 - log (2 + ^3)}. 

(7)1-1. 

8. (1) c» (a,-’ - 3*8 + Ca: - 6). (2) - e-*(»» + 5a:< 4 20*8 + 60*2 + 120* + 1 20) 


(3) — ^s^c-gsc + i 


( 4 ) 

3^^ 3 a 


(6) Aa‘-*c- Ac. 


y.-v 

W 5^'^ )5s3 15 i* 

Ic 3 c, 3, B 
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3. ( 1 ) 4!. 


( 8 ) 


5! 

(2 log a)® 


11.11,13.15' 


(®) i4! 17714 li 8 5- l6' gXiJ'? 

7.S 


(4) 


2«.5! 

3.3.5.7' 

(8) J%. 


388. Integration of sin*” $ cos** 0 when immediately 
integrable. — Before obtaining formulae reduction we shall 
consider the cases in which the expression is immediately 
integrable. 

(A) When either m or n Is an odd -J-*® integer. 

For / sin*“ 6 cos** OdO = J sin*” 0 cos"”^ 6 d(sin 0) 

= /sin*** ^ (1 — sin® $) ® ^/(sin 6) 

»>— 1 

= /2“ (1 - s*) •* ih, 

and, if n is an odd +" integer, ” 2 ~ ~' “ integral, in which case 

w— 1 

(1 — ^- 2 ) 2 jjQ expanded in a finite series, and the integral 
easily obtained. 

Similarly, if m be an odd^+'’® integer.. 

Ez. 1. / sin^ 0 cos® $d0 = J sin^ d (1 — sin® tf)® cos 0 d6 

' = fz^\ - z^ydz = / 2 i(l - 2g3 + Z*)dz 

= = 2 sin^ ® (I - S sill® ^ + A sin* $). 

Ex. 2. jBin^edd = /(I — cos®®)® s\n0d0 = — /(I — z^ydz^ if a = cos 0 ; etc. 

(B) When m 4- n = — 2r, an even — •• integer. 

For / sin”* 0 cos** OdO = /tan*** $ co^+** OdO ^ /tan*** 0 sec*’^”‘+**^^ 

=s /tan*** ^ 860 ^”*+**+®^^ sec® 

=s: /s”* ( 14 - a®)“*<*’*+**+®^ dz, if ^ = tan 

This can be integrated by expansion if — ^ (m 4 - 4 - 2 ) = 0 

or a 4-*'® integer ; ue, if 7ra -4- ^ 2 0 or an even — ** integer 5 

i,e, if m 4 ^ is an even — integer. 
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Similarly /sin’" 6 cos" 6 dO = /cot” 6 cosec“<’"+"+^^^ cosec* 0 dO 

= -Z^;" (1 + 2 *)“^’"+"+*) if = cot (9, 
vvUich is of the same form as above, and leads to the same result. 

Cor. — / sin* i immediately integrated 

if q is greater than p by an even integer, whatever p and q 
may be. 


/ siii^ 0 

— Here w + n .= 3 — 9 = — 6, an even — integer. 
/. 1= /tan^Osee^dc?^ = /tan3fl(l + tan^ 0)® sec* 0 , 

= /a*(l + 22 * + z'^)dz = ^ + ^ + where z = tan e. 

Ex. 2. i de. Here m + « = — 2. 

J sin « Q 

/= fcot^ecoBQQ^edo = — Jz^dz = — §cot"a. 

/ do 

— Here w + w = — 2n. 

COb-^" 0 

/ =s /sec*'*-* ^ sec* 0 = /(I + tan* 0)'*“^ sec* ® 

= /(I + z^y-\d0, 

which can be expanded in finite terms if t? is a + " integer. 


Ex. 4. 

/si 


de 


Herem + «=-6. 

=/(r2 + 2 + ®“)*= -i + 2* + Ja3 
= — cot 0% 2 tan a + J tan* e. 

^ i r ■ “ ’»***«•' «*+«=- 10, 

*' I 8m®^cos®2 

= =-14 .'f * = 1“" “to. 
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(C) ^Yhm m and n are both even integers^ by the use of 
multiple angles. 

Although this method can be adopted when m and n are not 
both even, it is not necessary, since in that case the method (A) 
can be used. 

We can show that sin’” 0 cos" 6 is expressible in terms of a series 
of sines and cosines of multiple angles of the first degree ; but, 
unless m and n are simple, the method is complicated and that of 
reduction is preferable. • 

Ex. 1. Jsin^ d cos2 tZd. 

Now sird^cos^d = J(2 sm2d)2 2 cos^d = J(1 ^ cos 20)2(1 + cos 20) 

= - 2cos29 + i±^5i?|(l + cos 29) 

= — 4 cos 20 + cos 40)(1 + cos 20) 

= 'iV(3 — cos 20 — 4 cos2 20 -f cos 40 + cos 40 cos 20) 

= - cos 20 - 2 (1 + cos 40) + cos 40 + J(cos G0 

+ cos 20)} 

= ;f^(2 — cos 20 — 2 cos 40 + cos G0) 

A /= J sill 20 — J sill 40 + J sin C0). 

Ex. 2. Jsiii®0d0. 

Since 2i sin 0 = 

A -26sm<J0 = ^ 

= + 15e2<^* - 20 + ... 

= 2 cos 60 - 12 cos 40 + 30 cos 20 - 20 ; 

whence sin® 0 = — ^V(cos 60 — 6 cos 40 + 15 cos 20 — 10). 

(?r, sin® 0 = ^^(4 sin® Of = :|^(3 ^ 0 — sin 30)® 

= (9 sin® 0 — 6 sin 0 sin 30 + sin® 30) 

= {9 (1 “ cos 20) — 6 (cos 20 — cos 40) + 1 — cos 60} 

= — ^(cos 60 — 6 cos 40 + 15 cos 20 — 10) as before. 

A / = - rk(i 60 - f sin 40 + sin 20 - IO0). 
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1, Integrate : — 

( 1 ) 


( 4 ) de. 
^ ^ cos^e 


2. Integrate : — 

( 1 ) 

^ COS®0 

de 

cos* e’ 
de 

sin^ e cos-'* e 


w 

(7) 


3. Integrate: — 

(1) sin^ fl cos2 0 c?d. 


EXAMPLES LXIV. 


(2) 

COS^ 0 €?0. 

(3) 

COB* 0 sin® 0 cZ0. 

(6) 

7®*® t/e. 
vsin0 

(8) 

cot 0 (70. 

(7) 

tan® 0 de. 



(2) 

2^.d9. 

8m*0 

(8) 

cosV0 

(8) 

cosec® 0 de. 

(8) 

/70 

sin 0 cos 0 ’ 


de 

(9) 

de 

V®/ 

sin® 0 cos 0* 

sin^ 0 cosi 0 

(10) 

Je 
sin® 0* 



(2) 

sin* 0 J0. 

(8) 

sin* 0 cos* 0 c70. 


(4) cos®0c^0. 


Answers. 

Note. — c = cos 0, a = sin 0, t = tan 0, = cot 0. 

1. (1) - « + (a) * - s> + f8» - (8) - ic’ + 

(4) sec 9+ cos fl. (6) J^s(4 + c2). (6) logs. 

2 . ( 1 ) i<® + i'*- (2) - (») 2<*a + S<' + iW- 

(4) t + («) - + W + W- («) log t. 

(7) - Ji* + J<* + 21og<. ' (8) - iX>* - A* + log<. 

(«)2VV. (10) Jlogtea|-|®. 

-3. (1) J(^ “ isin 40). (2) J(30 — 2 sin 20 + ^sin 40). 

(8) ^(20 + J sin 20 — J sin 40 — sin 60). 

(4)*(10« + Y sin 20 + f sin 40 + J sin ’60). 
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389. Reduction of /sin"* $ cos” $ ilO, m and n being -f or 
— integers. 

Althougli we can use integration by parts, the following method 
of differentiation (which is in reality the same process in disguise) 
is recommended in the general case and in certain particular cases. 
The former method is, perhaps, preferable in other cases. 

We have 

(sin”* 6 cos” 0) =: m sin”*""^ 0 cos”+* 0 ^ n sin*”+^ 0 cos”*"* 0 , (1) 

(tu 

sin”* 0 cos” B = mj sin*”"“* 0 cos”'*'* B dB — nj sin”*+* B cos*^* B dB (2) 

Tliis gives a formula of reduction for whichever of the two 
integrals we choose to take to the left-hand side. 

Comparing the integrals it will be seen that, if the power of 
sin B is increased by 2, that of cos B is diminished by 2, and vice 
?jpysd, 

I. Transfer the ^rst integral of (2) to the left, and we have 

/sin*”"* B cos ”+* BdB = ~ sin”* B cos” ^ 4- ~ /sin”*+* B (5os”“* B dB, 

•' m m 

Now change m — 1 into m, and + 1 into 
/sin*” 0COS” 

= sin”*+* B cos**"* B 4- ~ ] J sin*”+'^ B cos”"® B dB . (A) 

?n + l ' wi 4- 1 

II. Similarly, transferring the second integral of (2) to the left, 
and changing ??i 4- 1 into and n — 1 into n, wo have 

/sin*” B cos” B dB 

= sin*""* B cos”+* B 4- — -^-/ain*""® B cos"+® B dB , (B) 

yi 4- 1 4- 1 


390. Again, in the R.II.S. of (1) we may either Avrite 
1 — cos®0 for sin®^ in the higher power [(aw 4- of sin 

or 1 — sin® B for cos® B in the higher power [(n 4- l)th] of cos B. 
In this way we shall obtain’four more equations. 

• 2 D 
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First, tlieii, sin”' 0 c ^s" 6 

= m 0 cos”+* 6 — n 0 (I — cos® 6) cos” ' 6 

= (m 4- >0 sin’"“^ 0 cos"+^ 0 — n sin’"“^ 6 cos””^ 0, 

/. sin*” B cos** B 

= {m + n) /sin*”"* B cos"*''^ n /sin*"'”^ B cos**“' B dB . (3) 

III. Transfer the firat integral of (3) to the left, change m — 1 
into and « + 1 into w, and divide down by m + n (which i? 
unaltered by the change) ; then 

/sin’” ^ cos” 

= — 810*”+^ B cos”-^ B + -/sin’”^ cos”“®0 ^70. . (C) 

m4->r ' 


IV. Transfer the second integral of (3) to the left, change 
m — 1 into and n — \ into and divide by 4* 1 ; then 

/sin*” B cos” B dB 

-^8iii™+'6»cos"+'«' + ’-l±^?/sin“«co8’’+*0^7^. (D) 

n + 1 » + 1 ■' ' ' 

Similarly, writing 1 — sin®0 for cos®^ in (1), we have 


~sm’”^cos”^ 

dB 


= m sin’”*"^ ^ cos””^ ^ (1 — sin®^) — n sin’""*'^ B cos””' B 
= m sin”'”' B cos””' B — {m 4- n) sin’"+' B cos””' B, 

/. sin’” 0 cos” 0 


= m /sin’"”'^cos””' ^^Z^ — (m 4- n) /siii*”+' B cos””' ^^Z^. . (4) 

V. Transfer the first integral of (4), and we shall have, aftei 
changing letters, 

/sin*” B cos” B dB 

=.„l_,siii’”+*(9cos”+*tf + (E) 

m4-l m 4- 1 

VJ. Transfer the second integral, and we shall have, similarly, 

/8in’”0cos”^fZ^ 

^ — sin*””' B cos”'*’' 0 4-?^ '“-- /sin*””® B cos” B dB . (F) 

m 4- ti m 4- w 
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391. Summary and Remarks — Practical Method. — 
Each of these formulae is useful according to the sign of m and 
n. The following table gives a comparison of the two integral^ 
which have to be connected, and shows for what signs of m and u 
ea(;h formula is useful ; — 



Power of sin 0 ia 

Power of cos 0 is 

7n 

0 

n 

InCA) . 

raised by 2 

lowered by 2 



InCH) . 

lowered by 2 

raised by 2 

+ 


Tn(C) . 

unaltered 

lowered by 2 

+ 

+ 

[11(D) . 

unaltered 

raised by 2 



rn(K) . 

raised by 2 

unaltered 


_ 

Tn(F) . 

lowered by 2 

unaltered 

+ 

i 



We can obtain tlie above six equations without making changes 
ill m anri n, and we shall show how we can connect any two of 
I the above integrals at pleasure. 

I For convenience let J'Ei/O = aQ + hjRdO represent any one of 
the above equations {a and b being constant coefficients). Then 
Q is the expression to be differentiated at first. To finS having 
given P and R, it will be seen that in every case the index of sin x 
or cos X is greater by one than the small er\ (if unequal) or common 
(if equal) index of the same function in P cund R. 

Thus, supposing, as in (C), we wish to express cos” OdO in 

:erms of /sin’” 0 co^”*“^ 6 dO ; then, to find since the smaller 
lower of cos 0 is the — 2)th, and the common power of sin B is 
he mth., 

Q = sin’”+* 6 cos"”’ 0. 

Hence (sin’”'**' 0 cos’"”' 0) 

= (w -h 1 ) sin"" 0 cos’* ^ — (/^ — 1 ) 8111”*+® B cos”“^ B f 
= (;?z + 1 ) sin*” B cos’* ^ — (>/ — l)(l — cos® B) sin’“ B cos’*”® B 
= (m -f 7i) sin*” B cos’* ^ — (« — 1 ) sin”* B cos’*”® B. 


t That ia, algehraically amalLer, whether m and n are +''® or — 
t The indices involved in. the two integrals to be connected are m, », and 
— 2. Since sin"***** $ alone has an index which is not included among these, 
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integrating and transposing, \vc shall obtain the equation (C). 

Note. — I n no caso arc llie powers of sin a; and cos a; hotli lowered or both 
raised. 


392. Cases { . 'f - „ and (-. — ^ . 

J am 0 cos” 0 J siu"* 0 cos 6 

These ;iiay be treated by the above method : thus, using s 
aud e, we shall connect /— with i.f, with 

Hence Q = = r;”""**', and we have 

= — ( — ?? + 1) 5 = (n —^1) rr” s~\s- (see footnote}, p. 40P>) 

= (/I — 1 ) ( I — = (n — 1) s~^ — (/i — 1 ) 

/. /,s-’ (W = - J 4- ciO 


or 

J Sll 


dO 


' sin 0 cos” 6 

« 

Otherwise^ 


(/I — J) cos““"‘ ^ "^7 sin ^ cos ””^ $' 


/sii; 


dO 


roe ^ ^ fsjie , fiM 

J ,S4-” J »s'c” J J 

1 I , f dO , - 

= ^ -',, 1 ., + / „„. 2 , as before. 

y/ — - 1 / " ^ J .sc ^ 


Similarly for the other integral. 


393. Examples. 

Ex. 1. fsin*0 C 08 ^ 0d0, 

To reduce this, since cos® 0 has the higher power, we shall express this 
in terms of fsm*0cos/^ 0d0 [Art. ^191, note]; or, P = 8'*c®, and It = sV. 
Hence Q ^ s^(^y and we hive 

— A-' = 5s«c« - 68 »c*; 


WO know that here the change (sin^ 0 = 1 — cos® 0) has to bo made. Tliis 
point is extremely tisefnl ; and as the rule is invariable, except in (A) and 
where no change is necessary, it serves ns a test for the accuracy of the 
w^rk. 
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and altering s*, since it is the only fiictor of the R.H.S. which does not 
appear in 1‘ or B (see footnote p. 403), the above 

= 5<dc» - 5s‘(l - - Ss^c*. 

/sVde = the formnla of reduction . (a) 

Repeating it, we get 

+ A[is6c* + §fsV d0] 

= + A. [Ko + if»*de] 

= -iVc' + i'ir-Js®c® + i'Sr-§-K’c+V(r4-i/»*«^» • . (1) 

The latter integral may be obtained by ordinary integration by parts, as 
ill Art. 387, Ex. 4 ; or h?/ the present method^ thus : — 

Since P = s^, 11 = s^, /. Q = s^c, since s* and s® are equivalent to 
and sV re 8 pectivcl 3 \ 
d 

Hence — s* =: 3fi2(l — s*) — s* (see footnote J, above) 

• = 3fi2 - 4s^. 

/, /s* de ^ is^c + 1/6-2 de z=: ^ Js^c + f [ - -f- if dB] 

= — — fsc 4- f 

Or, again, wo might have used multiple angles, thus: — 

fs^dB = Jj(l — cos 2^)2 — 2 cos 20 = etc. 

Substituting this result in tlie above expression (1), the given integral is 
obtained. 

Note. — The powers s and c in the given integral are both even and 
liad either or both of them been odd, wc should have used the method of 
Art. 388 (A). 


Ex. 2. 




‘s in® B dB 
cos®0 


Here I = /6-*c~® c/0, and we shall express it in terms of fb^e^^dB\ 
or P = s®c”®, JS = 6®c“2, ^ 

/. Q = s^c-S . 


and we have 


^ „7c-4 — 


75®C“2 ^ %s8g-5 . 


and comparing, we find that the indices on the R.H.S. agree with those in 
P and P. Hence no change is necessary. [Art. 331, footnote.] 

/. /s*c~®c?0 = — J/8®C~2</0 

= J s7c-4 * -J-{ J S®C-2 - f/s^c-l dB} 
a J , J 6-5 c’2 + X. &fs*c-^ dB, 
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Now connect {s^t~^d0 witli js^c ^ d6 ; Q = s^, 
and- = Ss^c = . c- [see footnote f, p. 403] = 3s‘2c'“’(l — s^) 

= 3s^c-^ - 3s*c-K 


fs^c~^ dd = — Js*** + J8^c~^ d$ 

= — — s + Jc~^ de, reapplying the formula, 

= — 1 s3 — s + log(taii $ + sec 6). 

I = ]s"c“^ — 4 - i ■‘‘"’cr- — I * 2 ■“ J *5 ® + 4 - f (tan 0 + sec 0) 

Ex. 3. f 

J Sin** 0 cos^ 0 

Hero I = Js~‘*c~^ do, and we shall express it in terms of dO. 


/. Q = and we have 


d 

do 




— Ss^^c"^ + 4s 


= — 3.s"^c”3+ 46-«(1 _ c 2 ^t;.') footnote J, p. 403] 
= — Ts-^c”^ + 4s 

Js~*c^^d0 = 4 do 

= i S“3c‘-4 + J[1 s-3c-2 + R 

= is“3c-* + JS-3C-^ + do. 

The latter integral may be obtained by making Q = ; or as follows : — 

g-4..-l = _L _ 4.f_i4.£4.1!. 

S‘*C S^C S^C S* b“C C ’ 

/. do = gd-^ ^ - 7 " sV 


1 = + j-s 3c 2 __ 


394. / ’^ sin*” ^ cos'* w and n being 4-"^® integers. 

J 0 

Wc may notied that if cither m or is a — integer the definite 
integral is infinite, at least when taken between the limits 
and 0 ; wo shall therefore only use equations (C) and (F) (q.v.). 

It W'ill be seen that the first term on the R.H.S. of each 
equation vanishes at both limits. 
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J 0 

There are four cases, according as m and are even or odd. 

(1) Let m = 2j) ; n = 

Then from (C), f ' sin®^^cos®*^f/^ = f 0 cos‘^'^~^0 dO 

J 0 -ip "T" J 0 

= etc = - (2y - l)(- 2y - 8). .. 5.3.1 ^ ^ 

{■>p + '2qj{i2^ + ’2q- 2)...(2;> + 2)j« 

Again in (F), let 7i = 0, and m = 2p ; 

/. /” sin-^! ^ sin®^"*^ 0 cW 

Jo ; 0 

2p{22) — 2)...C.4.2 Jq 

and since dO — 7r/2,* 


/ "• 

0 


2.4,6... (2^7 + 2^') 2 


We should have got the same result had we begun with (F). 
(2) Let 771 = 2/7, 71 == 2q 1. 

Then from (C), 


’ do = 


2p'+2 q'-^l], 


pr 

^ sin^^Ocofr^^^OfW 

J o 


= etc. = - 2y(2y-2)...c.4.2 cos ( 

(2^) + 22 + l)(2jo + 22 — 1)...(22? H- 3)j „ 

But I " sin^^' 0 cos 0 dO is immediately integrable, .and 
J 0 

__ rsin^+'(9iJ _ 1 

12^7 + 1 Jo "" 2 it 7 fc+ 1 * 

. 2<7(2i7-^2)...6,4.2 

(2/j -F 22' + l)...(2i7 + iT 

which m.ay be written 

con»"*>fl M - 1) • 2.4.6. ..22 

j^sm ^cos edQ i. 3 . 5 ...( 2 ^ + 22 + 1 ) 
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We iniglit have used equation (F), but since cos 0 is raised to 
an odd power, it is evidently better to reduce this factor, as 
thereby we ultimately obtain a result which is immediately 
ifttegrable, as above. 

Similarly, we have 

(3) 8in*^+‘ e cos '" 606 = r" 

'Wo + 2g + 1) 


and 


J 0 


Bm^*'6coB^*'6a6= 

2,4;,(}...(2jp + 2q 2)' 


It will be seen that these four cases may be included in the 
formula, 

hm-6coB''606 = ({LrJK^.^1^ x 1 or^, 

0 (m -i- 9i)(m -h n T- 2),.. 2 ’ 

the latter factor (v/2) being adopted only when Ifoik m and n arc 
even. 


/: 


395. Examples. 

Ex. 1. h sin^ B cos^ B dB. 

J 0 

From Art. 393, Ex. 1 (a), we have 

p P sV <f9 = ,<Sr . § ■ ^ ps’ ‘If- 

Jo Jo Jo 

To express dB in terms of Js^ dB, Q = s^c; 

/, -^-s^c = 3flfe3 — s'* = 3s2(l — 8^) — s'* = 3s® — 4s* ; 
cCB 




/ = 


5.3.1.3.1 TT 
10.8.6.4.22* 


Ex. 


2. J^Ql] 


^ QlA^ B COB^ B dB. 


To express /s^c® dB in terms of /s®c® dB, Q = «®c®; 

- 6«V = 6«*(1 - *2)cs - 6«V = 6^<fi - IgsV. 

/. «V de = ^fd‘<fide =1 gc* d0. 
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But 

1 


f: 


‘^sc^de=[-ic<^]^ =i. 


__ 6.4.2.1 ... . 6.4.‘i.4.2 . - . • 

l ^TiOTe’ written 6 4 2* ^ agreeing with 


the formula. 


396. Eulerian Integrals. 

The case in wlileh m and n are any quantities cannot be discussed here. 
But, in connection with this, we may call attention to two very important 
definite integrals, partlj'’ discussed in Arts. 381 and 383, and in terras of 

which the integral / ^ sin”* 0 cos” 0 de can be expressed. They are as 

J 0 

follows : — 

a 

(1 ) I (1 — ac)"”^ c?®, called the First Eulerian Integral^ and denoted 
J 0 

by n); m and n being any quantities. 

(2) j €!“* ifaj, called the Second Eulerian /w^egrm/, and denoted 

by r(w), n being any quantity. It is better known, hgwever, as the 
Gamma Function. 

Obviously neither of these functions, when evaluated, involve x. It is 
beyond the scope of this work. to discuss these integrals, but we may state 
that a simple relation exists between and r(n ) ; in consequence 

of which, results involving either of them are usually expressed in terms 
of the latter. 

It will be seen that if we put sin-* S = x in the ihtegral sin’“Scos”6<^S, 

/ I r\ 

X * (1 — x) 2 dx = Ij 


where p 


= Q =i^!LrhJ: • 


2 


and this again can bo expressed in gamma 


functions. * 

Similarly, the definite integrals, corresponding to the indefinite integrals 
discussed in the remaining portion of this chapter, can all be expressed in 
gamma functions, provided that the limits be properly chosen. 

It may be observed that, for general values of r(w) cannot be 
expressed algebraically except as an infinite series. It tlierefore resembles 
such a function as log x, and is one of the sO’CalledTIigher Transcendental 
Functions. As in the case of the logarithmic function, its properties have 
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been investigated, and tables of values corresponding to different values of 
e .n'have been compiled for reference. 


EXAMPLES LXV. 

1 . Integrate by reduction 


(1) I’H!® 


(4) - 


do 


sin 0 cus^ 9 


(2) g P — c/g. 

^ ^ Bind 

( 6 ) 

sin® 9 COB^ 9 


(3) — 

sin^ 0 cos 9 

( 6 ) SS^ye. 

8111^9 


(7) 

C 08 ®d 

2, Evaluate ; — 


(8) sin^ 0 cos® 0 d9, (9) sin® 9 cos* 9 d9. 


(1) 

sin® 9 cos® 9 d9. 

(2) 

sin* 9 cos® 9 d9. 

(3) 

siu*” 9 cos*® 9 d9. 

(4) 

1 ® sin*® 9 cos*® 9 do, 

J 0 


3. Integrate by the shortest method : — 


(1) 


(2) <^9. 

^ ^ COS®0 


(4) sin2 0 cos^ 8 (6) sin® 0 cos- 


w 


<fe 


sin® 0 cos 9 


(») - 


d9 


sin® 0 cos® 9 


(3) 

^ ^ CO8*0 
( 6 ) 

COS*"^ 

(9) tan^8cZ8. 


4. Show that Jtan^0de = — Jlan’*~2 0t/^. 

Hence find (1) / tan* 9 d9 and (2) / tan® 9 d9, 

5. Show that (1) sin*” 9 cotf* 9d9 ^ sin" 9 cos’” 9 d9. 

(2) Rin2’»+* 9 cos2’'+i 9d9 

; J V 2(2vi + 1)1 

6. Show that 

(1) j a5’”(l — £c)” djc = 2 sin®”*'*'* x cos®’*'*'* x dx = 


ml 7il 

(m + n + 1)1' 
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fo\ (' V, N- , 7.5.3.1.5.3.1 

W j = 14.12.10.8.6.4.2 "• 

(^) j X* •J I — dx = ir/32. 

7. Show that 

(1) 0d& = ^.->(1 — Js^) + §<5 + Jc®; 

(2) j* 8in=^ e log tan d = (Jc* — c) log tan 0 — h: 4- § log tan ^0 ; 

vhere s = sin 0, and c = cos 0. * 

8. Show that when m and n are + integers, 


Answers. 


1. (1) Jsc“2 — 4 log (tan 0 + sec 0). ■ (2) J + c + log tan Ja. 

1 

(3) — ^ + log (tan 0 4" see 0). (4) — 4- c“i 4- log tan ^0. 

(6) — + V 1^0 

(0) — Js~V — I c — flogtan (7) — §5^0“^ — ^5 4- Vgd“i 0 

5 5.3 5.3.1 

( 8 ) isV + ^ sV + + 8^5^ (» - sc). 


r r - 5 ^ r k 5.3.1 /, 3 3 ^ 

(9) “ As‘’c^ “ IM® ^ " 10.8.6 10.8.6 472^® "*■ 4^2 ) 


2 1 (9'\ 7.5.3.1. 5.3.1 w 6.4.2 

• ( ) 24- (2) 14 12.. .2 2* W 17.15.13.11’ 


11.9...1.9.7...1 
22.20...4.2 ■ 


3.(1) -(s + S->)- (3) Js7^;-3.785c-l-fj53c-^SC+-V0. 

(4) + jgSe - ^sc 4- 1^0, (6) — 5c3 4- |cfi - (6) j[^tan*0. 

-.^+logtan0. (8) - jA-2c-*4-Oc-i+flogtanj0. (9)lt^^t+0. 


4. (1) _ logc. (2) ,+ i -- 0. 


tci ^ 



412 INTEGRAL CALCULUS. [Ch. XXV. 

397. Integration of x^^(ax -f — When immediately 

integrable. 

.There are three cases in which the above expression is imme- 
diately integrable : — 

(A) When n is a +“ integer^ 

For then {ax -f- &)“ can be expanded into a finite series, and the 
resulting expression integrated term by term. 

(B) ^V7b€n m is « -h" integer. 

Put ax = g \ x = -/y — b). • 

it 

Then, neglecting constants, 

^x^{ax 4- b)^dx<x Jg^^(g — by*di/; 

and by case (A), this is immediately integrable if m be a -h” 
integer. 

(C) When m + n-f2 = 0<?r« — ” integer. 

Put X = - ; flte = — - . dg. 

U V ^ 

... = - /'V— 

= - 4- byY dy ; 

and by case (B) this is immediately integrable when 
— (/w 4- 4- 2) is a 4-''* integer (including zero). 

Hence w 4- 4- 2 must = 0 or a — integer. 

r 

398. If in the given integral we put ax ~~ h sin® it becomes 

0 sin 6.{h cos® . 2 sin ^ cos ^ d^ 

oc /sin *”■*■* 6 cos 6 dO ; 

and the condition (C) of the last article follows from Art. 388 (B). 
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399. Examples. 

Ex. 1. fxi(l + x^dx = /(jsa 4- 2a55 + x^')dx = -f 
£x. 2. jx^(2x — 1)^ dx» 

Put 2® — 1 =: y ; /. 03 = + 1) ; dx = ^dy. 

^ = \iy\y + 1)^ + y*) ^y 

= K?2/“ + l2/’ + = iy^(} + Iv + ftV) 

wliere y — 2x — 1, • 

Ex. 3. Let m = — Y ; 4 » 

+ w + 2 = — 3, a — integer. 


/ (.Ion 

jy is immediately integrable if we put x 

C --^dy 

^ ^ V 2/)““ 

J y ^i^ + yyy ^ 

= -/(«- 2)32“i (if 2 + 2 / = ») etc. 


1 

2 /* 


400. Integration of a;”*(«a^ + &)" (/a; — When imme- 
diately integrable. , 

This integral can be reduced to the preceding by putting 





Hence 


+ 1)” dx= (fly + &)” {ny + bYily, 

and, bj Art. 897, this is immediateiyintegrable when 

(A) n is a 4-*"' integer. 

(B) m is an odd 4-*® integer. 

(0) - — 4- n 4-2 = 0 or a — integer ; i.e. when m -{- 2n + S 


= 0 or an even — integer, i.e. m 4- 2n 4- 1 ts an even — integer. 
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Ex. ( — Ileae ?» + 2« 4 1 = — 4 

J (2x-’ - :iy 

.Put afl = y, then 

1= \ S .yjl. - \ f 

V C2i/ - ay yi ~j yi(2y - 3)'-' 

. 1 _ , f . «“ / f7z\ 

1 V . 

Put 2 — 3r = v; /, z = J(2 — u)^ dz — \dv. 

^ ylTJO ~ it ^17/0 isP 

~ !(”■ 1^1 ) .^11/0 “ 

_ 1 ( 2 V \ _ llv — 10 

■" J3 + 15/ “T(>5^“ <> ‘ 

But t> = 2 - 3; = 2 - 5 = 2 - ■?, = 7— ; 

y X- 1“ ’ 

.. 12-2 -.33 

.•. llv - 10 = , 


dv 

yUlb 


. 1 12/2-33, 

•• 103 


__ 1 -/V4x2 - 11) 

V2^^ - 3/ “ 55 (2^-*-3)»/»^‘ 


Note — In actual woik it is perhaps more convenient to put first x = 1/y, 
and afterwards y* = z. 


401. Integration of x^^{aT^ + lydv — When immediately 

integrable. ‘ 

' 1 1 1-1 1 

Let = y, x — y^\ clx = dy = -y ^ dy. 

Then 

j m 1— p ] /• m— p+1 

fjr(ajf + 0)" (/j = - j Ij‘’{ay + i')"y ” % = -j y " {<'U -V W dtj. 
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Hence, by Art. 397, this is immediately integrable when 

(A) 11 /s « +''‘' intofjer. 

(B) m + l « 4-*'® mnltipJe of p. 

(C) ^ + w 4- 2, i.e. H-;^+l = 0ora — integer, 

V P 

i.e. when nis a — integer. 

P 

Ex. 1. /ajSVifS + 1 dx. 

Put x" = y\ /. X = 2/% dx = dy. 

1 + l.y^dy = y + I dy^ 

which can be integrated by putting y + \ = z. 


• 7^ _1_ J 

Ex. 2. Suppose m = — g, 71 = — = then — — — + n = J J 

= — 1, a — integer ; hence, for example, 

/ dx 

immediately integrable. 

l>«t. 0.5 = y ; dx = 2y dy, and 7 = . 


Put 2/ = ; 


But 


^ - V(2-Z)* j(2-l^ 

= 2feif. = 2-^, 

y vj 


G 

<yi 


i ; = 2 - 2 : = 2 - -=2 — ^ = 


1 2£ci - 1 




I = - G ; 


(2x- - 1)^ 


402. Reduction of + h)”dx, f x^^(ax^ by dx, and 

fx'"(((x^ 4- by dx. 

. Since the first two integrals are particular cases of the third, 
we shall only consider that one. 
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As in the case of /sin’" 6 cos” $ iW, and by a similar rule {q.v.) 
we can obtain six formulfo of reduction ; but in the integral 
index m is increased or diminished by and Uie 

index n by 1. 

Putting ax^ + 7> = AT, the six integrals in terms of which 
/.c”* X” dx can be expressed are 

jx^+pX”dx, 


Ex. 1. Express /x"‘(ax*’ + b)"dx in terms of /x”(ax’’ + b)""hlx. 
Turning to Art. 301, Q = + &)". 

•** ^ "b = (w + l)a5’'*(aa;^ + &)" + apnx''^'*‘^(ax^ + &)"“' 

= [See footnote J, Art. 391](?/»4-l)a5”'(aa;**+&)"+p/i.aa5»\x”'(rya5^' + ?;)"“i 
= (/n + + Vf + pn{(aLx^ + J) — 5}£c’'*(ax^' + ft)"”! 

= (m + pn + l)a;’**(ax^ 4- &)" — . x”'(ax^ + 


Transposing and integrating, we have 

/ x"*A" dx = — ^ • .x’'‘+^A" + - 


Ex. 2. Express / x"’(ax*’ + b)" dx in terms of /x‘"”*’(ax*’ + b)" dx. 
Here Q — + fe)'‘+h 

/. ^.a;’”-J'+i(aaj^» + &)»+i 


= (m — ^ + + apiri + l)a5"'(a£cP + 6)" 

= [footnote] (m— /» + l)x"*“-*’(aa;^'+&)(aa;*'+ft)" + ap(w + l)a5”'(oa;*’4- J)" 

= {a(m ~ j9 + 1) + + l)}x”'(aaj^' 4- 6)’* 4- “P + l)a."*“^(a£c*’ 4- hf 

= a(m 4- 4- l)a3’"A» 4- - p + 




1 

a(?w 4- 4- 1) 


jpjn— jj+l Jfw+l 


4- 1 ) 
4-p?i 4- 1) 




Note. — B y putting p = 1 and 2 resx>ectively, we can deduce the corre- 
sponding formula3 of reduction for the first two integrals at the head of this 
article. 
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403. Each of the three above integrals can be converted into 
the form /hin’”^cos’‘ Thus, if and h be both +'* in the 
integral b)^ dx^ put aif = b tan® or x=Q)jdf ^ tan®^^ B, 

Then neglecting constant coefficients, we have 

I Qc /tan®”* 6 ,{b sec® BY . tan B . sec®^^?^, 
and this evidently reduces to the above form, as stated. 

Similarly, if a be -f '% and h — put az^ = ^sec®^, and 
if a be — ’'®, and b put ^ sin®^. 

Having converted the integral ini o this form, we may employ 
reduction, as in Art. ;jyi. In working certain examples this is 
frequently the simpler method. 

Note — It slioiild be boi;ne in mind that the method of induction is onlj 
used when other methods fail. 


404. Examples. 

f dc . , 

Ex. 1. I T\i' ^ being a integer. 

Using tlie same notation as before, 

P = a.-"(rt2 - CC2)-* p = aj-«+2(rt2 __ a;2)-* 

(the power of or being inci eased by 2 ; see Art, 40*2). 

Q - and 

^ (^ = ( — w 4- — a;®)* — 

= ( — w + ^ cc2j“*(a2 ^ — R 

=- a2(-w + 1)P - w + 1)P - R 

= _ (w - l)a2p + (n - 2)P. 

^ (» - 1 ) 0 * ^ +%"- 1 ) 0 ^^ ! 
or fx- (a2 - x^r* dx= - !»-“+* (a» - a-=)* 

which is the formula of reduction. 

2 B 
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/ 


/ dx 

— . ^ 

x\'d^ — i 


dx 


according as n is odd or even. 


- x^^ 

As an example let n — 3. 
dx 


Then 


/ dx 
a;'* a- — o;- 


_ _ ^ a- — 1 


r dx 


2rt- 2a^ j 

= - 1 cosh-i" LArt.319] 

r 2ft“ a ;2 2a^ x ^ 

_ _ 1 ^ — x^ ^ 1 + Va- — a- 

2a~ x^ 2a^ ac 

"See also Art. 351.] 

Otherwise : — Put x = a sin 0 ; 

f 1 

J x^V a- — tt v sin^ 

Here B = B = s“^ ; .*. Q = sT^c^ an<l 

2s ^(1 — S-) — = — 2s-'^ + .s“'. 

cos 6 


— a--c = - 2s-V - A-‘ 
dd 


:. /■> = - |s 2c + ijs >rf« = - ^ J log tail |e 




2 sin- e 


Bin 9 


c<- — a;- , i^wnr^' ~ ~ 

J— -f- ^ JOg — 


— f -:-f— = etc., as before. 
u'^ J sin^ 9 


Ex. 2. jx\x^ — a^'fl dx. 

Since has an odd index, we have 

1 = ifx\x^ - a^)sd(x^) =z if ^ = x^; 

ind integrating by parts, this 

-= —y(y — aj) a — l(y — a^) dy = etc. 

n + 2^^^ ^ 71 + 2]^'^ ^ ^ 

Otherwise :^Put y — = z. 


or 


405. Other Forms. We shall conclude this chapter, and 
Frith it the subject of indefinite integration, by giving as briefly 
IS possible a few other forms requiring reduction. 
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406. j(ai? + lY(lx. 

This is really of the form + S)" eh, where »» = 0 and 

jM = 2 . 

Hence by Art. 402, B-v. 1, we shall have, putting ax‘ + 1/ = X, 

IX- b . + j-Jf yjr- b. 

Or, wc have independently, noting that dXldx = 

P = R = Q = xX\ 

Now -r xX" = A”" + nxX’^~^ = A"” -f ^ani'^X’^''^ 

d.c dx 

= + l)X- - 

fX‘*dx = etc., as before. 

Note —If n be — we'must express fX^dx in teruis of fX»+^dx. 


407. j(aP + 2/i-f 4- l)”dx. 

We liave aP + iV/.r + 4 - 4 * ^~f~\ = 

^ ax 4- j ,, 

if u = , and ^ = ; 

/. / =i(aff 4- yydfj = /Pvf^ say, 

= ^+\ + 2 ;rf 1 

See also preceding Note, 


*408. jx^{nx^ + 2hx J)" dx. 

Putting X for ax"^ -4 2hx 4- we shall express jx^X”dx in 
terms of both fx'‘^~^X"Utx and jx^~^X”d^. 
d 

We have [cf. Rule, Aiii. 391]. 

= {m - l).j"-»Ar”+‘ + (» + lb’"-*Ar-4^ 

dx 

= (m — 4- ^^hx 4 b)X^ 4 2(w 4 l)x”^'‘'^(ax 4 h)X* 

=-' (m 4 2/i 4 l)^^ra;”*A"" 4 2(w 4 4 (w — 1)^0?”*"“^ A". 
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Whence, transposing and integrating, 

a •' 


?w — 1 


ni + + 1 • 

b 


- - ^ r-r ^ Jx^-^X^dx, 

w -f 2w + 1 rt 


By repeating the formula, the given integral will ultimately 
depend on f xA'** dx and /^Y" dx. 

The latter may be obtained by the last article. For the former 
we have, noting that = 2r<.r+2A, 

fx(ax^ 4- 2hx + by*dx = ~f(2ax + 2h)X”dx — ^fX”dx 


1 X^+^ 
2a 4- 1 




the integral on the right being obtained as before. 

If m be — we must express jxi^X'^dx in terms of jx^'^'^X'^dx 
and jx^'^^X^dx ; and by repeating the formula we shall ultimately 

/ X'* 

dx and / X'^dx, 

The integral dx 

= j + + ^ + 2hx + dx 


= aJxX”-'dx + 24/X"-Wa: + b dx, 

and, the first two integrals being obtainable as above, we have a 
formula of reduction. 

In all these cases the integrals may be ultimately obtained when 
n is integral or a multiple ^of J. 


M09. 


/ 


dx 

{a 4- b cos xY ’ 


The following method will be more easily remembered by 
noting that, in the numerator^ (1) sin® a: 4- cos® a? is written for 1 ; 
(2) whenever we come across sin a; we integrate by parts ; (3) 
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whenever we come across cosj; or cos® a; we express it in terms of 
a + b cos a*. 


Thus cos X = \ .b = \ Of h cos x) — ~ = ^ say. 

o b bb 

cos® X = — ; also dX = — sin .r dx. 
b 

Hence + ( eos^^ 

JX^ J X^ 

1 fsinx dX , 1 f X‘^ — 2aX + » 

= “ Jj—X~ + b^J 

sin^ ^ 1 f cos ^ , I f dx _ 2a f dx a^ C dx 

A”-^ (n^ljbj X^'-^^bV X^^ b^J * 



__ 1_ 1 rX — ^ j . , 1 f dx ^2afdx 

~~ {fT^~l)b ~X^^ FJ A"”-® " F J :?»■-* 

__ _i ?^2'5 I ^1 ^L_ \]L f t 0 ^ 

““ {n - J )/) :y"-' V - 1/ W /,2j ’ 

, F — T _ i sin aj /i — 2 I ^ 2n-~?y a 

••• - 7,2 - n - ^7^ ”-1^2 ^”-2 - ’ 

^ J _ 1 b sin jr 7^ — 2 1 j 2n — 3 a y 

- Xn-l + 1 ^2^ ^2 /«-! J 


/, 


dx 


{a b cos xY 


b sin a; 2?i--3 a f dx 

“ti — 1 F -- (a -h b cosxY~^ 7i Xi F ^lay (olfTFcosx)^ 

n — 2 1 f ^ • 

^ n — IF — J (a -\- b cos a;)"“® * 

and by repeating the formula, the given integral will ultimately 

/ dx 

^ which has been considered above (Art 

363 ). 
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410 . The subject, as we leave it, is very incomplete ; but it 
may be pointed out that the preceding methods lead up to the 
integration of the general cxpression/(ir, A/X)dx, where f denotes 
a rational (integral or fractional) algebraical function of x and 
^ and X = -f 2hx -f- b. 

We have been obliged to omit the integration of 

(px + q)dx 

+ n) (fx^ + ^hx + b 

< 

and kindred forms, but when this is done we can show that by 
rationalization, the method of partial fractions, and reduction it 
is possible for f(Xy X) to he integrated in finite terms involving 
only the ordinary transcendental functions. 

When X is of a degree Jiigher than the second, it cannot be so 
expressed (except in special cases), but necessitates the introduction 
of fresh transcendental functions. [See Wit Ham son's Diff. Calc., 
Art. 28.] 


411 . We may remark, finally, that the method of expansion 
can be adopted in the case of the integral Sf(x)dXy provided that 
f{x) is capable of being expanded in a convergent series of 
ascending or descending powers of x. 

Tims = /(I + 5 -'^’ + 


1 


which is true so lon^ 


or 
4 

as X < 1. 


= X A — 


+ 


1. :i 

2. J: 


+ 


EXA|S/IPLES LXVI. 

1. fntegi’ate by the method of Art. 3V7 : — 


(1) dic. 

^ ' xkl + *)»■ 


(2) — xdx. (3) 

( 5 ) 

+ 3) 


dx 

x\2x - 3)3- 
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2. Show that (ax + hy^(cx 4- <i)’' dx is immedialely integrable if either 
m or n is a integer, or if m n + 2 = 0^ or a — integer. 

3. Integrate : — 

(1) (2a; - 3y(x - 2^ dx. (2) 


(x — 1 dx 
(x + 1)^ 


( 3 ) 


dx 


- l)i 

4. Integrate by the method of Art. 400 




.4) 

*‘(2.1“ - 1)* 


^6) 


5. Intugrato by the metfioil of Ar(. 401 :- 


( 1 ) ( 2 ) — = 

A.' >? 

(4) a,S(2*-S - 3)'(lx. («) 

6. Show tliat 


d.c 


\ X — 

dx 

(2x” + 3)^ 


(1 - dx 


( 3 ) 

( 3 ) 


dx 


x^(2x^ - ly 
dx 

(2 +,a;3)-'' ' 


["x'^Oix — V)" dx = — 

Jo '« + U 0 

and if either m or ?? be a integer, shoAV that the value of the integral 

is either (— 1)”- — ! - -- or of that form. 

^ (w + At-i-l)! 

7. Show that if ax^ + b = X, 

1 


(1) Jx'^X”dx = 


a5.i.-iX«+i ^ -fx”*“^X*dx. 

w + 2n + l a-' 


(rrc + 2n + l)a 

(2) fx'"X-dx = 1 -*"•+• AT" > .fx-X--'dx. 

^ ^ 7ti + 2?i + 1 ^ m + 2n + V 

(3) fx’"X"dx =. L + ?gfa’“+“A:"(fa;. 

(m + 1)6 m + 1 b’' 


Show also that 


f ^ydx _ _ 1 a3'“”i j m — \ f x”' ^dx 

J (a^ + x^y ~ 2(n — 1) (a2 + x^y-i / (a? + 
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8 . Integrate by reduction ; — 

(8) -r..''" 

ccCtt- — a-v X‘ 




w 

(7) 


dx 


( 6 ) 


x((l“ — 

U ^t/x 


4- 


( 6 ) 


(rx2 4- x^y ' ' (a2 + x^f' 


(8) x-(x^ 4- dx. 


^2 _ ff2 

dx 

x(x^~-i^2Y 

Can any o*f these be integrated immediately ? 

9. Verify the examples m the preceding question by trigonometrical 
substitution. 

10. Show that if ax^ 4- & = A', 

^ ^ J • (m 4- l)ft m 4- 1 0^ 

(2) = - , - ^ - — x"*+iA«+i4- ? /■a;’'‘A'*+^ti?.r. 

11. Show that if ti be a 4-^* integer, 

r dx _ TT 1.3.5...(2« - 3). 

^ J — (f + " 2 : 4 . 6 :.. (2m - 2) ’ 

('2') f” - -- 1 .3,5 ... (2m — 3W . 

J _(»(ei 4- Ox 4- ca;’*^/* 2.4.6 ... (2 /i — 2) 2 ’ 

%vhere m“ = the roots of the quadratic a -h Ox + cx- — 0 being 

imaginary. [See Answer.] 


ANSWKR.S. 

1 . (1) 2*3(?, - (2) - TffsCS + 120! + 15x2)(l - x)i. 

/,s ^ - '* ■' ^ ^ 2x - 3 

O) 9x(2x - 3) 27 ’“S - - ^ ■ 


2(£x+^ • 

^ ^ M7 • (2* + 3)?- 


/'.'i - {‘■ix + 3) 

'•^s' a'+a!)* ■ 


3. (1) 3M140x= - 380x + 263Xx - 2;i. (2) ^ . J|^J^*(3o! + 13). 

- v:hi- 
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2 1 

4. (1) jg • + SOjJ^a 


(3) 


Vl + a;^ 


(4) 


3(2a;2 - 
a;i 


(2) - ^\(2a2 + 3a;2)(a2 - x^)^. 
(8) -A(5 + 4a;S).^j^* 


5. ( 1 ) rs(3xs _ 4)(a^ 4 . 2)4. 
3 a;* 

-2-(^snrr)4- 


( 6 ) 


1 

33 


(2a;2 + 3)V ' 


(2) 2(3c^ + 2)>/a;i~-T. 

(4) - 2\(2a;t + 1)(2 - 3x^)i 

(S') A as^(9 + a?^) 

42 f2 + a:’)a 


8. (1) — Jx(2a2 + 3 a 2 )V a2 _ 4- • 

a 

(2) i , - llog" ~ (8) - + “I 

tt2(a2 _ a,2)l a> ^ ^ ' d‘x 

(4) «cc-5. (5) - + sinh-« 

2rt- 2 a 3 a 4. ^2^ 

1 x"’ 5a/*2 . 15 15 . X 

(®) ~ 4 A'2~ 8 A""^ 8 a’ ® 

W 4 (a ;2 1- 2) + 


(8) J xX’^ — .”j a:A5 — a:A'i — siiih~* whore A = a® + a:®. 
Yes; (3) and (7) by Art. 400 (C). 

1 /■*’ X dx 

il. (2) I = ^,j __;{(ST7,723) +m^'‘ i put ® + 8/2c = y, ov m tan $. 


s I e 
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CHAPTER XXVI. 


DEFINITE INTEGRATION. 


412. Definite Integration and Summation — Strict Proof 
of the Formula ( f{r)<lx = J(b) — f{a). 


We shall suppose /(./■) and its d.c.’s to be finite and continuous 
for VJilues of x between a and b. 

Using Lagrange’s form of remainder, so a& to avoid the question 
of convcrgency, we have — 

f{x + h) = hf{x) + . . ( 1 ) 


which is true provided that .r A is not > b, nor x < a. 

Now let the total increment ^ « be divided into n equal 

increments, h ; n being very large and therefore h very small. 

Then nh = h a (2) 

Let X have in turn the n values, 

a a 2li, ... b — 2k, b -- h\ 
then substituting these values in (1), but in reverse order, we 
shall have the n equations, 


m -f{b - h) = hfib - h) + 1/'(6 -h + eh) 

f{f> - A) -f{b - -ih) = hf(h - 2b) + ^f'(b - 2A + $/i) 
etc. = etc. 

/(X + h) -f{x) = hf(x) + + eh) 


etc. = etc. 


• (3) 


f(a 4- 2/*) - /(a + h)= hf(a + h) + \r{a + h + Oh) 
/(a + h) -J(a) = hf(a) + ^f'(a + Ok) 
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where f{b — h) is the value of /{jt) when 6 — A is pub for X' after 
differeutiation ; and so on. 

Adding these together we have 

f{b)-f{<')=^^l>rU+%%y’'(x + eh). . . (4) 

x—a ^ x-a 

Consider the last term of (1). Since /"{x -}- Oh) is Unite (hyp.), 
let us suppose a to be its r/rcatest value in (1). 

Then 4- + • • ■ terms) 


/ir 1 

i.e. <— .//a, i.c. — a)a./i by (2). 


Hence, wbeo h is made indefinitely small, this term will be 
negligible, and, in the limit, will vanish witli A. 

Writing dx for A, we have, proceeding to the limit, 


f(0)^f(a)= U :i~kf{x) = inx)dx, 

h—O a a 


which is writteii 



413. Other Forms of Statement. 

]jet the general value of be a + rA, or a + ^ (-)• 

Then hf(:x) = f{fi + from (3), neglecting 

the terras in A®, we have the following statement : — 

The limit, when w = oo , of the series 

is/W -/(«). 

This may be written, It ^ Wa + r— ^ =f(b) — /(^). 

Another and a simpler statement may be obtained by putting 
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A = “ ill (1), so that the number of equations in (3) will be 
{h ^ a)n instead of n. The series will then be 

i {/■<•) +/■(« + 1) +/'(• + i)+ ■••+/(»- ;) +M t (’I 

the limit of which, when n = cc^ is/(^>)— 

Again, (7) may be written 

1 jr(^) + ... +/■(£)+ ... +r(”^)[ 

r=ziib 2 /r\ 

which = ^ where r increases by increments of 1 from 

r—ua Vi/ 

r^nb i /,y \ 

^ • • • • (8) 

jj = » r=.na 


na to nl). 
Hence 


414. Converse Problem. 

Conversely, given the series (o) ; put a r — - = r, then 

the increment of x is " ^ ; call this dx. The limits of x being 

a and h, the series = // ^J\.r)dx = ( f(.r)dx = f{b) — /{a). 

n=yo J a 

Or, since rhi is a variable quantity, which increases from 0 to 1 
by infinitesimal increments, Ijn^ we may put rin = tj, and = 
the limits of y being 0 and 1 . 

Hence the series (5) = (^ — a) j f{a -j- (6 — ci)y)dy = J\h) — f{a) ; 
which we can also obtain from the equation 

=/(*) -/(«). 

by putting jr = -f (6 — a)y, 

t Strictly, the last term should but as we make au infini. 

tesimal error (only) in introducing /'(f»), the statement which follows will 
still be true. 
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Or, again, givtm the series (7), we inaj take as the general term 

f'(a + and calling - = x, noting that dx is still i we have 
\ n/ n u 

It s !/'(« + 0 = + x)dx = [/(« + =/(*) _/(«). 


415. Examples. 

Ez. 1. Find It /i + — 1 i . _l - \ 

The general term = i = i. 4-^ = ^dx. 

r n rjii x 

The limits of r are n and 2n ; the limits of or x, are 1 and 2. 

n 

/ 2 f ^ 2 

- = -Jlog oj J. = loge2. 

Ez. 2. tt I — + + A.\ . 

w—x nd 'h 1 nuj -h 2 nh) 

As before, the denominators increase by 1 ; lienee the general term is 

-1 ivlicre r increases hy increments of 1 from na to nh ; , 

T 

T 1 

/. - or X increases by - (or dx^ from a to 6 
n n 


Hence the series = / ^— = log-. 

J X a 


Or, we miiiht take for the general term, where r increases by 

’ 77a + r 

increments of 1 from 0 to nh — na ; 

r 1 

/. — or X increases by - (or dx) from 0 to 6 — a. 
n 71 ^ ' 

.1 .^11 

Hence the senes = U ^ = ft 2.^ ;; 

a + — 

71 

r= = (log (a + ac)! = log - as before. 

I u a + X \ lo a 


t It roust be clearly understood that l/n ia the incremout of r/n, otherwise 
we could not put r/n = x and Ijn = dx. 
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Ex, 3. Find 


Find „=» {I + f + ... +.,^]. 


. The general term = ^ 


Alsol=”^ ” 


7A" + 0 ’ 2/i >/- + 


; lienee the limits of r are 0 and 


71, and those of x are U and 1 . 

Hence series = j ‘ ^ ‘^3 -= |tan-> --- ^ 

Ex, 4. Find Jt + + ... -t- — ^-r|. 

W:=ao '/<■' + 1 71- -f- 2 7/ + 1 ) 

The general term = — (the increment of r being 1) 

° + r 


1 4- i: 1 + 


the error being*i!ifinitesimal. 


Also - = ^ ; hence the limits of or x, are 0 and 1, 

w + 1 + w. w 

/. scries = f dx = 1, 

J 0 


Ex. 6. Find 


H U 

«=« I2i; 


V 71 + l( + Vr# +1; V/t + 2( + a/ti + 2) 


6^"*" ••• 


a/ 4/1 — il.A/2^ + V4ti — 1)^67/) 


The general term = 


i liu IU11II = — J — — j ^ /"s = — — j s . 

VK ^/n + r) n ^ + aJx^' 

and r increases by increments of 1 from n to 4n. 

dx 4 

,7'^-+-/^) = t- + V*)], = 2 log, 3. 
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416. In certain cases integration can be performed by actual 
algebraical or trigonometrical summation. 


Ex. 1. j xdx. 


Put X = r//i, dx = Ifn [see Art. 41.5, Ex. 1, footnote], 

. . f 2 3 

Then the series is-t - + “ + - + ... 4--r 

•ii V a n n) 

1 + 1 ) « 4-^1 




= ,^,(l+2 + 3+...+„)=„V^;i 

the limit of wliich, when n = oo , is 

And j xdx — before. 

Ex. 2. / ^ cos X dx. 

Jo 

Put X ~ r/v, dx = 1//Z. 

\ ( \ ^ rtn 1 

Then tlie series is - -{cos - + cos — h ... + cos — }•, 
n I It 2n) 

tlie miinbcr of tcuns being trnl^] hence, by Trigonometry, this 

TT/l -|“ 2 . IT 


1/1 irn 


■W\ . / TT/l 1 \ 

;nb"'U 2ij _ J 


the limit of which is 2 cos ~ sin ^ = sin ^ 
4 4 : 


1 . 


Otherwise, putting x = ^ the increment dx is 1 
" n 2 71 2 

Hence the series is 1 ^ [" cos 1 - + cos - ^ 4- ... 4- cos — ; etc. 

n2L 71 2 n2 n2J 

Also j “cos xdx = ^sinayj = 1, as before. 


417. Definite Integrals. 

In Art. 379, three statements were made which we repeat here 
for convenience : — 

(1) j J>{x)dx = j‘'4>{!j)dy,i.e. is independent of x or y. 

(2) J <t>(x)dx= — j <f>(x)dx. 
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(3) When the variable is changed,^ the limits must be changed 
accordingly. 

We shall now add a few more propositions. 


418- To prove that J <ji{.r)dx = j €f>(x)dxA- j <f>(x)(Ix. 

This follows easily, for j <t>(.r)i/x =f{h) —f(n) [see Art. r>70.] 
= {.W -/('•)} + {/(r) -f{n)] = jy{x)dx + j'^^{.v)dx. 


419 


. To prove that j'^<l>(x)dx = J*d>(a — x)dx. 


Put X =■- a — ijy then the limits of y are a and 0 ; while 
dx — — dy. 

\ j'^<t>(x)dx = - j - ?/)df/ = j‘'<li(a-x)dx, 

420. To prove that j'^(l>(s\nx)dx == I: (t>(cosx)dx. 

This follows at once from the preceding article, for — 

Cor . — co!<x)dx = ^(cosa:, 


dx 

■ sin X 


J fZ Pina;dx f g cos x d a 

' J ‘q s\n X + cos X J Q cos a? + si 

But if a = i, then each =r !(« + 

... / i /^ Binx + coHx ^ ^ ^ 

Vostnx + cosx -jo *""4 


( 1 ) 
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■E. O A ^ 
Ex. 2 . I " , 

J 0 sm a? H 




+ oosa? 




the last article, 


^ f “ = l>y ( 1 ) above, 

2 2^0 sin £D + cos as ' > 


r ‘V Now 


/ (he 

sin as + Cl 


scc^^/ias 


= 2/2 


^1 + 2 tan ^ — tan^ ^ 

~ 1 + 25 "^^’ ® *“”2’ 


^ 1 . _u-.2 - 1 1 . a ,'2 + Z - 1 

■ (s - 1)“ - • 72 7/2' - 72 72’-“F+ 1 ’ 


an^ when a- = ^, z = 1 ; wlion ® = 0, z = 0. 

i . ^ i P . — f- -= ^ ^[O - ’->1-'. l41 

•ly Q Since + cos J 5 4^/2 L V 

\ ' = 472 72 ! = 2-72'«-(^- + 

111 this example the iadejinite integral cannot be obtained, except by 
xpansion. 

421. To prove that / ct>(.r)(7x= 0 or 2 / (f>(.r)(Jj\ accord- 

K y - « Jo 

ing*as </»(x‘) is an Odd or an Kven Function. 

(1) J^ct cl>(x) be an odd function, ?>. let 

, Then f <f»(x)(7x = f (ji{x)(ix 4- ( <f>{x)(Ix [Art. 418], 

J — a Jo J — rt 

Put X = — 7/ in the second integral ; then, since y = a when 
a? = — a, 

r - Jh - !/) ‘K -!/)=- fj>( - y) = J ijy iiyp' . 

, = - <iu— - j rf-c. 

I’a ' 

I <)>{x)dx = 0 when <f>{x) is an odd function. ' 

€> 2 F 
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(2) Let ^{x) be an even function, Le. let 4>( — .r) = ; then 

we can similarly show that j <l>{x)iU = 2 J 

/ a r<x yA 

sin X dx = 0, and I cos x dx = 2 I cos xdx = 2 sin a. 

K, 2. J x^ tan”' xdx = 0, the function being odd. 

K. 3. J (1 + x)-tan~'^xdx = J (1 + x^)t!in~^ xdx xdx. 

Tlie first integral vanishes by case (1); the second integral 
z=: 4 f X ian~* X dx, by case (2). 

J 0 

Now, /cc tan“' xdx = ^ac*- tan~i ^ i f integrating by parts, 

= J x^ tail"** X — ^(x — tan“^ x) = J(1 -f x“) tan~hc — lx. 


Ex. 


Ex. 


Ex. 


r = 4f: 


X tan-* xdx = [2(1 + a;^) ran * x — 2./;] = ir — 2. 


422. The following example, which has often been quoted, 
will still further illustrate the use of these iiropositions : — 


Ex. j ^ log sin X dx = log cos x dx [Ai t. 420] 

= ^ J-(log sill X 4- log cos x) dx 


sin X cos X dx 


== ij “ ^hi 2x dx — 


log 2 dx 


= J Cog sin 2x di^lx) ~ ^ log 2 . . . 

y 0 ^ 

Put y for 2a7 and change the limits, then 

J ^ log sin 2x rf(2£c) = J log sin ydy = j log sin x dx 

= [ log sin xdx log sin x dx 

J n Jo 


( 1 ) 


( 2 ), 
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Put ac = - 4- 2 / in the first integral on the right of (2), 

log sin xdx log cos y dy = log sin y dy [Art. 420] 

= log sin xdx (I 


Hence from (2) and (3), 


log sin 2oi: d(2x) = 21. 
in (l),/=U-^log2. 
/. 7 = ~5log.2. 


EXAMPLES LXVIl. 

1. Find the limit, when /? = oo, of the series: — 

(1) +44-9 + ...+ w^), hy two methods. 

H + ln + iy> ^ or+2)5 + - + 8V 

(4) ilsin + sin ^ + ... + siu ~ by two methods. 

2ri ' 2n 2n ) 

/-\ W+2 7i + 4 77 + 6 

^ ^ + 1 ^ + 4 ^ w2 + 9 ^ 

.gX 1 , 1 . 1 , , j 

71 V (n + l)(7i — 1) V(» + 2)(n •— 2) V(2n — l).l 

(7) i± .^ + A±JL + ?_±iL +*.. to 71 terms. 

3^2 + 1 ^ 377^ + 2 ^ 3«2 + 3 ^ 

/g\ ^ I ^ 1 L 

(7l-hl)^^2n + l (7i + 2)V2(2n + 2) (n + 3) v'3^^'3) 

, ^ 

2nJni^vi^ 
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(9\ ^ _i . 4_ 4- L _| 

n n/Jn + 1 ^ v< ^fn + + 3^ 3 *'* 9n 

/tn^ ^ 'Ji7i- \)n ^ 1 

^ w2 + IS + ^2 + 22 ^2 + 32"^ ••• _ IJJ -»■ 

2. Evaluate the following dofiiiite integrals : — 


(1) 

cos2xdx. 

J% 

(2) 

l" dx 

y 0 2 + cos X* 

(») 

p x^ dx 

J o(®+”i)(4 - a:-)’ 

(4) 

^ tan“iy'xdx. 

(6) 

- '"rfx. 
y 0 3 + X 

(6) 

^ (xlogx)”dx. 

(7) 

j:m^- 

(8) 

j (J- + C0Sx)'*£/x. 

(9) 


(10> 

r^v^cx + i)dx 

/i ■ (sc2 ■’ 

(li; 

/'* cot~' X dx 

j , + x“)' 

(12) 

f \/ cot 6 do. 

J 77/4 


3. Prove that J <p(x) dx — j (a + — x) dx. 

Hence show, without integration, that 
J i-a V 2a; — aj- 


and generally that 

P+«(l - ii:)2-+i dx 


r+«(l - a:)2"-*-i 

j i-a (2a; - a2) 


: 0, n being integral. 


4. Prove that j’'<p(^x)y\i'{x)dx = — /: il,(x),pXx)dx + *p(h)rp(b) - 0(a)«/.(a). 

^ .1 X r ac2sin”ia;t?a; ^ /"i a; sin-i sc e/a? 

6, Prov« that / — 77=^; = 9, and that / — ~^r=r~ = 2. 

y -i V 1 - x-^ y _i 1 _ i,;2 

6. Prove by the method of Art. 420, that 

(1) f^Bm^ed0 = w/4. (2) 

Jo J 0 1 -j- tan 6 


7r/4. 
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yn\ /‘J Vftintf 

(3) / — /^—-d6 = ir/4. 

7 0 Vsm 0 + V cosd 

[2 . iog.(V2 + n. 

Jo sin a; + cos x o v'v 


r* a — h [fl fa — h ah ^ fia\ • 

/ <b(x)dx — I ipl 35 + — J f^ac. 

J a o. ~ ^ j a \® ^ ^ / 

8, If m and n be +^* integers, and » > 7?i, prove that 

iy£jo.(i-.y} = o. 


7. Show that 


9. Tf /(x) = /(a + x)j prove that 


/ f(x)dx = (n — m) j /(xjdx, and give a geometrical illustration. 
ma J 0 

/ Sn- 

sin® X dx. 

3ff 

/«• ^2 

£C log sin as c?.c = - log,2, by usings the result of 


10. Pjovc that j ajlogsinascfa; = - log,2, by 
Art. 422. 

11. Show that the infinite series 

1 - 1 ^ — r\ + Ti\ “ + ... 


can be expressed in the form 


r 1 ^ ‘ / 


and hence deduce its value. 


Answers. 

1.(1) i (2)f. (3)2. (i)l (6)^+ log, 2. (6)|. (7)4. 

(«) (9) ^3 - I log. 3. (lO)’ + ^2 Iog.( V2 - 1). 

a. (1) K3 - 2e-l"). (8) 5 ^ 3 - (3) 2 log. 3 - g log. 2 - 1. (4) 1. 

( 6 ) 2(log.3 - 1). (6) (- O) ^ 
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(8) 1.3.5...^2« - 1 ) ^ 1 + ilog.3 - log.2 - -^-?tan-i 

(10) K5 - V3 - 2V2) + log. 1-^2- 

(l.):(l-i)-J 105,2. + 


9. 4 


5.3.1 TT 
6X^’2‘ 
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CHAPTER XXVir. 

AREAS AND LENGTHS OF PLANE CURVBJS. 

423. Areas in Cartesian Coordinates. 

We have already shown, in Art. 328, that the area bounded by 
the curve y = Ox^ and the two lines x = x = is given 

by r>jdx, or { f(x)>ix. 

Jo. J a * 

We now add further examples. 

424. Area of Circle. 

Let the equation be f/ = or y = 



Fig. 98. 

Then since the upper and lower ftmits of x are respectively 
a and — a, the area of ABA* 

r® #-5 3 _ — a;® . ^ 

J +-2"“ 

= -|[|- (-J)] -fV. 
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The area of the whole circle is therefore Trd^, 

Or, putting x a sin 

J V dx = /dj 6d0 + Ism 


ir/a 

7r/2 


= TT as bef ore. 


[^T/ie jmahola has been considered in Art. 328.] 

c 

425. Area of Ellipse. 

Since y ^ the whole area is evidently 

/ « J) ra 

ijdx =2.7/ ^ id x' dx = 2" - T) TT = nah, 

— a Cl J (Jl ju 


426. Area of Cycloid. 

The equal ions referred to a cusp as oii^iii, and the base as axis of x are 
(Art. 308)— 

X = a(e — sin 0 ), y = a(l ~ cos0)* 

Now, y = 0 when cose = 1, i,e. when e = 0, or 2n. 

Hence, avc may express y dx in terms of 9, and integrate between the 
limits 0 and 2ir. 

/ ?n 

(1 — COS t#)(l — cos o') dd 

0 

/ 2ir 2ir 

{1 — 2 cos 9 + ^(1 + cos2tf) j d9 = ar[^9 — 2 sin 0 + J sin 29] 

0 “ “ 0 

= .‘laV.t 


t It is useful to remember th^< 

j'"coa9d9 = 0, J"co829(J9=0, ... J^cos n9d9 = 0, n being integral. 
Also that J ‘^'coB 29 d9 = 0, J“coB4:9d9 = 0, ... J '^coa2n9d9 -- 0; 

-mir 

and, more generally, j cos n9 d9 = 0, if mn is integral. 
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427. Oblique Coordinates. 

When the axes of coordinates are oblique, the area of an 
clement PMNQ is yrflrsinco, 
where o> = Z yOx. Hence the 
area between the curve, Ox^ and 
two ordinates parallel to Oy and 
given by a; = «, a: = is 

sin w ( ydx. 

J a 

Ex. In the parabola (where 

a' — SO) the area of tlie segment KOL, 
in which Oil — ?i, Kfl = 4’, is 


mm 


a' sin w j X‘ dx — § s/a\h'^ sin 


! dx 4 V< 


= -J hh sin G) 

(V 4 = 2^fm) 

= (parallelogram TKLB). 


428. Case in which the Curve crosses the Axis of x. 

The element of area ydx is so long as y is ; that is, at 
least, if we consider dx as always 
(or the curve traced from left 
to right). 

If the curve cross the axis of x, 
then every one of the elements ydx 
will be — for that part of the 
curve which is below the axis. 

Hence, in the figure, if OA and OC 
be the limits of integration, the sum 
of all the elements between B anda? 

G will be — and therefore the 
algebraical sum of the elements between A and G will be the 

/ OC 

ydx = ADB — BEG. 

OA 

Hence, if we require the sum of the two areas, we must integrate 
each part separately and add arithmetically. 
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This does not apply to the case in which the curve crosses Oi/, 
since neither y nor dx thereby become — 

- .429. Geometrical Proof. 

Otherwise, let A" denote the area between DBE., Ox, and 
AB, CE. Then, if Ox move downwards parallel to itself into the 
position OV, the new value of A' (say A"') will be DA'C'E. 

Now let ffx' move back again to Ox, and A"' will be diminished 
by the rectangle A'G'GA (the base A*G* having swept out, or cut 
off, this area). 

/. A' = A' - A’G'GA = {A^G'EBA + ABB) - (A'G'EBA + EBG) 
= ABB — EBG as before. 

430. Application to Odd Functions. 

We have seen that j <l>{.i)dx = 0, if be an odd function. 

The graph of an odd function is such 
that on turning the page upside down the 
figure is unaltered in shape. It will also 
pass through the origin ; f and if 
A'O = OA = a, the areas ABB\ OAB 
arc eipial and opposite, their algebraical 
sum being zero. 

Ex. y = 

The curve is as in the second figure, and 
is doubly symmetrical, since the equation 
may be written = a\x^ — in which 
the powers of x and y are both even. Since 
y is an odd function of x, the algebraical 
value of the whole area is zero. 

The arithmetical value of the area, re- 
garded as the sum of two loops, is four times 
that portion in the first quadrant, and therefore 

= — x^dx = ~\_^ 

t Unless tlie equation breaks up into two distinct rational factors, e.g. 
(y — mxy = c\ 
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431. Area between two Branches — Area of Closed 
Curve. 


First, let EA and FE cut off an area ECDF bounded by 
either two branches of the same curve or by two different curves. 
In either case the area ECDF = EABF — CARD, 

Next, let GCDHFE be either a closed curve or an area inter- 




cepted between two different curves. Then, if GK and. if are 
the extreme ordinates, 

Area = GKLUE - GKLHG. 

Tn the case of the closed curve, if we suppose the curve traced 
out in the direction of the arrows, dx will be -f'® for the hij^her, 
and — for the lower branch, so that the area may be regarded 
as the algebraical mm of the two areas mentioned. 

Adopting this convention, the expression /ydx integrated from 
point to point all round the curve gives the area ; or, if OK = a, 

OL = b, the area = pgidx 4- j y, being the greater value . 

- of g, and the smaller value. 

The fact that dx is — in the second integral is shown by the 
limits, the superior (a) being less than the inferior (/>). 

For practical purposes, however, the form j y^dx — j y.^dx is 
used. 
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432. Kxamples. 

Ex. 1. Find the area of the oval y = ^ (x — i)(2 — a;). 

The curve is evidently an oval, foi^ (1) x must lie between 1 and 2 for 
real values of y ; (2) y cannot become infinite for finite values of cc; (3) 

dyjdx = oo , when cc = 1 or 2 ; (4) y 
has two distinct values between x = 1 
and 03 = 2, at which points they co- 
incide. 

The curve may be traced by means 
of the auxiliary parabola y = 03®, and 
the circle y — s/ (x — l)(2~ c5. [See 
Ex. 6, Art. 279.] 

Again, since y^ = 03-+ — 1)(*2'- 03 ), 

and y^ = — V(a; — 1)(2 — x) ; 

the area 

= Jjx^+V(x-1 X2 - jO } dx 
— { .1 - — \/(o3 — 1 )(2 — a:) } dx 

= - V(a3 — 1)(2 — x) dx . (a) 

Tut 03 = siii^0 2eos2(? [Art. 348] 
Fig. 105. = 1 + cob'-* 0 ; 

dx = - 2 cos e sin 0 d0, the limits of B being it 12 and 0 ; 

and (x - 1 )(2 - x) = cos^ 0 siii^ 0 . 

/. area = — 4 ^ cos- 0 sin- OdO = J^sin^ 20 dd 

— i f “0 ~~ cos 40) — Jtt. [Footnote, Art. 426.] 

J 0 

This is also apparent since, wo draw the line PQpq parallel to Oy, 
PQ = pq\ hence every element of area of the oval is equal to the corre- 
sponding element of the circle. The whole area is therefore equal to 
that of the circle, which can easily be shown to be its radius being J. 
The integral (a) points to the same thing, as will be seen if we find the 
area of the circle by means of its equation 

y = V(a3 — 1)C2 — x). 
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tli6 ciTeoi of tho sog'nient cut ojf fco'tu the purubula y~ = 4tiXf 
hy the line 2x — 3y + 4ii = 0. 

, To find where the line cuts the curve, we have 

2/2 = 2^x.2a;=-2«(3i/- 4a); 

iP "" + 8^2 = 0, whence y — 4a, or 2a, and 

X = 4a, or a accordingly. 

For the parabola, y^ dx = 2^a ^xdx', 

and, for the line, y^ dx = ^{x + 2a) dx.^ 

Tfence, taking 4a and a for the limits of a?, 

Area = J \2^ay/x - ^{x H- 2a)]dx = [j/ax' - Ix^ - f^ax]'* 

= “ V “ V)«" - (S - 4 ~ S)a^ = 4^2. 

Note. — T he area of t)ie trapezium cut otf by the' lino 2x — % + 4rt =• 0, 
OXf and tho linos x = 4a, x — a, might have been found without integration 

f4a 

and the lesult taken from j 2^lay/xdx, 


433. Closed Curve containing a Node. 

A(;cordiiig to the above rule, the area of the adjoining figure 
= GDEFGBA ~ CKEHGBA 
= CDEK - EHGF, 
taking awaj the common part 
OKEFGBA, 

Hence /ydx, inter/rated all round the 
curve ^ is the arilhmeUcal difference of the 
areas on either side of the 7iode, 

Fia. 106. 



434. Sectorial Areas. 

Let P(a?, y) and Q(x dx,y A- dy) be two infinitely near points 
on a curve. 

Draw the ordinates and other lines as in the figure. 
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'rben the area of the elementary sector 

OrQ = AOQL - /\OPM - fig. PQLM 

= i(// + *“ + infinite- 

simals of the 2n(i and higher orders) 
= \(xdy — ydx) ultimately. 

Hence the area of the sector swept 
out by OP as P moves from C to D 

= (^dy ydx), if OB = J), OA = a. 

Othfirwim : — Regarding PQ as an infinitc- 
siinul arc, wo make an infinitcBimal error in 
taking it as the diagonal of the rectangle PS. 

Taking moments, about O, of forces repre- 
sonted by PH, PS, and their resultant PQ' 
we have 

moment of PQ ~ moment of l*S — nK)mcnt of PH, 
or aOPQ = aOPS ^ aOPH = ^(^OM.VS — PM. PR) — — ydx). 

Noth.— We evidently have, for the aOPQ, l{xdy - ydx) or i(ydx-xdy\ 
according as tlio moment of PQ about O is +'‘ or — 

Ex. 1. Find the area of the sector of the curve ay = a V ax + + x^, 

bounded by radii drawn to the points for which x = — a, and x = a. 

We have y = Va-/® + a + ^ ’ 



, , if f — ; — ,9/ Vase 2„c2i 

/. ydx — xdy = |vaV» + -h x-ja — ~ 

— \ax 
a / 


dx 


i 2a) ^ 

\ 2>^/x + a 


- "‘-fW = (4Vn:i: -0.. 

- -y. 
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The curve may be traced by means of the two auxiliary parabolas 
y — aJ ax + and ay = x^. 

We have taken the branch corresponding to the +^“ value of the root, 
Va£c + if we take that corresponding to the — value, wo shall have 

— ; or a^, numerically. See preceding note. 


Ex. 2. In the cycloid a? = — sin d), 7/ = rt(l — cos 0) ; [Fig. 94, Art. 308] 

ydx — xdy ~ «“{(! — cos Q'f (6 — sin d) sin 0]dQ 
= a-(2 — 2 cos d — e 8*11 eyid. 
area of a sector is given by 

ha-f(2 — 2 cos 0 — 0 sin 0)d0 = a-[0 — sin 0 4- ^(0 cos 0 — sin 0)J + C 
= — 3 sin 0 H- 0 cos 0) + C. 

The area of the curve between two cusps 

= ^a-[20 — 3 sin 0 ~t 0 cos 0]“^ = 3rt‘-V, as before. 


435. Polar Coordinates. 

In the last article we have used cartesian cooi’dinates for finding 
sectorial areas : they arc, however, usually found., by means of 
polars. 

We shall show that the area between 
two consecutive radii and the curve 
/• = /(^) is 

TiCt P(r, 6i) and (^(r -f dr, 0 + d6) be 
two infinitely near points on the curve. 

Join OF, OQ, and let PR, QS be ® 
arcs of circles having their centre at O. 

Then area OSQ > OPQ > OPR ; or, 1 

since the area of a sector of a circle is (radius)® x (circular 
measure of included angle), ^ 

i {r 4- drfde > OPQ > ^PdO, 

But \ {r 4- drydO = \r^d0 -t- higher orders of infinitesimals. 

Hence, sector OPQ = \PdO ultimately. 

11 A AOx = a, /L BOx = p, then area AOB = 
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Since is always the sectorial area will be so long as 
6 is increasing. 

- Note. — In the figure of Art. 431, x and y both increase with 0, bo that the 
raoment of PQ about O is +''’* ; therefore r^dQ = xdy — ydx, each being 
twice the aector OPQ. 

436. Area of a Closed Curve. 

If the curve be traced iti the direction of the arrows (see Fig, 
109), we must first integrate from a to p, using the greater value 
of r, and then back from p to a, using the smaller value. 




The algebraical sum, or the arithmetical difference, of the two 
results gives the area. 

Or, area = jf r^dO + ^ dO, ?\ > r^. 

Jo. 

In the case of the figure oight given, we can show that the 
algebraical area 

= CGAB — CDEF^ as before. , * 

437- Examples. 

Ex. 1. Find the area of the cardioide r = a(l — cosO). 

Tfie curve can be traced completely and continuously as 9 increases 
from 0 to 27r. ' 

Hence the whole area = f (1 — cos 9f d9 
« Jo 

/ •-'TT 

{1—2 cos 0 + ^(1 + cos 2d)} d0 

0 

= .f7r«2. 
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£x. 2. Fill (I tlie area of the lemniscate ?■*** = a- cos 2e. 

The limits of 0 are — - and 
4 4 


The area of one loop is therefore I 


= -^ I cos 20 de = 

~ f 

In tracing the curve, we observe 
that, for a given value of 0, r has 
equal and opposite values. 

If we trace the curve in the 
directiou of the arrows, starting 
from O, then for the first loop, 
r is while 0 varies fiom 


— ^ ^ second loop, r 

is — J while 0 passes back from 


+ J to - 


The algebraical area is therefore 



a 


2 


2 



Fia. Ul 


Jp r^de + 


TT 



-‘7')^d6, which is evidently zero. 


438. Elliptic Sector. 

To find the area of a sector of the ellipse, the pole being at its 
centre ; we have, for the cartesian equation, 

IfV 4- ; 

and turning to polars this becomes 

7'^( cos^ ^ -f cP sin^^) = epb^y 
area of sector AOP 


- i i cos'^ e + sin^ 0 

^\db tan“’^^ tan 0^, 




& 

0 


sec^ $ dB 
ft'* 4- a'* tan* ^ 


2 G 
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But if 0 be the eccentric angle of the point /^ whose 
coordinates are (j*, v/), or (r, 6), then 

r cos 6 = -= a cos ; r sin 0 = ij = ; 

/. tan 6 = ^tan <1 ^ ; /. tan“’0 tan 0^ = 0. 


Hence area of sector AOP = 

Otherwise, by geometry : — 

Draw the auxiliary circle; then, comparing the sector OP A with the 
sector OjiA, we have 

PN PL 

rN pL a ’ ^ qM a 



/. area AOP = “ X (area A( 
Otherioise, since x — a cos ip, y = 


Ilcnce every ordiliate of the 
sector of the ellipse is hja times 
the corresponding ordinate of the 
sector of the circle; hence, also, 
every element of area ydx of the 
sector of the ellipse will be h/a 
times the corresponding element of 
the circular sector. 


rO = ~ as before. 

> sin <f}. 


/. xdy — ydx ~ r/.i(cos" + sin^ if)d<p = a,h d<p, 
dy — y dx) = as before. 

' } 0 


Co)\~-\i ^ = 27r, the sector becomes the whole ellipse, whoso 
area is thus rzah. 


439. Hyperbolic Sector. 

In the last article change into — ; then, for the hyperbola 

wo shall have 


Area of sector AOP 

= \\[^de = = Lav tanh-’(f tan e\ 
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Bub, usins^ the hyperbolic fuuctions [see Art. 08 J, 

r cos 0 = X a cosh u ; r sin ^ = 1) sinh u ; 

/. tan 6 = ~ tanh u ; of tanh”^f? tan = a. 

Hence, area of sector = ^ ahu. ^ 

Othervnse^ since x — a cosh y ~ h sinh m, , 

xdy — ydx — ai(cosli2 u- — sinlr^ iC)tlu = ahdu : 

/. area = h j (xt/y — yJx) == ^abu. 

“Jo 

Or, again, putting x — a sec </>, y — h tan </>, so that <^ = gd e«, we have 
xdy y tlx — ab(sec^<p — sec (p tan^ <i>)dft> = ah sec <p dtp. 

/ <p r^, 

(xdy — ydx) = lab I sec <t d<p = hah log(8ec <p + tart <p ) ; 
0 “Jo 

i.e. — h a&gd“^ <p — M)a, as before. 

(7or . — If h = a, the curve becomes a rectangular hyperbola. 
Hence the area of a sector of a rectangular hyperbola hounded 
by Ox and a radius vector to the point {a cosh w, a sinli ii) is i ahu 


EXAMPLES LXVIIF. 

1. Find the area bounded by the line y = 2d? + 3rt, the ordinates for 
Which a? = «, and a? = 2rt, and Ox. Verify by geometry. 

2. Find the area bounded' by xy = c^, x = c, x = 2c, and Ox. 

3. Find tho area of one of the portions of the sine-curvo y = asmx/a, 
cut off by Ox. - 

4. Find the area of the parabolic segment cut off from the curve 
ny =(x — a)(2« — x) by the axis of x. • 

5. Show that the two portions of the curve a^y = x(x — a)(x — 2a) cut 
olT by Ox have the same area, namely 

6. Find the area of tho segment of the circle x^ -h cut off by tho 

line X = a 12. 

7. Find the area bounded by the curve — y^jh^ = 1, a? s 2a, a? = a, 
and Oa?. 
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8, Find tlie area of the segment of the parabola ?/'- + ax = cut off 
by Oij. 

.. 9 . Find tlie area of the segment of the curve — — y^') cut 

oh’ by Oy, 

10. Find the area between the witch, = a^(a — x) and Oy its 

asymptote. * 

11. Find tjie area cut otf from the curve 27ay^ = 4 (a? — 2ay by the' 

line X = 5(t. . 

12. Find the area of the triangle formed by the line r cos 9 = a, and two 
radii, for which 9 = a and 0 respectively. Verify by geometiy. 

13. Find the area of the triangle formed by the linos = rcos(0 — a), 

8 = 0, and 9 = 2a. 

14. Find the area of the segment of the circle r = 2a sin 8, cut off b}^ the 
line 8 = 

15. Find the area of the portion of the circle r = 2a cos 8, cut oil’ by the 
linos 8 = 0 and 8 = a. 

16. Find the area of the smallest loop of the curve r = a9. 

17. Find the areas of the portions of the cardioide cos J8 cut off 

by Oy. 

18. Find the area bounded bj' r = a scc^ 8, 8 = Jir, and 8 = — Jtt. 

19. Find the area of the portion of the curve F^(2 + cos 8) = which 
is in the first quadrant. 

20. Find the area of the sector of the parabola y^ = 4riac bounded by 
radii drawn to the points (/<, ^), (7i, 7c'). lienee find the area of the seg- 
ment cut off by the line yjx = TcJIi. 

21. Find the area of the sector of the catenary y = ccoshcc/c bounded 
by radii drawn to the points (0, c) and (c log, 2, 5c/4). 

22. Find the area of the sector of the ellipse + 2/^ = 1 bounded by 
radii drawn to points in the first quadrant for which x = 0 and a? = J. 

23. Show that the area of a sector of the hyperbola x^ja^ — y^jlT^ = 1 is 
given by \ah l6g (“ + ) + a constant. 

24. Find the area of the sector of the curve (a^ + x'^)y = a®, bounded 
by radii drawn to the points (0, a), (a, Ja). 

25. Find the area included between the curve y^ = 4(Z£c, and y = 2x. 
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26. Find the area of the segment of the circle — 25a2 cut off 

hy X y = la, 

' 27. Find the area included between 4(x^ -I- y-) = Ou^, and y- = 4ax. 

28. Find the area of one of the pbrtions between x- + 4?/‘- = 68, and 
xy = 8. 

29. Find' the area of the part of the curve + aly^ = wljich is 
within the parabola =(a2 __ b‘‘^)ay. 

30. Find the areas of the three parts into which the circle *a:“ + y“ = 3a- 

is divided by the rectangular hyperbola ac- — — a®. 

31. Find the area between the curve y = sech x and Ox. 

32. Find the area included between the cissoid ^^(2a — a) = x^, and its 
asymptote. 

33. Find the area of the loop of the curve xy^=^(x — 2a — a;). 

34. Find the same for the curve Oy'^ = (sc + 7)(x 4- 4)-. 

35. Find the same for the curve a^y^ = x-(a — x)Q2a — x), 

36. Find the area of the whole curve — Senx? + 2a V- + a-y‘‘^ — 0. 

37. Find the area between the tractory a; = a log cot if? — a cos 
2 / = asind; and the axis of x. 

# 

38. Find the area of the fonr-cubped hypocycloid (x/a)^ + (jz/a)’ = 1, 
by putting x — a cos^ e, y = a sin-^ 0. 

39. Find the area of the whole curve (xjaf^ + (y/b)^ = 1. 

Hence deduce that the area of the evolute of the ellipse, the equation 

being (ax)^ + is 4^* 

40. Find the area of the v whole curve (x/a')^ + 

41. Find the area of the whole curve = 1. 

42. The parabola r(l — cos 0) = 2a is cut at P and Q on the same side 

of tlio axis by <SP, SQ, making angles of 60° and 120° with the axis. 
Find the area of the sector cut olF. • 

43. Find the area of a loo]) of the curve r = a sin 30. 

Show that if the curves r — ± a sin .30 bo inscribed in a circle, their 
total combined area is half that of the circle. 

44. Find the area of a small loop of the curve ?’ = a sin J0 ; also the 
area occuiiied by the whole curve. 

45. Find the area of the sector of the rectangular hyperbola 7-2sin20 = 2a^, 
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bounded by the radii drawn to the points of intersection with the line 
a = r(cos e + sin e). 


^ 46. Find the area of a loop of the curve r = a cos 59 + b sin 59. 

47. Find the area cut off from the loop of the curve + cc^) = 

5x\a^ — x^), by the line y = x. 

2^'cr 

48. Find the area between the curve % = -r-T— and the line 

2y^ + 

1 1?/ — See + Oc = 0. 

49. Find the ratio of the two parts into which the parabola 2a = ?■(! +cos0) 
divides the cardioidc r = 2a(\ + cos 9'). 

60. Find the point of intersection of the cutves 

yjc = I and y/c = cosh jr/c, 

and prove that the area bounded by these curves and the axis of y is 



51. A weightless string of length Z, attached to a fixed point O, passes 
through a small ring, and the lower portion liangs vertically, carrying a 
small weight P, Find the locus of P, when the ring takes different 
positions in a horizontal line AB which is vertically beneath 0 j and show 
that the area included between the curve and AB is 


Ia/'I- 


- — — 7^2 log 


h ’ 


where h is the vertical height of O above AB, 

52. If the equiangular spiral r = ae^‘^®*"cut Ox in points given generally 
by r = a„, Avhen 9 — 2?in ; show that 

(1) The area swept out by r in one revolution, from r — Un to = 

= i«+i - ««)tana. 

(2) The wJioIe area actually swept out by r, from r = 0 to r = a„y 

= i al tan o. f, 

(3) The area enclosed in a single convolution, from r = a„to r = ct„+i, 

= i W.+1 “ a. 


63. Prove that the area of a closed curve is given by the integral 

Apply it to the case of the circle given by 2> = a(l + cos ip). 
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Answeks. 

1, G«2. 2. cMog,2. 3. 2a‘->. 4. 6. 

7, { \/3 — 4 log (2 8. 9. (w — 10, ircb^, 

11. 12. ^ — tan a). 13. tan a. 14. — 2). 


15. a-(a + sin acos o). 16. 17. 




18. 


19. 20. - M); 21. g(6 - 5 log 2). 22. tc/2\. 

24. 4a-(7r — 1). [Put X — a tan 8; /. y = noos'^^.] 25, Ja^. 

26. (-/sill-* - 5)a2. 27. (^o 

28. 17 siii“^ ] 5 — 16 log 2. 29. -h aZ> sin”^ e. 

30. Middle part = 2[3sin“’ 4'log(v^2+ l)]a2. 31. 32. Sn-a*. 

33, 34. §V3. 35. [\l ^2 - | lo- (V2 + l)]a2. 

36. 37. ^Tra^. 38. |7ra‘^. 39. ^vah, 40. 


1 1 .3.5..^(^ 4- 1) 


41 . ~ 


2.4.6. ..2?i 


42. 


43. 


44. ia2(ir - 2); + 2). 45. a* log, (2 + ^3). 46. (a^ + 

47. 10 ” + ^[ between y = x and Oy. 


48. mcK 


49. Utt - 16 : Ott + 16. 


53. See Fig. 47, Art. 220. Since 5 (A^OQZ - OPY) = 0\ and 

^ = 0 

£^OQZ - OPY = OFQ - OV Y + VTZ =-WPQ - + ^(dpld^y dip ' 

.*. etc. 


440. Rectification of Curves. 

Def. — We are said to rectify a curve when we find the length 
of a part, or the whole, of its arc. 
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441. Cartesians. — If ds be an element of the arc of a curve, 
then ds^ = dx'^ -f d//^ (Art. 21;")), which may be written 

« = /\/i /\/' + (">• 

Or, if X = /■(/), y = 4>(f), then 

ds^ = arm + {<^'(0)“] or briefly, (/'“ + 4 .'^) UP. 

Ex. Find the lengtli of the arc of tlie parabola = 4^^’, cut oil’ by tlio 
latus-reetiim. 

Here 2y dy = 4:adx^ or y dy = 'ladx. 

In this case we shall use formula (2) as being preferable to (1). 

Thus, .‘ = /1 a/i+£''^2^ 

I 

= ‘i«^log{y + 

= a|^2^2 + 2 = 2{ + log, (//2 -(- l)}o. 

Otherwise, we may put x am^, y = 2am ; 

dx = 2am dm, dy = 2a dm. 

/. dx- + cLy^ = 4a2(l + m^^dmK 

/, s = /V dx^ + dy^ = 2a f -n/I + dm 

= 2a + -i log {m + Vl 4- m^} J 
= 2(^2 + kg, (>v'2 + l)}a, as before. 
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442. Polars. — Wc have, from Art. 210, the formula 
= /W + 

which may be written 

Ex. Find the length of the arc of the parabola -— = 1 + cos 0 , cut oil 
hy tlie lalus rectum. 

2u , 

biiico r = , — , where c — cos^, 

1 + c’ 


, dr _ 2a, s 

•• fTJ"" (l-f c)2’ 




dQ) - (1 + c>‘ 


,y{a + o)'^ + »^)=-J+ty- 


8ft3 fy2 

(1 + cf ~ cos^ 


rZ do 
/, s ~ a ^ ^ 

J 7r^t)S'^ 

/ - de 1 

“ — o 1 , since — an even function of 6 [Art. 
ocos'^jfl’ oos^Je 

= 4ct (f —Y> if -(> = ¥, 
jocos-i>’ ^ 

= iaj* sec® <pd<p = 4et sec® ^ <1^ 
ict ^ 1 * 4 ” iXoc, if sc tan 

= + h logC®’ + 

, = 2a[^2 4 - log. ( 4 - 1 )], as in the preceding article 


do 1 

— o 1 , since — ^ 1 - 7 ; is an even function of 6 [Art. 421], 
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443. The Catenary or Chainette ■ 

Cartesian Equations. 

This curve is the curve assumed by a heavy, uniform, flexible and 
inextcnsible string when held at two points and allowed to hang freely. 

Its intrinsic equation [Art. 241], or 
the equation between s and can be 
readily found by the principles of 
statics. 

Thus, consider the cquilibriiiin of the 
portion AU of the string, A being the 
lowest point, or vertex^ and Ay the 
axifi ; and let the arc AP = s. 

The forces acting on AP are 

(1) its w’eight, parallel to PM ; 

(2) the tension at Pj along PP ; 

(3) the tension at Aj along Mfl. 
Hence PPM is the triangle of forces. 
The tension at A is constant, = V'o 

say ; the weight of AP oc s = icSj say ; 
so that k is the weight per unit length of the string. 

or putting c for the constant TJk, the intrinsic equation is 

s = c tan 



444. To express this in cartesians we have, taking OAy for the axis 

“■♦'S.---— <» 

/, + c- = 6‘^[(cfy/t/a5)2 -f 1] = cXds/dxy^; 

c ds 

/ • ds s 

- = c sinh ^ since sinh i 0 = 0 [see Art. G41, 

= csinli”^ ^^from (1). 

dy . . X . acne . x 

•** dx ” c ’ 2/ = cosh - J = c cosh “ — c, since cosh 0 1. 
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W© have evidently taken the origin at A in the last lincj since 
[ccoshf]' is the difference of the ordinates for the points P(x = x) and 
A(x = 0). 

If we choose for origin the poiiifT O, such that OA = c, the equation 
becomes 


1 / = ccosh “ = 2 


Otherwise : — Since s = ctanipy 


, fis n (ill/ 

. . = CSCC^ib. 

dx dx 


I3iit, /or any curucj 


= sec if/ 


/, from (2) and (3), 1 = c sec ip or c^ac = c sec ip dip. 

/, X = c log (see + tan ip) + (7. 

Ilut when = 0, cc = 0 ; /. 0 = 0 + (7. 

/. X = c log (sec ip 4* tan ip) . , , 


subtracting, 


/. sec ip + tan ip = ec 

sec \p — tan ip = rzn — ^ ; 

^ ^ sec ^ + tan \p ’ 

£ 

tan \p, or dyjdx, = J(e' — e « ). 


Hence y = | + e " ) + C', and C vanishes if we take y — c when 

= 0. 

Otherwise : — From (4) above we have x — cgd”^»;'. 

/. tariU/ = sinh-; i.e. ^ = siuh-; /. y — ccosh - + (7; etc. 

^ c dx c c 


445. Length of Arc — Properties of Curve. 

Tlie length of arc is readily found, thus 

s = c tan Of = c — = c sinh £ 

^ dx c 

We now give a few properties of the curve. 
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Since, as we have just shown, 

tan»^ = sinh-, Cor>f = gd-) . . . . (5) 

c \ c' 

/. sec iL '= cosh 

c 

/. 7/ = c sec or y cos \f/ = c. 

Draw NY i)ei*penclicular to P2’; then A. YNP = if^, whence 
NY = PN cos ^ = y cos yp = c = OA. 

Again PY — NY tan \p c tan if/ = s; or PY = arc AP. 

Now, suppose a string to be wrapped round the right half of the curve 
ending at A ; then, if we take hold of the end at A, and unwrap the string 
gradually, keeping it tight, this end will describe a curve called the involute 
[sec Ex. XXXVI., 13] of the catenary; the locus will evidently pass 
through y, since PY arc PA. This curve is called the traolory, or 
IractriXi and its equation can be shown to be given by 

cc = c log (sec xj/ -b tan i^) — c sin ; y = c cos i//. f 

Evidently YN is the tangent to this curve, and is of constant length 
[Sec Ex. XXXIV., 18(4)]. 


446. Since TJ/c = c, T^y = he = the vveight of a length OA of 
string. 

Again, if T be the tension at P, then from the A P liM, 


T 

To 


PR 

liM 


= sec ; 


or T = tJI — hy = the weight of a length PN ol the string, 
c 

The line Ox is called the directiix of the catenary. 


EXAMPLES LXIX. 

In the following examples, xf/ = tan"'^ (dy/dx) in every case. 
1. Find the lengths of the following curves : — 

(1) 7 / = log sec X, between x = 0 and x — 7r/3. 


t For, let (a, 0) be the coordinates of Y. 

Then 3 = YN cos xj/ = o cos if/. 

a = ON — YN sin = aj — o sin xf/ = c gd~* xp — c sin xp, by (5), < 
= c log (see xp + tan xp) — o sin xp. 
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(2) The catenary, y — from the vertex to any point. 

(3) 4a.x = — 2a* log y/a — a*, from (0, a) to any point. 

(4) y = log (1 — x^)j from tho 

(5) The cycloid, x = a(<f) — siiic^); y = a(\ — cosi/)), from cusp to 

cusp. 

(6) The tractory x = ashi ; y = ^(logtan^ + cos<^). 

Qt) X = a log sec \p; y = a(tan xp — frdVn the origin. 

2. Find the lengths of the following curves : — 

(1) The circle, r — 2a cos d. 

(Z) The cardioide, r = a(l — cos 0). 

(3) The cardioide, r^= a(l + sin e), 

(4) The spiral of Archimedes, r = rtd, from the origin. 

(5) Tho hyperbolic spiral, rO = a, between 6 = and 0 = J. 

(6) The equiangular spiral r = between 6 = 0 and 6 = 27r. 

3. Find, in tho terms of \f/, the length of the parabeda x = a cot® ; 

y = 2ft cot from the origin to any point. Also (ind tho length cut off 

hy the latus rectum. 

4. Find the whole length of the loop of the curve 9ay^ = x(x — 3a)2. 

5. Find the length of tlie loop of the curve Oy® = (x + 7)(£c + 4)®. 

8. Find the length of the parabola ay = x(x 4- a), from the origin to 
x=a, 

7. Find the length of the arc of tho scmi-cubical parabola y^ = act®, 
cut off by as = a/8. 

8 . Find the whole length of the four-cusped hypocycloid x = — a cos® ; 

y — a sin® xf^. Show that the algebraical value of the whole length is zero, 
and give an explanation. * 

9. Find the whole length of tho^curve = n^cos J6. 

10. Tho extremities LL' of the latus rectum of a parabola are joined by 
the arc of a catenary, whose axis is perpendicular to LL\ and whose 

equation is y = ccosh-. If LV = 2c, find the difference in the lengths 
c 

of the arcs of the two curves cut off by LL\ 
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H. If s = a txin prove that x = a ; y = a sec \f/. 

12. If s = 4a sin if/, prove that x = a(<f> + sin <^) ; ?/ = a(l — cos <p ) ; if 
1> “ 

- , xf/ if/ tl/ 

13. If s = asin^i^, prove that x = Jasin2(3 — 2sin22)j — ?«cos3^^ 


14. If s = a log tan prove that x = a log sin if/ ; y = aif/. 

15. In the curve x — a cos <f> — cos a<p; y = asm <f> — sin a<f>j show that 

xb = 'and that the intrinsic equation is s = — cos^ — 

^ 2 ’ o — 1 a + 1 

16. In the epicycloid 

y . i\ 1 a + h '/-.TV* , . a + b 

X = {a + b) cos — b cos — ; y ~ {a + b) sin (p — b sm — ^ — tp 

show that ip = intrinsic equation is 

4(a -h b)b a , 

s =-V_r cos 

a a -i- 2b 


17. In the circle + 2«rcos 6 = show that 

els + — c 1 

-- = 2- -Z — . a, where c = cos 0. 

da Va + 

Hence find the length of arc cut off (1) by the lines 0=0, and a = w/l ; 
(2) by the axis of y. 

18. Find the length of the curve y^/c^ = 2c£c/(2?/2 + 3c-), cut off by the 
line lly — Sx + 9c = 0. 

19. Find the whole length of the curve (x/a)^ (y/b)^ = 1. 

20. Show that dq = ds —p dip [see Art. 218]. Hence, show that the 

rZTr 

length of a closed curve is given by the integral J pdip. 

Apply it to the case of the circle p = a(l + cos ip). 

21. Show that the length of the arc of the hyperbola is given by the 
formula s = f(a^ sin'-* ^ + b‘^)^ ^ tan <p ; and deduce that when a is small 
compared with b, the difference between the lengths of the curve and its 
asymptotes is approximately iraa, where 2a is the acute angle between the 
asymptotes. 

22. Show that the perimeter of an ellipse, of small eccentricity e, is 

approximately 2ira^l Show, also, that the perimeter exceeds that 

of a circle of the same area, by e*/16 times either perimeter, nearly. 
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23. In tho curve = r - prove that 

s = i(r + a) /27^. [See Ex. XXXV., 5.] 

24, Prove that tlio intrinsic equation of the parabola ^ = 1 + cos k 
8 = a(Iog tan ^ - cot v// cosec i|/). 

26. Prove that the intrinsic equation of the fcardioide r - sin iSj is 
8 = 4a sin2 


Ansvveks. 

1. (l)log(2+V-U • (2) (3)g-^-®. . 

(4) (6) 8a. (6) a log sin (f> + C. (7) a(8ecif' - 1). 

8. (2) 8rt. (3) 8a. (4) a/VlT »'■* i/9. (5)}i4-logJ. 

(6) ad sec a, where d = the increase of r for the one revolution. 

3. See Ex. 24. 4. 4^3a. 5. 4^3. 

6. ^{3V10 - V2 + log(7lO + 3)(V2~r)}. r. |ia. 

8. 6a ; ds/d\p changes sign at eacli cusp ; hence, while \|/ increases, s is 
diminishing for two of the branches. 

9 . 10. {2smh 1 - Binh-il - V2)c. 17. (1) (j - 



18. (2V2- -iW5)c. 


4(a‘‘^ + aJ -h h^) 
a + b 
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CHAPTER XXVIII. 


VOLUMES AND SURFACES OF REVOLUTION— CENTUOIDS— 
MOMENTS OF INERTIA, 

447. Volumes. 

Let CD be part of the curve y = which revolves about the 
axis of X, Required tlic volume of the solid of revolution cut off 
p by two planes through C and Z>, each 
l^ciqicndicular to Ox. 

liCt OA = a ; OB = b ; OM = X ; 
MN = dx. 

' Then the volume of the element cut 
off by two planes through J/ and A^, 
and parallel to the bounding planes, 
lies between that of tlie cylinders 
FP'RR and SS'Q'Q ; 

Fig. 114. 



i.e. between irf/dx and Tr{y -f dtffdx^ 

i,e. between Ttifdx and Tri/dx -f 7r(27/ + dy)dydx. 

Hence the error in taking iry^dx for the element of volume is 
less than 'ir{2y dy) dy dx^ which is of the second order of 
infinitesimals, and therefore negligible corajiared with iri/dx. 

Hence the required volume = { iry'^dx = ^ f y’^dx. 


448. Volume of Sphere. — Regarding the sphere as 
generated by the revolution of the circle aj® + 2/® = cd about the 
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axis of cr, the volume of the portion contained between = Xi, and 
= ^ 2 , 

— ^ f = TT / — x~)ilx «= Tr{a^(x2 — a*,) — ~(x2^ — 

J J Xi 

Tlie volume of the whole .sphere = ‘^j 0^^ ““ ^') ^ 

may be seen by putting X 2 = ff, and a*, = — a, in the preceding 
result. , 


449. Volumes of Prolate Spheroid and Oblate 
Spheroid. 

The prolafp spheroid is generated by the revolution of an ellipse 
about its major axis. Its volume is evidently 

TT i ifdx = I (fd — x-)f/x = \x [Art. 448] 

J —a (l~ J —a (t~ 

= ^,7rah'‘. 

The oMate spheroid is generated by the revolution 'of an ellipse 
about its minor axis. Fts volume is therefore 


450. Paraboloid of Revolution. — This is the solid 
generated by the revolution of the parabola about its axis. 

Taking if = 4ax for the equation to the parabola, the volume 
of a segment cut off by a plane through the point (/#, 0) perpen- 
dicular to Ox 

# 

= TT^ ifdx = Ivrrt j xdx = ^iraJd. 

If /c be the ordinate corresponding to a: = A, then Id = 4:ah^ and 
the volume = \Trhld = half that of the circumscribed cylinder whose 
are the same as those of the segment^ vis5. tt/c® and h 

2 n 


liase and length 
Jtespectively. 
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451. Revolution of Cycloid about its Base. 

Tlie equations to the cycloid, referred to a cusp as origin, and 
base as axis of a?, have been shown to be [Art. 308] 

X = a(Q — siu^) ; y = — cos^). 

Hence the volume between two Cusps 

= -n-p/(7.e = TTrt" j‘(l - COS eftie 

= TTfiP J f I — 3 cos ^ + S ( I + cos fi) — i (cos 50 + 3 cos 0) } t/O 

/ ?rr 

dO 4- terms which vanish [Ai*t. 42(;, footnote] 

Otherwise : — From tlie symmetry of the cycloid, wc may wrlto 
Volume = 27rJ^ y^dx = 27ra^j (1 --cofi 6yd$= IGira^J r in^ iO cle, 

= O^TTCfP J <f) (Ic^y it ^ = ^0y 

= 32;r«i as before. 

452. Surfaces — Curved Surface of Right Circular 
Cone. 

Let OAB be a right circular cone. 

It is evident that such a cone can be made practically by 


o o 



cutting out a piece of paper in the form of a sector of a circlej 
OABA, and bending it round until the edges 00 A^ 00 A meet. 
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Hence the area of the curved surface of cone 

= area of sector OABA = ^OA x arc ABA.^ 

Now let OB = I, diameter AB = 2a whence ABA = 2Tra. 
Then area = x 2Tra = irla^ 

453. Curved Surface of Frustum of Cone. 

Let CABB be the frustum, and let CD = 2a\ DB = *m. 

Then area of surface of frustum = area of CAB AC 

= ^ (y1 BA + CDC)m X = 'Tr{a + ci')m = 2Trct^m^ 
if be the mmn radius between AB and viz. + C), 

The area is, in fact, c(iiial to tlie prodiLct of the ulant side into 
the circumference of the middle seclioti. 

454. Area of Surface of Revolution. 

Let l^Q ( = ds) be an element of arc of the plane curve // 
which revolves round Ox, forming 
the surface whose area we require. 

Then the arc PQ, which we may 
regard as a straight line, will gene- 
rate the frustum of a cone, PP'Q'Q, 

Let PJf = f/, QN = y H- dy ; then 
the area of the surface PJ^Q'Q 

= 2t . (■'/. . ds [by Art. 453] 

2 

= 27ryds -f- an infinitesimal of the 
second order. 

t This will bo seen if wo divide the sector into an infinite number of 
isosoclea triangles, vertex O. Since the altitudes are each equal to OA, and 
the area of each is ^ altitude x base ; the whole area 

rr ^ altitude x (sum of bases) = ^OA x a.rcABA. 

% This will bo seen if we divide the figure CABAG into an infinite number 
■ trapeziums by lines radiating from O. The area of each 
=:§(8um of parallel sides) x (altitude m). 


=/(=«), 



Fio. 116. 
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Otherwise : — Draw PJR^QS horizontally, and equal to ds. Then the 
surface generated hy FQ will be intermediate between those generated by 
FR and QS^ since every point of FQ is further from the axis than FR^ 
and nearer than QS. 

Hence, area lies between and 2ir(vy + dyyis\ etc., as before. 

The area bet^yeen two planes through A and B perpendicular 

T—h 

to Ox is Uierefore given by 27r where h = OB, and a = OA 

x = a 

This may be written 

i-n-J /{.ryll.iU:, or i-rj 1 + 


455. Area of Surface of Sphere. 


Taking x/ if a? for the generating circle, we have 



7jds = adx. 


27 rJjjds = ^irafdx = 2Trax + G. 

TTence, if OXx ~ Xx, OX^ = Xi, the area of the surface BCC'lJ 
= 2Tra(Xi, — a;,) 

= ^rrtt.AxX^ 

= area of the corresponding zone^ dc /d , of ihi 

ntlivi/Jeir 




\ 455, 45< 
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The whole area of the sphere = 27ra I dx = 
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otherwise ; — The coordinates of any. point on tlio circle arc evidently 
X = a cos y = ti sin (p. 

Hence ds^ = dx^ H- dy"^ = sin^ <p + cos*-^ <f>)d<t>" = (or at once 

rom a figure) ; 

/. 27r j yds ~ 'Jird^jtiin ^d<p — — 'Iltd cos (p + C. 

The v/holc area = [^“ 27rft- cos 4wrt‘‘^. 


456. Paraboloid of Revolution. 

Taking y“ = Aax as the generating parabola, wc have 

y = 2^ ax \ y, = and 1 + • 

yds = 2 V ax.\/-^^"-dx = 2 's/ a xdx. 

Hence the area of the surface of a segment cut off by a plane 
hrough a point (/i, Ic) of the parabola, perpendicular to Ox^ 

= 2jrJ'' ''yds =4:ir.^c(j^Va + xdx 

= — - “'}• 

Now, since Is? = ^ali, we have ^ 

, ; + 4:ah Aa^ + // _ PG^ 

^ ^ 4a ” 4a ~ 4a ’ 

where PG = the normal), since the subnormal NG = 2a. 

Hence area = — a»l = ^ \_PG" — 8a®]. 

3 I 8a^ J 8a ^ 
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457. Prolate Spheroid and Oblate Spheroid. 

For the definition, see Art. 449. 

leaking the equation y = for the generating ellipse, we have 

_ 7> X 

a / ' 


/ r/s Y , . , 2 _ a:“) + _ «'* — 

‘ * ~ ~ — x^) ~ a%d 

• • I V'7.s aJ d^ — e^x^dx ~ - ( s/ d* ■ 

^ id ad 


aW _ ^-(a^ — e^a;-) 
- dx* d{ex) 


= 

ae I 




c//^ . cx\ 

-> a] 


+ G 


whole surfiicc of prolate spheroid 



^ ~ -h u^biri-ic} 


= 2Trh(l} + “ e), since — d = &. 

Similarly we may obtain the surface of the oblate spheroid. 


458. Area of Surface generated by the Cycloid. 

If the cycloid revolve about its axis, the equations to the curve 
referred to this as axis of x are 

X = a(0 — siu 6) \ y = a(i — cos 0) 

/. dx = a{l — cos 0)d0 ; dy = a sin OdO ; 

whence ds^ = cd (2 — 2 cos 0)d0’^ = sin** ^ dd^, 

/ (}=2ir r2Tr Q fiir Q 

yds = 27r,2d^l /I — cos sin ^ = Sird^ j sin®~d7^, 

^=0 Jo " J 0 2 

which will reduce to 

If it revolve about the tangent at the mid-point of its arc, wc 
must use the equations 

X = a{6 — sin ^) ; y = «(1 -f cos ^), 
and the area of the surface generated will be found to be 
or half that of the previous surface. 
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459. Surface and Volume between two Surfaces 
of Revolution. 

There is no special difficulty in finding the surface and volum^ 
included between two surfaces of* revolution. 

In either case we must find the points of intersection of the 
two generating curves. 

To find the surface, we integi’ate for each curve between 

bhc limits given by the points of intersection, and acid the results. 
To find the volume, we integrate tti/iIx for each curve, and take 
the difference of the results. 


Ex. The two paraholaa = 4ax, = 4ay, revolve about Ox. Find 
(^\)the surface, (2) the volume, of the included iwrtion. 

The curves ruoet at the origin, and at (4<^, \a). 

(1) (a) For the parabola if = 4ax, we have (Art. 455) 

2,r/y,is = [-•'/-% + »;):]'"= - 1)a=. 

(b) For the parabola a- = ‘ioy, we have 

X . ^ M 4- • 

“ 2 « ’ • • ^ 

V .,3 V** + 4a- 


llonco 2^/^r/s = 2>rj ^ dx-. 


I 4 a 2 a 

and, putting x= 2a tan 0, this becomes tlie limits being 

tan"^ ‘2 and 0. 

Adopting successive reduction as in Art. 393, let / — fs^c~'''*d0. 

To connect this with dO, we have 


--SC * = c“3 

de 


4 - 45 ®c~^ ; 


7 = - l}e--de. 

Again, to connect j c~^ de (^ = say) with j dO, we have 

~ sc~‘^ = + 2c~ V = — + 2c“3 ; 

de 

7i = isc-2 + = ^se-a + ^ gj-i ,, 

Hence 7 = ] { * - ~ 
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, /■ 

2 1 

Therefore, noting that, when tan 0 = 2, 8in0=— and cos 0 = - j 

V v 


the surface = 4irrfc"7 — Tra- ^ ^ i ^ J 

which, taken between the limits, becomes 

ra= .25 - i 5 - * log.( V5 + 2)} = - h log,(v'5 + 2)}. 

The wholetsiirface therefore 

= |^(5V5 - !>’ + W {9V5 - 4Iog.(^5 + 2)} 

= I {C7V5 - 8 - 01og.(V5'+ 2)}tA 

o 

(2) For the volumes wo have 

(^t) V j yMx 4ira j X dx = ~ S’lna^. 

(6) = lOcPlsJ. = “6- 

The diderence = ^^Tra^, 


EXAMPLES LXX. 

1. Find the volumes of the solids generated by revolution, round Ox, of 
the following curves : — 

(1) The straight line y — mx, from the origin to x = h. 

(2) y — mx + c, from x — — /i, to cc = + h. 

(3) y = e*, from a3 = 0toa; = — oo. 

(4) y = a sin for one of the portions cut off by Ox. 

(6) 2/ = V “(a/^ 4- a; + «V^ ~ *^)» between fic = a and a; = — a, 
taking the + sign with the roots. 

(6) dy^ = (x + 7)(£c + 4)2, for the whole loop, between as = — 7 and 
a; = — 4. 

2. Find the surfaces generated by the revolution, round Ox^ of the 
following curves : — 

(1) y = mxy from the origin to a; = ^. 
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(2) y = mx + c, from as = — /t to as = 

(3) y = e-*, from a; = Otoa; = — oo. 

(4) The parabola = as + 1, from as = 1 to a; = 5. 

(6) 9^^ = (as + 7)(as + 4)^ for tlie whole loop. 

(6) The rectangular hyperbola = as® + a®, from as = 0 to as = a/ jJ'l. 

(7) The rectangular h\’pcrbola y^ = a® — a®, from as = a to as = 

( 8 ) ?/ = a sill for one of the portions cuf olF by Ox. 

3. Find the volume generated by the revolution of the cissoid, 
l/X2a — as) = as^, about the axis of .as, between as = 0 and as = a. 

4. Find the surface generated by the revolution of the tractory 

as = a^log^an ^ + cos y = tt(l — sin </>) 
about Oa’j between the points for which <p = and </> = Jtt. 

5. If the tractory, given by as = cr^log cot — cos y = a sin 0, 

revolve about its asymptote, the axis of x*; show that whole arpa of tbe 
surface generated is equal to that of a sphere of radius w, and that the 
volume is half the volume of the sphere. 

6. If S is the curved surface, and V the volume, generated by the 
1 evolution of the catenary y = ccosh (as/c) about Ox, between the origin 
and .(/i, k ) ; prove that S = Tr(ks + t7t), where s is the length of the arc 
between these points ; and tliat V = ^cS. 

7. Find the volume generated by the revolution of the curve 
?/ = csin“^^ round Ox, between the points (0,0) and ^c, 

8 . Find the surface generated by the revolution of the catenary 
y = c cosh“*(x/c) about Ox, from x = c to y = c. 

9. Find the volume and surface generated by the revolution round Ox 
of the parabola x® = 4ay, from the vertex to the extremity of the latus 
rectum. 

10. Find the surface generated by tlie revolution of the cycloid 

X = a(d — sin 0), y = a(l — cos O') 

* round Oy, from 0 — 0 to 0 = ir. 
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11. Find tlie volume and surface generated by the revolution of the 

curve about Oac, between x = 0 and x = a. 

12. Find the volume and surface generated by the revolution of the 
turve Oay^ = x(x — 3rt)- about Ox, for the whole loop. 

13. Find the volume generated by the cycloid x = a(<f) — sin 
y = a(l + cos «^) about Ox, from cusp to cusp. 

14. Find the volume and surface generabid by tlio revolution of the 
four-cusped llypoc^^cloid x = acos^Kp, y — asin-*<^ about Ox. 

15. A curve revolves about the axis of x. Show that for portions of 
tlie curve below the axis, the value of the surface generated is negative, 
while that of the volume is positive. 

Show that the algebraical value of the siirhice of the cone generated by 
the line y = mx, between x = h and x = — /j, is zero ; while the volume 
= 

Fxplain, also, why the second result of Ex. 12 is negative if we take tlie 
upper sign for the value of y, i.c. = + /Jx{x — 3a). 

16. Find the surface generated by the revolution of 4y = x- ~ 2 lug x 
about Ox, from » = 1 to cc = 2. 

17. If ^'be the thickness of a zone of a sphere; the radii of the 

circular ends: prove that its volume = ^irb^H + that is, 

half the sum of the c^dinders described on the two ends, each of length 
together with the sphere inscribed in the zone, 

18. Show that the above volume is equal to a cylinder of lengtli t and 
base equal to the middle section of the zone (i.e. the section cut by a plane 
parallel to the ends and midway between them) minus half the sphere 
inscribed in the zone. 

19. A parabola y^^ = 4ax, and its tangent at (Ii, k), revolve about its 
axis. Find the volume between the resulting paraboloid and its circum- 
scribing cone. 

20. The straight line y + a; = 2 cuts off a segment from the parabola 
y = 1 — 05 + cc^, and the figur*' revolves round Ox. Find the volume of 
the solid generated. 

21. The parabola _ I2ax interaects the circle x^ + y^ = 64a2, and 
the whole figure revolves about Ox, Find the volume generated by the 
larger area intercepted between the two curves. 

22 . If the figure in the preceding example revolve about Oy, find the 
volume generated by the sm(MUr area intercepted. 
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23. Find the volume generated by the revolution round Ox of the curvj 
7/ = logaj, between x = 0 and x = 1. 


24. The ellipse + cry + = 1 revolves about Ox. Find the volume 

generated by the portion of the ourve between the points (0, 1) an<r 



26. A square having been inscribed in a circle, the area made up of 
the square and the segment of the circle cut off by one of tl^o sides of the 
square revolves round the opposite side of the square. Find the volume 
and the surface of the solid thus generated. 

26. Find the volume of the solid generated by the revolution of the 
catenary x = c cosh (y/c) about Oxy between x = c and y = c. 

27. Tlie semi-cubical parabola 27 ay 2 — 4 (y 5 _ 2^)^ is cut by the line 
X = 5a, and the whole figure revolves about Ox. Find the surface and 
volume generated. • 

28. The equation of the cardioidc being given by 

X — 2a cos <p — a cos 2<i>, y = 2a sin <f> — a sin 2<^> ; 

find the volume and surfa<ie generated by the revolution of the whole 
curve round Ox, the limits of <b being O and tt. 


Answers. 

1. (1) (2) + 3c2). (3) iir. (4) 

(6) 7raX4 -I- tt). (6) 3n/4. 

2. (l) TT/a V 1 + r/i^ (2) he. (3) ir{ jJ2 -f log, ( -j- 1) } . 

(4) 49,r/3. (6) 3ir. (6) ^{1 + + l)}a2. 

(7) <^10 - 1 - log iUo + 2)/(/2 + 1 )>K. 

(8) 2ir{v'2 + log.(^»2 + l)}a=. 

3. 7rn3{81og, 2 - 16/3). 4. 7rct2{21og, 2 - 1). 7. {ir^ - 8). 

8. 9.2^% lg{3^2-log.U2 + l)}. 10.^. 

11. {7V2 + 31og. (V2 + 


12. (STra ^')!^ ; Sira*. 
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13. *2na^J (_1 + o)®(l — c)c23 = 32'ira^J = 

16. ^{27 - 1C log. 2 - 4tlog.2)3}. 

ai. 480ira3. 28. 83. ‘Jir. 

5 

83. ?®-(3ir - 2) ; VSCir + 4 + 4^-2)ira^. 

26. 5 - 4 - 21ogc}. 87. + |log. (^2 + 1)}. 

AO C4 , 128^3 


ii'lTra^ Vlira- 

-105' -5- 

19. ^irh/c'^. 80. 

24. ,f 7^(2 + 7). 


460. Centroids or Centres of Masc. 

AVc shall now give a few examples on the application of the 
J ntegral Calculus to the finding of the cenlrofrly or cenirc of mass, 
of an arc, an area, and a volume. Wc, shall consider only the 
case in which the density is uniform. The two following 
propositions, the second of which is an extension of the first, are 
proved in works on Statics. 

(1) If a series of particles of masses ... be situated in a 

plane at the points (a, .^i), 0^2, 2 ^ 2 ), ••• respectively, and if (7, 7j) 
be their centre of mass, then 

^ _ m^Ty -f m-iXi -h ... _ ’X jnix) ^ 
mi 4- ^^2 4- •*. 'Z{m) 

Tt = ± = 2(^/) , 

-f ^2 + ••• ^0^) 

(2) If (a, yi), 2 / 2 ), ... be the centres of mass of a scries of 
bodies whose masses arc wi,, tWj, ... respectively, and if (7, y) be 
the centre of mass of the whole system, the equations in (1) will 
still hold. 

461. Arc of Circle. 

' Let AOB be a uniform wire bent into the shape of an arc of a 
circle, radius and which subtends an angle 2a at the centre. 
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Let 0£ bisect the arc at so that the c. of mass lies on OC\ 
Consider an element of arc PQ ; its mass = mds^ if m = mass 
per unit arc, m being a constant. 

Let the coordinates of P and Q be 
(./•, y) and (.r 4- dx^ y 4- dy) respectively ; 
the c. of mass of PQ^ regarded as a 
straight line, is at the mid-point 

Hence 1- = 4- ^dx) . mds’] -f. ^(mds) 

leglccting second orders, and noting that Fro- ns 

n is constant. Tin's may bo written fxds/fds. 

Now Jds == arc A C Pi = 2</a. 

To find let jr = ^ cos sin ; then df^ = cidd^ \ 

^xds, = cos dd> = sin a, 

. -- _ sin_a _ a sin a 

^ 2aa a * » 



Tf a = ^TT, the arc becomes semicircular, in which case 

= '2a!7r. 


462. Segment of Circle 

Jjct AOB in the above figure be the given segment ; then its 
of mass lies on OC. 

Let 771 = mass per unit area ; then the mass of a strip PP'Q'Q^ 
)f width dx, is %nydx to the first order, and its c. of mass is 
ividently at the mid-point of MN. 

Hence, neglecting infinitesimals beyond the first order, 

jUmydx pjdx 


,;«2 
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If a = ^TT, the segment becomes a semicircle, in which case 

X = 4a/37r. 

463. Oblique Coordinates. 

Ez. Find the centre of mass of the segment of a parabola cut off hy an 
oblique double ordinate KL [seo Fig. 99, Art. 427J. 

Ijet tlie segment be cut into narrow strips parallel to the bounding 
ordinate KL > then since Ox bisects every strip, the c. of mass of each 
will lie on Ox : hence the c. of mass of the whole segment will lie on Ox, 

And since the perpendicular distance of any point M, on Ox^ from Oy 
is X sin w, we have, by Arts. 427 and 4r)0, 


X sin <*) — 


I sc sin ft) . 2y dx sin u f xydx 

~ -sin 

/\< 

J-0 


Hence 


i 

I 2ydxsmM 

J 0 


I dx 


That is fo say, the c, of mass lies on the diameter OH, and divides it in 
the ratio 3 : 2. 


464. Polar Coordinates. 
B 



£z. Find the c, of mass of the sector OAT' 
of the circle r = 2a cos 0, in which A BOA 
= iir. 

Dividing the area into an infinite number of 
triangles such as OFQj the c. of mass of which 
A is at O, where OG = %OP (ultimately), wo 
have for any curve 


■ f^oos9.i ,fde 2 frj e^se de ^ similarly y = | 

3 frHe 3 fr^Ue 


For the circle, J'r’cos 9 = Sa’ j*oos*ede = 2a^j’((i + coa2eyde 
= 2a ? + 2 cos 29 + + C 08 49)}<Z9 = 2«3|5 -^+11= j(3ir + 8). 
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j '^r-de = cos^ede = + cos2^)//« = = T>(ir -f 2). 


^■= I'l + 2) = g. 


465. Segment of Sphere. 

Eeferring to the figure of Art. 461, we have 
fl) For the surface, if m = mass x>er unit area, 

- __ 27rfx.}n?/ds] _ p7/fl^ __ «*/cos 0 sin <f> (J<t> 

27r Jmt/fls ~~ (fj^in €l>d<j> 

= a [i sin" <A + (\'\ [- cos </. + fy. 

If the limits of </> be a and ^ (a >* yS), then, the 

numerator and denominator are separate integrals, 

x = ?[sin" a — sin" yS] -E- [cos ^ — cos a] 

= ?(coS yC?’+ cos a). 

If Ih, 1/2 be the values of x corresponding to a and /?, then 

= a cos a, If. 2 = cos yS, 

^ which is midway between x = and = Ao. 

Hence the c. of mass of the surface of a zone of a sphere is at 
the iilid-point of the axis of the zone. 

If a = 7r/2, yS = 0, we liavc a hemispherical surface, in which 
case X = al2. f 

(2) For the volume, if m = mass per unit volume, 

- _ ‘Trjx. mifdx __ fxifdx 
Trjmi/^dx fy^dx 

Now jxi/dx = — r^ycos <f> sin" ^ d^ = — -\m* 0 4- ; 


t Thebe results follow from Art. 455 ; for the c. of mass of a zone of the 
Bphsre may be shown to be the same as that of the circumscribed cylinder, 
if we imagine the zone of either divided into an infinite number of Zones. 
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= a^( cos </) — ^ cos'* 0) + Oz- 
Hence x may be obtained. 

For the hemisphere the limits of <l> are 0 and 7r/2, giving 


a* , '2 . 

‘jj — — , — f t 

4 ;J 


466. General Example. 

Ex. Find the centroid of the hccjment of the 2 iaralo^a = 4(ix cut of 

hy the line 3y — 2x = i.-x. 

The points of intersection are (a, 2a) 
and (4a. 4a). 

Let (a;, denote a point on the 
straight line, and (a?, a point on the 
parabola. 

Then, the area of an element FQ 
— (.Vi ~~ die coordinates of its c*. 



of mass are 




/ 4rt Cia r4a 

~ Xjfxdx — ^/ (2frx + oi^yix 

a J it ' J' a 

= [^,(32 - 1) - K16 - 1) - ii(G4 - 1)]«3 = ia-- 

/ 4a CAa CAa 

(7/2 “ 2 /])^^- = 2 v^a j jfxdx — 5 / ( 2 a + x')dx 

= [5 v'“** - 3“® - 

= [J(8 - 1)- f.(4 - 1)- KtC - l)]a^ = J. 

Hence x = ^a® - 7 - 

Again, V = j ^ ^^--( 1/2 - Oa “ 
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/» ^ ^ ~ yi“)‘^® 

/ 4t* r4a 

xdx — I (2a + dcfdx 
= j^asc^ — §(4a^a5 + 2ax^ + Jar'*)j 

=7 [(16 - 1)- S{4(4 - 1) + 2(16 - 1) + J(G4 - l)}]®^ = aK 

/ 4a ^2 • 

(.Vi — 

.*. ^ = 3a. 

Sr. The coordinates are therefore 3a). 

Note. — Wo might have found that y ~ 3a, by noting that the mid-points 
the chorda parallel to DQC lie on the line y = 3a. 


\ 


67. Theorems of Pappus. 


. Prop . — If a plane mrve revolve about the axifi of x, the 
urface of the solid generated is equal to the length of the whole arc 
'■ the curve midtiplied by that 
the path described by the 
\entre of mass of the arc. 

Let PQM be an ordinate 
Jiiecting the closed area xXB in 
^ and Q ; and let P3£ = y ^ ; 

Then the surface of the solid 
J)f revolution is given by 

2nfy^ds^ 4 - ^'^Sthdsx, 
utegrated from A to i?, ds^ and 
|4i being elements of arc at /^and Q respectively. 

.But if (x, y) be the c. of mass of the whole arc (=5, say), then 

fy^ds^ 4- fy^ds^ = ys. 

Hence the surface = which proves the proposition. 

NoTB.—The theorem is true whether the curve be closed or not. 

2 I 



Pio. 121 
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I I i 

II. Prop. — If a plane closed curve revolve about the axis of x, 
the volume of the solid generated is equal to the area of the given 
curve multiplied by the length of the path described by the centre of u 
mass of the area, ‘ 

Using the above notation, the volume of the solid of revolution"' 
is given by ‘rrjy^dx -rrjyxdx^ integrated from ^ to i.e. 

Bat if (j-, y) be the c. of mass of the whole area (= A, say), then 
yA=j _ yj dx = L /(y/ - yi^) dx ; 

== ^^ry.Ay which proves the proposition. 

Note. — The theorem is also true in the case of an area bounded by an ■ 
unclosed curve, two ordinates, and the axis of x. » 


468. Example. A tore being the surface generated by the 
revolution of a circle c^bout a line in its pi an e : find its areUy and the 
volume included by it. 

Let a = radius of circle, b = the distance of its centre from Ox, 

Then, since the c. of mass of both the arc and area are at the 
centre of the circle, we have : — 

( 1 ) Surface = 2Trb,2Tra = -iTr^ab. 

( 2 ) Volume = '‘Z‘7rb,irci^ = "lit^irb. 


469. Moments of Inertia, 

Def. — Let the mass of each element of a body be multiplied 
by the square of its distance from a given point, line, or plane ; 
then the sum of all these products is called the Mommt'.af 
of t^he body about the point, line, or plane, as the case may be. 
If M be the mass of the body, and the sum of the above products 
be expressed in the form ; then k is called the radius of. 
gyration about the point, line, or plane. We shall denote “ momena, 
of inertia” by M.I. \ 

Hence the radius of gyration = iv/(ir.T.) - 7 - (mass of body). 
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470. \n the case of a plane area, if we denote by dS an 
element of area surrounding the point y)^ then the M.I. 
about 0?j = where m = mass per unit area. 

Similarly, the M.T. about Ox —•^y'^mdS, 

If r be the radius vector of the point {x, y) ; then, since 
aj® 4- 2^^* = r®, we have 

x^ mdS + y^mdS = rhmlS \ 

and, as this is true for every element, it follows that * 

4 - %ynndS = %r^md8y 

or, the sum of the moments of inertia of any plane area about any 
two rectangular axes in its plane^ is equal to the moment of inertia 
about the origin, 

A similar rule applies in the case of three dimensions. 


471. Examples. 

Ex. 1. A uniform rod, of length a, about one end. 

Let OA = a, OP = ac, m ^ mass per unit lei^tb of rod, and 0 the 
point about which the moment is taken. p . 

Then M^rna^ and the mass of an element ^ ^ 

at P = m(fx. Pia. 122. 

Hence, M.T. about O 


/■a 

= 1 sc® . mdx = Jwia’’ = M . -g* 


Ex. 2. A uniform rodj of length 2a, 
about its centre. 

The M.I. can easily be shown to be 


/: 


—a 


.mdx Jwia® = M . 

since in this case M = 2am. 

Ex. 3. A uniform rectangular lamina^, 
about the line joining the mid-points of 
apposite sides. 

Take, for axes of coordinatfes, lines 
through the centre parallel to the sides of 
the rectangle. Let OA = a, OB = h. ^^3. 

To find the M.I. about B0B\ let PQ be a strip parallel to Oy^ and of 



V 

B 

P 







A* 

• 

0 

M 


A JC 

L 
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width dx. Then if m be the mass per unit width, the mass of PQ = mdx\ 

and, since every point of PQ is at the same distance from Oy, we have 

/ <* . 

X' .mdx = 5^/ia^ = M sinCe M = 2am. 

Note. — W e shall get the same result for the M.I. of a rectangular block 
(or a prism with ends perpendicular to its axis) about a •plane through Us 
centre^ perpendicular to its axis; for the above figure may be taken ns 
a section through the axis^ PQ denoting a slice, every element of which is 
at a distaneo x from the plane through BOB'. Also m will be the mass 
per unit width along OA, and this will lead to the same expression as before, 
viz. M. Ja*. This result should be remembered. 

£z. 4. An elliptical lamina, about the axes and centre. 

(1) To find the M.I. about the minor axis, we have, using the equation, 
b^x^ + 

mass of strip PQ = m.2ydx,\i m = rpass per unit area. 



PS ^-(Art 426, footnote) 


mba^v Ti^r a? . 

— -j — ~ ^ • J» since M — m.rrah 
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(2) Similarly, the M.I. about the major axis = 

(3) It follows from Art. 470, that the M.I. about O = M, ^ 

Cor. — For the circle 6 = a; hence the M.I. of a circular lamina about 
a diameter = M.Ja^; and the M.I. about the centre = M. Ja*. 


Ex. 5. A prolate spheroid^ about the middle plane BOB', perpendicular 
to the major axis. • 

If m = mass per unit volume ; then, since evfery element of the volume 
iry'^dxy which is parallel to the plane through BOB\ is at a distance x 
from this plane, we have 


M.I. 


r’ . n , miLh- /■" 

= j X'‘ .m.vy^dx — ^2 / — x-ydx = ■'"2" |_’3 

= ■= since [Art 449]. 



Similarly, for an oblate spheroid. 

Cor. — In the case of a sphere, b — a\ hence the M.I. oif the volume of 
a sphere about a plane through the centre = M . 


472. Theorem of Parallel Axes. — We shall now prove 
that the M.I. of a body about any axis is equal to the M.I. about 
a parallel axis through the c. of mass, together with the M.I. of 
the whole mass (collected at the c. of mass) about the former axis. 

In other words, if Mlc be the M.I, about the c. of mass, and 
c the distance between the 
axes, then wc shall prove 
that the M.I. about the 
given axis = M(1^ + c?). 

Take for axis of z the axis 
through the c. of mass ; t 
and let MN be the given 
axis, where the coordinates 
of M are (a, b, 0). 

Then if P{x, y, z) be any 

point in the body, and m Fio. 125. 



t The c. of mass need not be at the origin. 
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an element of mass surrounding that point, we have, by hypothesis 
and Art. 460,t 

= 0, %iny = 0. 

Also, if ]\W be the M.I. aWt Oz, then Mk^ = 
since PK'^ = RC^ = 4- y"- 

Hence M.I. about 

MN=^{mMR^ = ^[m{(x - a)^ 4 - (// - 

= :S[m(a;® 4 - 1/“) — Matrix — 2bmy 4 - 4 - 

= 'Xm(P 4 - 1/‘^) — 2(C%mx — 2h%mij 4 - 4 - 

- 0 . 4 - cHI 


£z. Find the M.I. of a right circular 
cylinder about an axis through its centre 
perpendicular to the axis of the 
cylinder. 

Let PQ be an element of thickness 
dflc, parallel to the ends. Then, if 
OM = Xy OA ity AB — by and m = 
mass per unit length of the cylinder ; 
M.I. of PQ about Oz 

= M.I. about PQ + M.I. of PQ 
(collected at M') about Oz 

s= mdx}^ + mdx.x^ [Kx. 4, Cor., Art. 471 J. 


= ]\w - 0 


= M{k^ 

' + e*). 

z 

P 0 

n 7 

i-4 


[i { 


Li) 

c 

q 


Flo. 126. 


whole M.I. = J dx + mj x~dx - 


.2a + ~2a\ 


or, putting 2am = M, 




EXAMPLES LXXI. 

1. Find the centres of mass of the areas included between the axis of sc, 
two ordinates corresponding to given values of a?, and the following 
curves : — 

(1) y = mxy from a? = 0 to a; *= A, and from a; = a to a; = J. 


t Extended, however, to the case of three dimensiona. 
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(2) iay = Z?., from x = 0 to x == 2a. 

(3) ?/8 _ 4fix, from x = 0 to x = A. 

(4) y = a sin from x = 0 to x = air. 

a • 

(6) y = e*f from a5 = 0toa; = — oo. 

(6) y^ = — ax, from x = 0 to x = a. 

(7) a?y'^ 4- from x = 0 to x = a. 

(8) X = a(tf — sin ®), y = «(1 — cos 0), from cusp to cuspT. 

2. Find the centres of mass of the volumes generated by the following 
curves, and included between two given values of x : — 

(1) y =r. mxs from as = 0 to .» = A. 

(2) y — X from a; = 0 to au = 1. 

(3) y^ = 4c(.x, from ^05 = 0 to ac = A. 

(4) y — 05’*, from x = 0 to ® = A. 

(5) a^ij^ 4- ~ from x = 0 to x = a 

(6) y = from x = 0 to x = 

3. Find the centre of mass of the arc of the catenary y = a cosh (xla)^ 

cut oil* by the lines x = ±a. » 

4. Find the centre of mass of the arc of the cycloid x = a{0 — sin 0), 
y -- a(l — cos 0), between two cusps. 

6. Find the centre of mass of the arc of the parabola y^ = 4ax, above 
Ox, between the origin and latus rectum. 

6. Find tlie centre of mass of the surface of the cone formed by the 
revolution of the line y = mx about Ox, and bountled by x = A. 

7. Find the centre of mass of the surface of a frustum of the cone in 
the preceding example, between x = 6 and x = a (a > h). Show that it 
divides the axis of the frustum in the ratio 2a + h i 2b + a. 

8. Find the centre of mass of the vofhme of a frustum of the sanlo 
cone ; and show that if a and /3 are the radii of its circular ends, corre- 
sponding to a and h respectively, it divides the axis of the frustum in the 
ratio 3a^ 4- 2a/9 4- 0^ I 3^^ 4- 20a 4- a®, 

9. Find the centre of njass of the surface generated by the revolution 
of the parabola y^ = 4ax round Ox, between x = 0 and x = a ; also 
between x = 0 and x = 3a. 
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10. Find the cartcsiiin coordinates of the centre of mass of the triangle 

foraied by the line p = r cos (0 — a), and the lines 0 = 6 z= 2a. 

11. Find the cartesian coordinates of the centre of mass of the sector 
of the circle r = a, between (» = 0 and e = a. 

12. Find the moments of inertia of : — 

(1) A rod of length 2a, about its centre. 

(2) A cjrcle, radius a, about a diameter. 

(3) A solid sphere, about a plane through the centre. 

(4) A right eirciihir cylinder of length 2a, about a plane through its 

centre parallel to its ends. 

(6) A rod of length a + h, about a jioint at distances a and b from its 
ends. 

(6) A right circular cylinder, radius a, about a plane through its axis. 

' (7) The same, about il^ axis. 

( 8 ) A rectangular block, length a, breadth b, thickness c, about a 

plane through its centre at right angles to its length. 

(9) A complete circular arc, about a diameter. 

( 10 ) The area of a parabolic segment, about a tangent at its vertex ; 

the segment being bounded by a double ordinate correspond- 
ing to X = h. 

(11) The surface of a sphere about a plane through the centre. 

13. Find the M.I. of a rectangle, 8 in. long by G in. broad : (1) about a 
long side ; (2) about a short side ; and hence (3) about a corner. 

14. Given a triangle OAI3 right angled at ^4, in which OA = AD = b\ 
find its M.I. : (1) about OA ; (2) about a line through O at right angles to 
0/1 ; and hence (3) about O, 

15. 8how that the M.I. of a triangle about DCia MfPjO, where d 

is the distance of A from BG. 

16. Find the M.I. of a circle about a tangent, by the principle of parallel 
axes. 

17. Find the M.I. of a rod of length 2a about a point at a distance h 
from one end, by the same method. 

18. Show that the M.I. of a system of two or more bodies is equal to the 
sum of the M.I.’s of the bodies severally. Apply this to Ex. 12 (5) 
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19. Apf)Iy thii method to find the moment of inertia of a figure made up 
of a semicircle, radius a, and a square (the side of the latter being the 
diameter of the former), about the line of division of the two figures. Find 
the radius of gyration. 

20. A girder has a section in the form of the letter I, which is made up 
of three equal rectangles of sides a and h (a>>6), placed so as to form that 
letter. Find the M.T. of the area of the section about a line through the 
centre, parallel to the longer sides of the two end rectangles. ^ 

21. Find the M.I. of a circular annulus, of External ami internal radii a 
and h ; (1) about a diameter ; (2) about an axis through the centre per- 
pendicular to its plane. 

22. Show that (a) the sum of the M.I.’s of a body about two perpendicular 

planes is equal to the M.I. about their common section, and (6) the sum 
about tliree mutually perpendicular planes is equal to the M.I. about their 
point of intersection. * • 

23. Apply this to find the M.I. of a sphere: (1) about a diameter; (2) 
about the centre. 

24. Apply this to find the M.I. of a spherical shell : (1) about a plane 

through the centre ; (2) about a diameter. ^ 

25. Apply this to find the M.I. of a right circular cylinder about anoxia 
through the centre, perpendicular to the axis of the cylinder. 

26. Apply the principle of parallel axes to find the M.I. of a sphere 
about a diameter. 

27. A circular arc A OA' subtends an angle 2a at the centre of the circle. 
Find, by polars, the M.I. about O, the centre of the arc. What does this 
become when the arc is (1) semicircular, (2) circular? 

28. A square of side a revolves about a line in its plane, drawn through 

an angular point, perpendicular to the diagonal through that point. Apply 
the theorems of Pappus to find the total surface generated, and also the 
volume. 9 

29. An equilateral triangle is inscribed in a circle, and the figure revolves 
about any line in its plane. Show that the ratio of the volume described 
by the triangle to that described by the circle is constant, and find its 
value. 

30. Given that the volume ot a sphere is employ Pappus’s Theorem 
to find the centre of mass of a semicircle. 
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31. Two equal circles of radius a, in the same plane, intersect, their 
common chord being equal to a. Find the volume and surface generatfed 
by the revolution of the included area about a diameter of either circle, 
parallel to the common chord. 

32. Having given an ellipse whose eccentricity is J, and a circle of equal 
area which touches the ellipse at one extremity of the major axis; com- 
pare the volumes of the solids generated by the revolution of these curves 

about the tangent at their common point. 

• 

33. A focal chord of a pa.abola is drawn inclined 45° to the axis of the 
curve. Tf the arc thus cut off revolve about the chord, find the volume 
bounded by the surface generated. 


Answers. 

/tN /27, + m 0,2 ^ 

1. (1) 

(2) (Ikij'i, SajlO). (3) Qh, g/c) if 4:® = 4«,A. (4) tj =airjfi. 

(8) (-1,0- (7) (4<i/3ir, 4i/3ir). (8) (air, [Art. 4 5 1 ] 

2. (1) i = (2) U. (3) p. (4) (6) |a. (6) 

3. 2/ = ■4e(^2— !)-• ^ 

K « hll-Z i°Sf + ^) . 57 = 2-v^-.l 

4 >\/2 -h log, + 1) ^ 3 Aj2t + log^(^2 + 1) 

6. Ih. 7. See 1 (1). 8. 9. Mb + 3V2)a; M«- 

10. X = J(3 cos a — sec a)j) y = p sin o. 

, , - 2a sin o 2a 1 — cos a 

* = T-— = 2' = T— 

12. (1) Ma^j3. (9) Ma?lA. (8) Ma^lh. (4) 

(6) M(a^ - ah + 6“)/3. (8) Ma^i. (7) 

(8) Ma^/B. (9) May-2. (10) M.BWjl. (11) Ma^lB. 

15. 12Jlf; 64i(f/3; lOOJIf/3. 14. JI/a2/2 ; MiBa^ + VyiB. 

16. M.hayA. 17. M{ayB + (a - 6)*} 19. .*f(3ir + 128)a3/12(ir + 8). ' 
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20. ^ (7a2 + 12a6 + 8i®), M being the mass of the area regarded as a 

thin lamina. 

21. ilf(a2 + 62)/4; M{a^ + 1^)12. * 23. J/.2aV5; 

24. Ma^l3-, M.2ayS. 28. jV 0 26. JW.2oV5. See Ex., Art. 472. 

27. Jlf.2a2^1 - 2am(l - 2am. 28. 4v/‘2ir»2; ^2fra?. 

29. ‘6^/^ : 4ir. 30. 4a/3ir from the diam.eter. 

31. (2ir-3V3)ira72V3; 2»V/V3. 82. ^3 = V®- 38. 128ira3/15. 




DIFFERENTIAL EQUATIONS 


CHAPTER XXIX. 

INTRODUCTORY, 

473. A differential equation is an equation wliicli involves two or 
more variables togetlier with differential coefficients ; or it may 
involve differential coefficicnta only. 

There are two kinds of differential equations : — 

(1) An ordinary differential equation involves only one inde- 
pendent variable ; as (I 4- Art. 108.] 

(2) A partial differential equation involves two or more inde- 
pendent variables and partial differential coefficients with respect 

to them ; as = u, 

dx dy 

We shall, however, only deal with ordinary differential equa- 
tions. Our treatment of the subject will be necessarily brief, 
though sufficient, it is hoped, to enable the reader to apply it to 
some of the practical problems in physics, in which it plays an 
important part. 

In Alt. 108 we have shown how to form a differential 
equation from an equation not involving differential coefficients. 
The problem now before us is to obtain, where possible, the 
original equation from the differential equation. The former is 
called a solution^ or integral, of the latter. 

474. Order and Degree. — The order of a differential equation 
is that of the highest differential coefficient, and similarly for 
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the degree. Thhs the equation 4- 4" = 9 is of tl)e 


order, since it contains (Pi/jdx^i and of the first degree, 
since <Fy/da^ is of that degree. An equation which; when 
rationalized and freed from fractions, involves the dependent 
variable and its derivatives in the first power only, is said to he 
linmr • as ih the equation 




475. General Integral and Complete Primitive — 
Arbitrary Constants. 

Let /(£c, y, a) be a function of x containing a constant a ; then 
a differential equation of the first order can be obtained from 
the equation /(^^;, y, a) = 0, either by differentiation merely, or 
by differentiation followed by the elimination of the constant 


Thus, from the equation 
we have, by differentiation, 


ifi = Aax 




and (2) is a differential equation formed by the first method. 
If now we eliminate a between (1) and (2), we have 



which is a differential equation formed by the second method. 


• ( 1 ) 
. ( 2 ) 


C3) 


• When the second method is adopted, the original equation 
/(«, y, flf) = 0 is called the general integral if we are solving the 
differential equation ; but is called the complete primitive if we 
2 i,ve forming the differential equation. 

Thus (1) is the general integral^ or the complete pn'imitive of (3), 
according as we are passing from (3) to (1), or from (1) to (3). 
It is neither of these with respect to (2). 
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Since* the Constant a docs not appear in (3), it follows that 
whatever value be attached to a, so long as it is constant, we 
shall always obtain the same equation (3). Hence, if we are 
given the equation (3) to solve^ the constant a which appears in* 
the integral (1) is perfectly arbitrary, and is called an arhitrary 
constant. 

Again, from the equation f{x, y, a, 1) - 0, involving two 
arbitrary constants, we can, by differentiating twice^ obtain three 
equations, from which the two constants may be eliminated. The 
resulting differential equation will be of the second order. 


Thus, for the circle (x — (if + = A'-* . (4) 

vve obtain by differentiation, 

VC - a yy^ = 0 (5) 

and again • 1 + yi^ 4- yy^ — d (G) 


and in (6) wo have a diflerential equation of the second order, in which 
the two constants a and h are eliminated. 

Generally from the equation /(d?, y, ... «„) = 0, . (A) 

containing n arbitrary constants, we can, by^ difftrentiating 
n times, obtain in all n 1 equations, from which we can 
eliminate the n constants, the resulting equation being of the 
Mth order. 

And (A) is called the general integral or complete primitive of 
this differential equation, according to the rule given above. 


476. Justification of the Term “ General Integral 
— Particular Integral. 

We have seen that, if all of the constants are to be eliminated, 
an equation containing n arbitrary #|onstant8 is bound to give rise 
to a differential equation whose order is not lower than the nth, 
since we must (in general) have not less than n 1 equations 
from which to eliniinate n constants, and must therefore 
differentiate n times. Conversely, a differential equation of the 
nth order cannot give rise to more than n arhitrary constants in the 
general integral ; for, suppose there were n 1 (say) in the latter. 
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this would giv(i rise to an ecjnation of order n + f, as otherwise 
we could not eliini7iate the -f- 1 constants. But this contradicts 
the hypothesis that the equation is of the wth order ; hence the 
above statement must hold. Since the general integral contains 
the greatest possible number of arbitrary constants, it is (as its 
name implies) the most general solution possible. 

If we omit some of the constants, or give particular values to 
them, we have a particular integral. 

Ex. 1. The equation 

y = acosac + t since . ^ (1) 

leads to the differential equation 

y.,+y = 0 (2) 

And (1) is the general integral, or complete primitive, of (2), since there 
are two constants eliminated, and (2) is of the second order. But 

y = sin X, y = cos cc, and y = cos x — sin x, 
are all particular integrals, and may bo shown to lead, each of them, to (2). 

Ex. 2. In‘ Art. 475, equation (1) is a particular integral of (2), for if we 
integrate (2) we ^obtain — Aax + (7, where C is an arbitrary constant. 
This is, of course, the general i/itegral of (2), the constant a in this case 
not being arbitrary. 

Ex. 3. In the same article, if we dilTerentiate (3), we obtain 
dx^ ax dgf 

of which (1) is a particular integral ; for, on integrating back this last 
equation, we obtain = y + (7 instead of (3), thus giving a second 

arbitrary constant. 

477. Geometrical Interpretation. 

Consider the differential equation of the first order and degi'ee, 

y, dyjdx) = 0 (1) 

Since tl:e general integral of this contains an arhitrary constant c, we 
can, by making c assume all possible values from — oo to + oo , obtain - 
the equations to an infinite number of curves, whose differential equation 
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is (1). If we give x and y any values we please, we can always find a 
corresponding value of dyjdx from (1) ; hence, for every point in the (xy ^ 
plane there is a definite value for dyjdx. Again, if 

4>(x, y,-c) = 0 (2) • ' 

be the general integral, then, by giving x and y any values wo please, we 
can always obtain a value of c such that these values will satisfy (2). 
Hence, through every point in the xy plane a curve of the system (2) will 
pass, and will have a definite direction at that point, , 

» 

[Ex. The general integral of 2xy^ = y is y^ = ^ax. 

Let (2, 1) bo a given point ; then, if the parabola passes through this 
point, 1 = 8a, or a = 

Also substituting (2, 1) for (a;, y) in the differential equation, we have 
4y, = 1, or y, = 

Hence, the parabola 2 ^^ _ qj passes through (2, 1) and has the direction 
given by tan \p = 

A differential equation of the first order is said to represent a single 
infinity of curves in a plane. 

Again, a differential equation of the second order, if reduced to one of 
the first order, will furnish an arbitrary constant. y, dyjdx, c) = 0 

be the reduced equation, then by giving c all possible .values between 
— 00 and -f- oo we obtain an infinite number of values of dyjdx for a 
given point. Hence, there is an infinite number of curves passing 
through every point of the plane. 

Moreover, if we fix on one value of c and solve the equation 

f(x, y, dyjdx, c) = 0, 

we obtain d second arbitrary constant, giving rise to a single infinity of 
curves for that one value of c. But tliere are an infinite number of these 
sets. Hence, there is a double infinity of curves fora differential equation 
of the second order. Similarly for the general case. 
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CHAPTER XXX. 

EQUATIONS OF THE FIRST ORDER AND FIRST DEGREE. 
478. L et M and N be two functions of x and y ; then the 
equation = 0 is of the first order and first degree. It 

may be also written Mdx -h ^dy = 0. It must be undei-stood 
that there is no method of solving the tHjuation in its general 
form ; and, in fact, all we shall do here is to consider the very 
special forms which are capable of solution, and which fall under 
the following heads ; — 

(1) Variables Separable ; 

(2) Homogeneous Equations ; 

(3) Exact Differential Equations ; 

(4) The Linear Equation, 


479. (i) Variables Separable. 

When the equation can be written in the form f(x)dx -f- ^{y)dy = 0, 
the variables are said to be separable. The equation is then 
immediately integrable, the solution being 

Sf{x)dx + id>i,y)dy = O. 


' Ex. 1. Solve -y. k 

(iX 

This may be written , whence 

2 logy = logo? -k- C . . 

which is the general integral. 

If we put C = log 4a, (1) becomes 

Jog = log 4aic, or = Anx, 


( 1 ) 
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Ex. 2. Solve the equation xy + (h- — x^) = 0. 

We have ~ integrating, we obtain 

- 41 og(i 2 - x^) + logy = (7, 
or, writing O = logo for convenience, 

logy =^ogc + ilog(&‘‘* — 05®) = logcV 6® — as®. 

/. y = cVi® — as-, or y® = — a5®),,c® being arbitrary. 

This represents a system of conics whose centre is the origin, and which, 
for all values of c®, pass through the two points ( + 6, 0). 

Note. — c* may be or — 

*Ex. 3. (1 + y^dx + a5(a5 + y^dy = 0 (1) 

The variables in this case are not immediately separable. * 

But putting X + y ■= Zy and therefore dx dy — dz, (1) becomes 

(1 + 2 — x'ydx + xz(dz — dx) = 0, 
i.e. (1 4- 25 —*x — xz)dx + xzdz = 0, 
i.e. (1 — a5)(l 4- zyix 4- xzdz = 0; 

... ^ =-- 0. 

X 1 4- 555 

/. log X — as + s — log ( 14 - 2 )= (7, 
or log X -f- y — log (1 4- a; 4- y) = (^ = log c, say. 

1 ---- - = Cj or OSes' = c(l 4- a; 4- y), 

1 4- 05 4- y 

480. ( 2 ) Homogeneous Equations. 

Ill the equation 3fJx 4- iV(f/y = 0, let M and iV be homogeneous 
expressions in x and j of the same degfee, say the wth. We may* 
then write 

M = 5ry(y/.r), N = a5"^(y/a;). [Art. 175.] 

The equation can therefore be put in the form 

f{glx)dx + ^(gMdg=0, if we divide out by a;** . (1) 

The method adopted is to put y t;x. 
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Then di/ = rdx + xdv, and (1) becomes 

f{r)dx -f- ffi{v) {vdx + xdv] = 0. 
The variables are now separable ; thus we have 
{/W + 4- 0, 


or 


dx <f>{v)dv 


= 0 


which may be integrated at once. 


Ex. 1. Solve (sc- + y^)dx + xydy = 0. 

Put y = vac, and we obtain 

a;“(l + v^yix + vx\vdx + xdv) — 0; 
or (1 + 2v^yix + xvdv = 0 ; 

_ 0 • 

a: ^ 1 + 2»-= “ 

Integrating, log a; + J log(l + 2v^) - (7; 

/ 2'//“ 

or al 1 + — g- J = c say, whore c = e^, 

, x\x- + 2y-) = c^. 

2. Solve yC^ydx — xdy) + xV x^ + y'^dy = 0 (1) 

Arranging terms, y-dx + x(^/ x^ + 2/^ “ y)dy = 0. 

Put y = vx, and divide down by a?- ; 

v^dx H- (Vl 4- — v^^vdx + xdv) = 0, 

or vVi + V- dx + x('\^l -i- — v^dv = 0, 

+ (1 _ = 0. 

\" Vl + vV 

Integrating, log® + logv — log(» + Vl + iF) = (7; 

XV 

or 

Replacing v by y/x and reducing, we obtain 

xy = c(y + a- + as the general integral. 
Rationalizing, this becomes 

(x - c)y = c\x^ + y “) ; 
that is (as® — 2cx)y^ = c®a5®. 
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^ Rejecting the factor x, this becomes flnally 
(sc — 2c)y- = c®£c. 


481. The following alternative methods of solving the preceding- 
equation Avill be instructive ; — 


I. Noting that we have from (1) 

r - .^(1)+ /y/ 1 + ~id,y = 0. 


Putting V for — ydv + v^l 4- = 0, and the variables are 

separable ; etc., as before. 

11. Turn to polars. Then [Art. 435, note] 

xdy — ydx =■- "i^dd ; also 4. ^^2 _ ^. 2 ^ fjy — Bdr + r cos 6 dO. 
r sin d( — r'^de') + r cos B . r (sin 0 dr ^ r cos 0 d0) = 0, 
or cos 0 sin 0 dr + r(cos2 0 — sin ByiB = 0. 

... ^ + i_V» = 0. 

r \&in0 COS0/ 

log r + log sin 0 — log (sec 0 + tan 0) = (7; 

/. r sin 0 = c (sec^ + tan 0), 

i.e. y = c. ; etc., as before. 


482. Form a^x -f hdj -f r, = {a^ + & 2 <y 4- ^ 2 )^- 

This equation, though not homogeneous, may be made so as 
follows : — 

Let X =a;' + = y' ; then dx = dx! and dy = dij. 

The equation becomes 

dif 

aix- +bd/ + 01 + aji + I Jr. = +c^ + aji + bje)-^, ( 1 ) 

Now choose /i and ^ so that 

aiA + bi^ + Cl = 0 ; aji + bgA; + Ca 0 • • • 


( 2 ) 
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i fjf/ f 

Then ( 1 ) reduces to -f- (>i!/ = i 

homogeneous. After solving, we may replace 7 ^ and ?/ by a; — A 
and y — Ic respectively ; h and k being known from ( 2 ). 

£x. Solve 2(x -h y — ^)dx = (3aj + y — 

Putting X = X + hj y y' + kf wc have 

7i + ^— 1 = 0, 3A + A; — 5 = 0; wnence h = 2, k = — 1. 

The transfoimed equation is 2(r' + y‘)dx' — (3k' + y')dy\ 

Putting y' = vx\ and dividing out by x\ we have 

2(1 + o)dx' = (3 + tt)(_vdx' + x'd„y, 
or + w — 2)#7x' -4- + v')du -- 0. 

.dr' (v + :i')dv 

' ' x' (v — 1 )(t» 4- 2) 

Resolving the second fraction into partial fi actions, we obtain 
logx' + Jlog(y - 1) - ilog(y 4- 2) - a, 

that is . x'^^ i/ ~ ~y ~ constant, c say, 

or (y' - xy = cXy' + 2x'). 

Replacing x' and y' by x — 2 and y + 1 lespectively, the ggneial 
integral is (y — x + 3)‘ = c\y + 2x — 3). 


483. Exceptional Case. 

Suppose a^jai = bi/f?2 (= m say), then h and k become infinite, 
and we cannot apply the method. 

Writing the equation in the form 

[m(ax 4- by) 4- c}dx== (ax -h by d)dy, .... (1) 

put ax by = V ; then adx 4- bdy =± dv, and therefore in (1), 
multiplying first by b, 

b(mv 4 - c)dx z= (v + d)(dv — adx)^ 
and the variables are separable. Thus we obtain 

{ (a 4- mb')v 4- 4- a>d}dx (e; 4- d)dv ; etc. 
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(a) 


Ex. SoT^e (2x I- 4?/ + 1 )dx = (a; — 2y)dy 
Tut £c — 2y = r, dx ^ 2dy = dv. 


or 


or 


in (a) (2v + l)dx = -^dx — dv\ 
(3u + 2')dx + vdu = 0. 


, . '*>dv ^ 


® + g-5»'>S(3«' + 2) = O. 

{)* + 3(ai - 2y) - 2 log (Zx - Oy + 2) = 9<7, 
3(2a: — y) — log (3® — 6y + 2) = c. 


EXAMPLES LXXII. 

1. Solve tho equations : — 

(1) (.y + = ^y- (2) + 2/“)^| = 2!By’. 

(3) V 1 4- */ = V If + a? cfy. (4) ccc^sc + ydy = ccyr-??/. 

(6) cos X cos yda; 4- sin x sin ydy = 0. 

(6) (1 - a;2)(l - y)eia; = xy{l 4- y)dy. 

(7) x\/y^ — Idx = y\f x^ — 1 dy, (8) y^2x 4- = scC'^y^ + •^)- 

2, Solve : — 

(1) xdy = (x + y)dx. (2) (x 4- yi^^ = y - ®. 

(3) 3ccy^ = 4a>2 4- (4) (2y - a;)c?y = (y 4- 2x)dx. 

(6) x(x^ — y^^dy + y'^dx = 0. (6) <f>(B 4- 2^)dB = 0{ip 4- 2$)d<f>. 

(8) (*•■* + 2xy)^ + 2xy + y® + 3®* = 0. 
cLx 


(9) (x tan j ~ y)dx + xdy = 0. 
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3. Solve : — 

(1) + A 

dx 2a; — — 5 

(2) (sc — -//)</?/ = (2£« +^6y — 9)dx. 

(3) (x - 3/y - 5)dy = (3x + ?/ - 5)dx. 

r4) -= ^ 

dx lx — y — 10 

(5) (2a5 — 3^ + V)dx = 2(‘2a5 — ?*y + 3)dy. 

(6) (X + 2,)(2§ + 3) = 1. 

(7) (2.-3,+ l)(|-l) = 2| + l. 

4. Solve ; — 

, . (1) (po “ = c?a;, [put X - y = fc]. 

(2) xy(xdy + «/rix) = (1 + y)dy^ [put xy = z]. 

(3) cos (x + y)dy = dx^ [put cc + y = z]. 

(4) g + J,M- ^ = 0, [put x = 1/*]. 

(6) (xy - 2)^ = xf, [put X = V4 


Answkrs. 

1, (1) y + 1 = ca;. (2) 7/2 — a;2y = cy + 1. (3) V i -h cc = Vl -f y + c. 
(4) X + log(x — 1) = hj- + c. (5) sinx = ccosy. 

(6) 21ogx + 41og(l-y) = x2_4y_2/2+c. (7) 1 = 1 +c. 

( 8 ) y + ilog(2y2 _ + 5) _ = a:“ + c. 

8. (1) y = a:(loga: + c). (2) ^log(x2 + j,2) + tim-i (y/a:) = c. 

(3) (y2 — 2x2)2 = c^x^. (4) xy + x^ — 2x2 log y — y^ = tx®. 

(6) = c(^ ^ <py. (7) x* + 2cy = c*. (8) x(x2 + xy + y*) = 

(9) X sin (y/x) = c. (10) log (x + Vx^+y^) = Ci ; whence y® + 2cx = c* 

8. (1) (y-a! + 2Xy + ®>* = c». (8) logCp + - 3) = c. , 
(3) 3 log (x'2 + y'2) ^ 2 tan“i iy'M) + c, where x' = x — 2, y' = y + 1* 
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(4) log (5a:'2 — ix'y' + y'^) = 10 tan~* - — + c, where x' = x — \, 

X 

y' =y + S. 

(5) x — 2y = 41og(2x-3y + 9).*(6) 2(x + y)‘h21og(x-hy — l) + x=>c.' 
(7) a; - y = 3 log (2x - 3y -h 8) + c. 

4. (1) y = log (x - y — 1) + c, (2) x^y^ = 2y -h y^ + c. 

(3) = y + c. (4) (2xy - l)(loga; + ^) = 2, 

(5) 2/3 = c(xy - l)(iC2/ + 2)2. 


484. ( 3 ) Exact Differential Equations. 

When the differential equation 

Jf(/x -h Ndy ^ 0 (1) 

f^an be obtained from the complete primitive by simple differenti- 
ation, it is said to be exact. 

Thus the equation +- 2xy -}- a; — y = c becomes, after 
differentiation, 

{2x -I- 22 / + l)dx + (2x — l)dy = 0 ,^ 
which is therefore an exact equation. 

Suppose u = c ( 2 ) 

to be the complete primitive of the exact equation ( 1 ), w being 
a function of x and y. Differentiating ( 2 ), we have 

Since this must be identical with ( 1 ), we have, comparing 
coefficients of dx and dy, 

du du 

M = n-’ iV = 3 -- 
OX By 


djr . and^- = i!?i. 

By ByBx * Bx BxBy * 


hence, by Art. 172, 


BM ^ BN 
* By Bx 


and this is the condition that the equation may be exact. 
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Ex. (cc* — Ixy + y)<Ix + (jp’ — x'‘ + xyiy = 0. ^ ^ . 

Compare with ~ 

'Then, from Art. 172, as we have seen, 

n Q 

(£c2 - 2xy -f li) must he equal to ^ {y- — x- x); 
oy 

which is the case, since each = — 2a; + 1. 

Hence the equation is exact. 


485. Rule for solving an Exact Equation. 

To solve an exact equation, we have the following rule : — 
Integrate Mdx on the supposition that y is constant, and Kdy on 
the supposition that x is constant ; add the ‘two results together, 
with the exception that terms common to both results are only to 
be written down once. 

These terms wil I always contain both x ^iid //, and may therefore 
easily be detected. 

Ex. lii the case of the equation above, namely 

(a;2 - 2xy + y)dx + {yr — x)dy = 0, 
first treat ?/ as a constant ; then 

j{x^ — %ty + y^dx — \x^ — x^y + xy + terms containing y only . (4) 

Next treat x as a constant; then 

/■(y- — st;2 -f sc)Gf// = — x^y xy + terms containing x only . (6) 

Hence the integral is — x^y + xy + = c' ; 

or + y'^ + 3xy(\ — x) = c, where c = 3c\ 

• Note. — The terms — + x% which contain both x and y, and which 

Occur in both results (4) and (5), are written down once only. 


466. Equations, not exact, solved by an Integrating 
JF'dctor. 

If the coHdition (3) of Art. 484 is not satisfied, the equation 
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is not e^act. ' But assuming that (1) has a solution u = c-, then, 
comparing the equations 

Md.v +Ndij = Os ~dx + ^J^da = 0, 

'd£ dij ■’ ’ 

we have ^ ~ ^ ^ assumed to be a 

function of a; and y without altering the truth of the last state- 
ment. Hence, putting f{x^ y) for /, 

¥ 

Bnjax = M .fix, y) ; da/ By — JST.fix, y). 

Thus, if we multiply the equation Mdx + Nihj = 0 by the 
factor /(i«, y), which is called cm in to.gr tiling factor^ we obtain an 
exact equation. The difficulty, however, is to find this integrating 
factor. In many cases it can be found by inspection, in bther 
cases there are rules for finding it. For these rules the reader 
is referred to Boole’s Lifferenfial Equations^ or to Iviur ray’s 
Introductory Course in* Differential Equations^ pp. 23-25. f^^e 
shall only consider a few simple cases in which it may be found 
by inspection. 


Ex. 1. ydx + 2x(iy — 0. 

This is not an exact equation. Multiplying by l/a;y, however, it 
becomes 

2^ _ ^ whence log x + 2 log y = c', 
xy 

or xy^ = c, if logc = c’ , 

Or, multiplying by y, we have y^dx + 2xydy = 0 , an exact equation, 
giving xy^ = c, as before. 


Ex. 2. ydx — (as + y^)dya= 0. 

This is not an exact equation. An integrating factor is l/y®, which gives 
ydx-^ y _ 

^ - y = c, or a? — = cy. 
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Ex. 3. (1 + xyyix + x^dy = 0. ‘ - 

This may be written dx + x(ydx + xdy') = 0 ; which suggests the 
factor 1/sc. 

/. — + ydx + xdy = or log X xy = c. 


EXAMPLES LXXIII. 


1. Solve : — 

(1) (2x — ('>y)dy + (3sc + 2y)dx = 0. 

(2) -lino - Sy + 1)^^ - 4® - 2y + 1. 

(3) xdy + ydx = ^x^dx. 

' (4) ^ ^ z= xdx + ydy. 

X y 

_ ^^2- 

• (6) 

dx ax — y^' 

t (7) yi^x — y — l)c?sc + x{2x ^ 2y — \)dy — 0. 


(8) {siny + (1 — y)cos!B}rfa: + {(1 + 3i:)cosy — bin x}dy = 0. 


( 9 ) 


V: 


xdx ( 
^2 ^ ^2 1 


1 + 

V sc*-* + y 


j,/y = 0. 


2. Solve, using an integrating factor : — 

(1) xdy 4- 2ydx = 0. (2) xdy + ^ydx = 0. 

(3) xdy + Qly 4- 3sc)r/sc = 0. (4) xdy ~ ydx = x^dx. 

(5) xdy — ydx = y^dx. (6) xdy 4- ydx = 2x^y^dx» 

(7) y\ydx 4- xdtj) ^ ydx - xdy = 0. 

(8) (x? cos X — yyix 4* xdy = 0. ‘ 

(9) yy/l — y^dx + (sc V 1 - y*-* + = 0. 

(10) jJy^/Jx 4- ijy')dx 4 - — 0* 

(11) y{\. 4- y 4- 'x^yix = a(l 4- ^^dy, 

(12) (x - + y 4- = 0. 
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Answers. 

Note.'— T he expressions in square brackets [] are integrating factors. 

1. (1) + ^xy — 6y^ = c^. (2) 205 * — 2xy -f 3y^ x — 2y = c. 

(3) xy = + c. (4) log (x/y) = ^(x^ -f y^) + c. (6) xy = c(l +x^), 

(6) x^ + y^ — 3axy = c^. (7) xyQ2x — y — 1) = c. 

(8) (1 4‘a;)siny + (1 - y)smx = c. (9) y + ^ = c. 

2. (1) x~y = c. (2) x^y = c. (3) x'^(x + «/) = c^. 

(4) 2/ = a'(cB + c), [!/«:=]. (5) x + y{x - c) = 0, 

(6) --1 = + e. [^y . (7) <3,* + 1) = oy, [^ . 

(8) X fiin a? -f y = cx, (9) xy = V^l — ~ 

(10) 2 \^xy-[-x-y = c,[il^xy\ (11) y\^\\^^x + x==cy,\\ly\V-\>x“)'\, 

(12) _ iy 0 ; whence log iE = i. + c. 

' ?/ ‘ 2 / 

• 

487. (4) The Linear Equation of the Eirst Order. — 

Tleferuing to the definition of Art. 474, it will be seen th*at the 
inost general form of the linear equation of the first order is 

+/W-y = <#>(*)• 

'J'o simplify the notation let f(;x) = Py <f>(x) = Q ; then the 
equation is 

t + = ^ 

P and Q being functions of a:. 

The equation may Jbe solved % means of the integrating 
factor Thus, multiplying (1) by this factor, 

gfP.tx . ^ ^ . g/PJ. ,y^q. 

The left-hand side is an exact differential coefficient, and the 
right-hand side is a function of x purely. 
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Hence, by integration, we have 

jQp/^<i-,dx + (7, 

which is the general form of the solution. This, of course, 
assumes that the integral on the right can be obtained ; but in 
any case it is called the solution. 


£z. 1. Solve + £c// = — 1. 
w x. A. y - Jl 

vVG ntlVG “j I — *>• 

ax X u?- 


The integrating factor is = a?. ' 

^ ^ ~ ~ S’ gives, on integration, 

xy — — log as 4- C', or xy + log as = 6\ 

This example is the same as Kx. 3 of the last article. 


(Jy 

Ex. 2. Solve y * ~ 

The integrating factor is = gio 3 »to» _ 

The equation therefore becomes 

* • . 

Bin 4- y cos x = sin x sec- x. 

Integrating, ?/ sin cc = J sin a; see® = sec a; 4- the required integral. 


Ex, 3. (a^ — 4- ay 4- ir(a — a;) = 0. 

1 dy , a X 

We have ^ — I — .. r, y = — — - — • 

dx — x- a + X 

^ f adx ,1 a + X , /a + x 
Since] « --x’ 

the integrating factor is * » 

' • /g ■¥ X dy ^ / a 4- x ay _ _ x 

* * \/ a — X dx '\/ a — x ' — XT Va^ — 


t This can be verified by differentiating and noting that ^^[/Pdx] 

isf P. Note that the left-hand side of the integral is equal to y multiplied by 
Ms integrating faetor ; this will often save labour in working examples. See 
Ki- 3, below. 
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Integrating, =.ij a‘ — a? C, [see footnote above] 

or y^/a + x=(a — a;) V a + x + C>Ja - X, 

which reduces to (a; + y — ay\a + a?) = C\a — cc). 


511 


488. Kindred Form. 

The equation = Qu'‘^ P sioA. Q being functions of x 

alone, can be solved as follows : — 

We have — 4- P = Q (1) 

Now let 1 = 2 :; whence — -y- = 7 -- 

Using this in ( 1 ), 

- S +'•" T B + 

which is evidently reduced to the linear form. 


Ex. Solve 4 . = 2 /V^. 

ax X 

Dividinii by 


p<‘t =' *. 

2 dy dz 
f dx dx 

in ( 1 ) 


or 

dz 

dx 

Since f ^ — dx 
J X 

m( 2 ) 

- — 2 log sc = 


dx X 'if 


\dz 1 

~ o d Z = X-, 

2 dx X 

9 

— = — 2x^ . . 

X 


, . (1) 


( 2 ) 


Integrating, 


1-2 = -9 
x^ dx sc® 

zlx“ = — 2x + C\ 

1 
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[Cn. XXX 


EXAMPLES LXXIV. 

1. Solve : — 

(1) ^ ^ = 4(1 + aJ®)- (2) x(\ + x)^ ^ xy = a^, 

dvo ic ctx 

( 3 ) (1 -j_ + 2xy — cosac. (4) o;-^ — 2^^ = Vl + fic=^. 

( 6 ) (1 - -xy=a^hx. ( 6 ) % = 

(7) - ay - sin a?. (8) *^~ + y^3ii\x = 1. 

(9) x(sc + 1)^^ - (2a; + 1)^ =:'2a;^(a; + 1). 

(10) sin2.i “ -\-2y — cos2a5. 

2^ Solve : — 


(1) - ?/ = 3xV. 

(2) 

(3) 2^^ + y tan x = y^ cos 2x. 

( 4 ) 2^~ — y sec x = y^ tan x. 

(6) G(x 4- !)<// = y(l - y®>?x“. 



(7) dx = X sin y(\. — x cos y)dy, 
Axsweks. 


1 , ( 1 ) xy = 2x2 + x'* + c. (2) (1 + x')y — a“]ogx + c, 

(3) y(l + x^) = sin x + c. (4) 3y = x‘-(l + x^)'^ 4- cjr. 

(8) (y 4- 6) V 1 — x 2 = 0 ^ sin"* x + c, (6) y — x 4- 1 = ce"*. 

(7) (a2 4- l)y 4- a sin x 4- cos x = ce“*. ( 8 ) y sec x = log (sec x 4- tan x) + c. 

(9) y = xC® 4- l)fx2 - 2x 4- 2 Iog(x 4- 1) 4- c}. 

(10) (2y 4- l)tanx -- 2x -V c. 

2. (1) X + x-^y = cy. (2) i - x — J = cc®*. 

(3) 3 cos X = y2(2 silica; — 3 sin x 4- c). 

(4) (tanx 4 “Secx)(y 24 - 1) = (x4-c)y2, (6) Vx4‘ 1 (1 — y®) = cy®. ' 

(6) (1 4- x)ev = cx, [use dxldrf], (7) 1 — x — x cos y = cxc®"* [use dxjdy]. 



SOLVE FOB p. 
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I § 489, 490.] 


CHAPTER XXXI. 

EQUATIONS OF THE FIRST ORDER, BUT NOT OF THE 
FIRST DEGREE. 

489. ,We shall now consider the methods which we may adopt 
for solving the equation /(i*, y, dtjldc) = 0, in which dyjdx, or p 
as we shall now write jt, occurs in a degree higher than the first. 
There are three methods, according as we solve for y, or x. 


490. I. Solve for p. 

If the equation is of the nth degree in there wijl be h real or 
imaginary roots of the form 

V = u)- 

To solve each of the latter equations we must adopt where 
possible the methods given in the last chapter. 

Ex. 1. Solve xy{p^ + 1) — (cc^ + y“')p = 0. 

This factorizes into (xp — y)ipp ~ a:) = 0. 

/. (i) 05^^^ — w = 0; or — = — ; whence y = rsc. 

^ ' dx ^ y X ' 

0*0 — X = Q\ or ydy = xdx ; whence y® = flc® + c^. 

ax 4 


Ex. 2. Solve i^y + ^px = y. 

Solving for p, P = ^ 

y # 

or ydy = ( — 03 ± 's/ + y^)dx, 

which is a pair of homogeneous equations. 


2 L 
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Tutting y = vx, and taking tlie two cases in one, we ha//e, aftlr dividing 
by £L', v(ydx + xdv) = (—1 + ^1 + v^yix^ 

dx vdv 

(r+>) ^vr^2 = 

V V ^ v(Vl 4- ± 1) 

1 + V^l + V- *- Vl + y-CVi+lj^ + l) -1) 

= v r+~^ ± 1 ^ 1 1 

VV'i'+V^ V ■“ 4. 

dv 


Now 


• ^ I dv ^ 

X V ~ V Vr+1;2 


= 0 . 


Let 1 + V- = vdv ~ zdz. 

dv 


. f f zdz _ h dz 

J vVl 4- i;2 j (z^ — \)z J i 


z - 1 


C? Z = i - 1 )^ = vr + 1 


= ^ ±j‘.- i;. = ,og 

logx + log V + log = C. 

V 

(i) = 

^ ^ a? y 

Vx- + — X = c] 

(ii) 

^ V x^ 4- — X 

~ 4- y“ — x) ; 

.•. y\\^x- 4- y- 4- x) = c{x^ 4- 2/- - x-) = cy\ 

Vx-^ 4- 2/^ 4- X = c. 


Hence 
that is 

or 


The two solutions are, therefore, given by 

4- 2/2 ± X = c ; 

or x2 4 2/2 = (c ± a;)2 = c® 4- sc^ + 2rx ; 

or 2/^ = c2 ± 2cx. 

Both solutions, however^ arc included in the equation 
= c2 + 2cx, 

since c may be 4-"“ or — [Sec Ex. i. Art. 492.] 
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491. S\)lve for y. 

Let y = <f>{x^ p) bo one of the solutions (1 ) 

Differentiate with respect to x ; then 

^ which may be written 

dx d.c dp dx 


dx 

V 




( 2 ) 


This equation is of the first order and degree in p and a?, and 
may therefore be solved by means of the preceding chapter. 

Let the solution be x(‘^j ^;) = 0 (o) 

If wo eliminate p between (1) and (^1) we shall obtain the 
fequired integral. 

Note. — W hen the elimination of -p is troublesome, we may express x and y 
each in terms of p, and caH this the solution. 

Ex. Solve y = 

Differentiate witli respect to x ; then 

V = 2x-^,^. 

or (p — 2x)dx + pdp = 0, which is homogencoiia* 

Put p = vx, 

/. (y — 2yix + v(ydx + xdv) = 0 ; 
or (v- + V — 2')dx + xvdv = 0, 

dx vdv Q . 

X (v + 2)(y — 1) ' 

/. log a; + J log (v - l)(v + 2)2 = c', 

3 log a; + log (P " + 2^^^ = go' ; 

£C'* 

or (p - xXp + 2a;)2 c, say. 

From the given equation p i ^2 . V — p. 

/. the general integral is 

{^2^/x^ - y - a5)(V2Vcc2 - y + 2x)2 = 
which reduces to x(x^ — 3y) + aJ2(x^ — y? = c; 
and, again, on rationalizing, to 

(?? + yy(?? -iy) + 2ir(a>* - Zy)e = c». 
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492. III. Solve for jr. 

Let X = /(y, ji?) be one of tlie solutions. 

Differentiate with respect to y, and note that dx\dy = Ijp; then 
p dy'^ dp' dy 

This equation is of the first order and degree in jt? and y, and 
may be solved by means of the preceding chapter. 

Eliminate p between the latter solution and the original 
equation ; the resulting equation will be the general integral. 


Ex. 1, Solve + "ipx = y 

We have x = 5 differentiating with respect to y, 


( 1 ) 


1 - L“Ji! 4 . - - 1 + p- , 

'‘ip dv * 


2 p 2 


"dy* 

dp ^ 


whence 


.*• - ^3 - (1 

XH-p^) + a+P=).V^ = 0; 

/. pdy + ydp = 0, 
py = c. 


.V in (1), eliminating 


G“ , 2 cx 

-h— = y, 
V y 


2/2 = + 2ca;. [See Ex. 2, Art. 490.] 


Ex. 2. Solve 2x = 3jp2, 

Here y is absent, but the method is the same as above. 

Thus - = ; or dy = 3p^dp ; 

p dy 

i". y = jp 3 + c. 

Eliminating p between this and 2x = 3p2, we have 

27(2/ general integral. 


493. Clairaut’s Form. 

The equation y = px -h/(p) 

is called by this name. 


( 1 ) 



§402-494.] OEOMETHICAL INTERPRETATION. 
To BolVe it, differentiate with respect to x ; then 
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or 


+/'(P)} = 0. 


(i) ^ = 0, or = c ; and therefore in (1) 

y = ca; + /(c), which is the general integral. 

Or, (ii) X + /'(p) = 0 ; 

and eliminating jp between this and (1), we obtain an equation 
* without an arbitrary constant, since in this case no integration has 
been performed. This equation is called the singular solution. 


Ez. Solve y = px + — 
We have 


( 2 ) 


, dp a dp 

= 0 . 


dx\ 


p‘/ 




/. y = ccc ^ is the general integral. 

<ii)®-^j = o, 01^ = 

/. in (2) y = Vaa5 + Vase = 2 Vaa5 ; ox y- = \ax, 
which is the singular solution. 


494. Geometrical Interpretafion — The Envelope. 

The singular solution in Olairaut’s equation, as we have seen, 
is the equation which is obtained by eliminating p between the 
equations ^ 

2^=^^-h/(i7),,anda?-^-/(^») = 0 ... (1) 

We shall now show that this equation in a;^aud y is that of the 
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envelope of the general integral // = cx /(/•), which represents a 
family of straight lines. 

For, differentiating the latter with respect to r, we get 

0 =: X +/0 ). 

The envelope is therefore obtained by eliminating c between 
the equations 

- 9j = rr +/(r), and x A-fO) = 0 ... (2) 

Comparing (1) and (2), it \\ill be seen that we must obtain the 
same eliminant in eitlier case ; for it is immaterial whether we 
use the letter c or ^7, since in cither case it lias to be eliminated. 

Ex. In the example of Art. 493, the envelope of the line 

a . 

y = cx-h- 

is the parabola = 4ax. This is apparent from tlio well-known fact tiiat 
the tangent to the parabola, = 4ax, at any point may be written in the 

form y = mx 4 - — . 


4'95. The Singular Solution satisfies the Differential 
Equation. 

Consider the singular solution from a geometrical point of view. 
The envelope, which it represents, touches every member of the 
family of straight lines y = cx + f{c) ; and therefore at every 
point of tlie envelope the value of dy^ dx^ or is the same as for 
the corresponding member which touches it at that point. 

But if we solve algebraically the equation 

y=px^f{p) (1) 

and so obtain p = y)^ (2) 

then^ for any given point {x, y)^p has a perfectly definite value.t 

Hence, at every point of the envelope, the value of p as found 


t For (2) oontainji no arhiirary constemts. Of course p may have more 
lhan one value, aocordiug to the degree 6f the equation in p ; but we should 
)ta that ease consider oqp root pt a time.' ^ 
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§ 495-497.] 

from the equaiion to the envelope (since it is the same as for the 
tangent line at that point) must be such as to satisfy (2), and 
therefore (1). 

Ez. In tho example of Art, 493 the singular solution is = 4a2c. To 
show that we can obtain therefrom the differential equation y = px + ^ » 
we have, by differentiation, 

2yp = 4a, or y = 2dt/p (i) 

/. _ 2aylp, or 4afl!; = 'iayjp, or 7/ = 2px . . (ii) 

Adding (i) and (ii), and halving, we obtain y ~ px 

496. We may add that other differential equations besides 
Clairaut’s form have- singular solutions, bub we cannot discuss 
them here. 


497, Kindred Form. 

The equation y — xf{p) -f <}>{p) may be solved by differentiation 
with respect to x, as in the case of Olairaut’s equjition, which is 
in reality a particular form of this more general equation. 


or 


Thus, V =/(j>) + {x/'(j>) + .jh'O?)} 

{p ~ 

dx r(v) 4>'{p) 

dp'^f{p)-l>' P-J\P)' 


which is linear in x. 


■Ex. Solve y = Q2p + V)x + . ■* (1)' 

Wo have p = 2p + 1 + ^2x - ^ ’ 

dx 1 

(P + « qT+I?’ 

dx 2 ^ 

^ + 1 ®~ !)?• , 
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Since ^ + 1)> the integrating factor is ^77 + 1)^. 

.*• {P + 1)®*® = (i’ + 1) + c, 

which gives x in terms of p. 

From (1), y can be obtained in terms of jp, and tliese two equations 
constitute the solution. 


EXAMPLES LXXV. 


1. Solve by method I. ; — 

(1) (2u 5 + l)p2 =1. (2) p^ + 7yp = 2y2. 

(3) i)* + (y - or)}) = xy. (4) (1 - p^)xy = - 7f)p. 

• (6) 0^)2 + pjy = - ?/. (6) yp^ + 2xp = 4(£c + y), 

(7) y(l + y^Xp^ - 2) = (1 + y*)p. 

2. Find, by method II., the general integrals of: — 

(I) y = (2) y = cc 4- (3) y + — hpx + bx^ = 0. 

(4) X + 2pjf = p~x. (6) 2.rV = px^ + p^. 

•(6) p^ix? + x^py =1. (7) y-(l 4-^')^ = 

3. Find, by method III., the general integrals of; — 

(1) x{p — 1)‘^ = OE. (2) £c = 2y - 

(9) = 2(1 4- p)y. (4) y - 2px = 4y/>2. 

(5) i>2(3y2 + 2a;) = 2(3/>»y - 1). 

4 . Find the general integral, and the singular solution of : — 

(1) y = px-^ p\ (2) y = px + 2 Vi?- 

(3) y -px sinj?- (4) 1 4- yp = sc/?'-*. 

(6) x^p^^ — 2(£cy 4- l)p 4- 2^ = 0- (6) y = i?aj 4- n V 1 4- i>‘^. 

(7) — a®) — 4- y*^ 4- = 0. 

6. Solve by the method of Art. 497 : — 

(1) y = 2px 4- i>®. ^(2) y = p^x 4- p®. (8) y = p^x 4- 

(4) 9(y 4- acj?logi?) = (2 4- 31ogp)p3, (5) y = ® 4.^, 

P 
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0. Sol#o by Jtny method : — 

(i) y = XaJp + V/’- (*) “ 2^)® + ^)V = 0. 

tS) a<l + p“) = 2rt. ^ (4) (y - px^p + 1) = 1. 

(6) x^ + (y — «i)p = y- • (6) y = ®p(i + v)- 

(7) y = + y. (8) (p* + 2yp)(l - ®2) = a:2y2 

(9) p + 3) = (y + ®)(y - 2®). (10) pV + p!»(2y, + x) + y‘ = 0 • 

Answeus. 

1. (1) (y - c)2 = + 1. (2) logy + 2a3 = c; logy = «; + <?. 

(3) log y = - cc + c ; 2y - a;2 = c. (4) y = cac ; a;^ + y® = c^. 
(6) 23’y - a;2 = c2 ; y + cc = c. 

(6) log (^2 + 2xy + 2;r2) = 2tan"'i ^ ^ ^ ^ 5 y — 2x -k- c, 

(7) 4.i>’ + 21ogy + y‘^ + c = 0; log(l + y2) = 2a; + c. 

2. ( 1 ) X = \ogp + 2p + c. (2) X ~ 2i) + 2 log (y - 1).+ c. 

(3) y + c£c + = x®. (4) 1 + 2cy = tV, (6) 2y = cx“ + c\ 

i 

(6) X = cxy + c2. 

(7) X = — «/(l + + c, y = +^>-)5 ; putting P tan 4^, we 

obtain a? — c = — a cos® 4^; y = a sin® 4^, tho four-ciisped liypo- 
, cycloid. 

3. (1) (y - a? - c)2 = 4a.r. (2) y = + p) + } log (2p - 1). 

(3) (x — c)2 = 2cy. (4) y‘^ — ca? = c®. (5) x + cy + = ^yK 

4. (1) y = CSC + + 4 ^ _ ^2) scy + 1 = 0. 

(3) y = sc cos“' sc — ^/ \ — xK » (4) y^ + 4sc = 0. 

(6) 2.ry 4-1=0. (6) sc^ 4- y2 = (|3. (7) jc2 _ ,^2 _ 

6, (1) _ ^3 4. c. (2) (1 — p)®sc = §p2 — ^3 4_ c. 

(3) (1 — p)®jc 4- 8in“^p -f- V 1 — p'^ = c. (4) Spsc = p® 4- <?. 

(3) Vp‘^ — 1 sc = p(cosli”ip 4- c). 
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\ ^ x2 = 2»/ + (y Vl - y^' +^in-l I/) + «• 

(3) y = V 2aa3 - a;'^ + sin“^ ^ — - + c ; or, a; = a(l + sin ^), 

2/ = a(<f> + cos </)), the cycloid. 

(4) (y + 2 c) 2 = 4,r. (5) 071/ = c2 ; 2 / = aJ + c. 

(6) logjj^o: = (1 +pc)lp. (7) (p - l)2a; + i? - log^) = c. 

(8) logy'= - 07 ± sin"^ o; + c. (9) 2o7y + 07^=0; y + 2o3loga;=ca;. 
(10) 072/ = + A 
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FORM f{y^, y) = 0. 


523 


CHAPTER XX.JCII. 

EQUATIONS OF THE SECOND ORDER, 

498. In this chapter wc shall consider the various special forms 
•of the e’quation y-, :r) = 0 ; wc shall also show under what 

circumstances the general linear equation of the second order can 
be solved. 


499. Form ;?•) = 0. 

Solving the equation algebraically for 7/2 or d^y/dj^^t suppose we 
obtain d^yjdx^ = ^ 

Wc can then integrate twice, and so obtain the general integral. 


Ex. Solve V 1 — 2/2 + 

/. y = /(Vl - x2 + C^djo = ixV 1 - X- + X + CiX + 

tlio general integral. 


600. Formy]^yj, y) = 0. 

Since y,= ^(^y')=Uf\f=^E.p, the equation may 
dx\dx/ dy\dx/ dx dy 


be 


written ^ solving algebraically we may 


obtain 
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Hence, integrating, = 2f<fi(i/)d^ + O: 

This gives p or dt/ldx in terms of f/, and the integral can then 
be easily found. 

r 

Ex. 1. Solve ^ + a^!/ = 0 . ‘ (1) 

Wo have oy pdp + a^j/dt/ = 0. 

p2 + a 2 y 2 = Cl = say, t 
2 ^^ = a-(c2 - 

or dx = — 7 “^—--"/ 

’ aVc2 - 2/2 

/. X = + a^i ^ being an arbitrary constant; 

y =. c sin {itx — a), 

>vhioh is the general integral, c and a being arbitrary constants. 

Wo may also write the equation in the form 

y = c(sin ax cos a — cos ax sin a) 

= .4 sin ax 4* ^ cos ax, 

where A = ccosa, B = — csina. 

This equation and the following are of gi'cat importance in Dynamics. 

Ex. 2. Solve = a-y. 

We shall obtain, by the above method, dx — — - . 

a\ y^ + c- 

X = -fsiiih ”'’7 4- oY* 
a \ c / 

/. yjc = sinh (ax - a) = - c-"^+“), 

or y = I . e"*" - I e" . e"**' = Ae”' 4- 

where “ I ^ " I 


t Or, multiplying (1) by 2^^, we have 
d-y 


dy 


iutograting, = CiI ®tc. 



§ 501 , 502.] FoitM f{yi, yi, x) = 0,y being absent. 525 

Since SnU j — o) = sinh ax cosh o — cosh ax sinh a, the general integral 
may be written 

y ■= A sinh ax + B cosh ax. 


501. Form/(/y2,2/i) = 0. 

This is evidently expressible in the form f{^p!dx,p) = 0 ; and 
solving for tlpjclx in terras of p, we can find; by integration, x in 
terms of p. We then solve algebraically iov p in terras of x^ and 
integrate. 


Ex. Solve (dhjjdx^y - 1 = 1 l(dyldx)\ 
Weha.vc(^^^^j = l + ^,, - 


whence 


dx — - 


Vl + 
a? = V 1 4- i?’* + ; 

1 +i>2 = (a; - c,)2, 

. yj = V(« - - i ; 

y =j V(£» — — I dx 

^ _ I cosh->(x - c) + c,. 


502. Form/(// 2 ,yi,ir) = 0, y being absent. 

This may be written /{dpjdx^ p, x) = 0, which is of the first 
order in p and x, and may therefore be solved by the methods of 
the preceding chapters ; p will then be obtained in terms of a?, and 
the rest of the work is as indicated above. 


Ex. Solve x ^2 + — 2a: = 0. 

dx^ dx 


We liave 




(xdp + pdx) — 2a:da; = 0. 
px — = c^] 

dy c, + Cl* 

y = Cl log X + 4- Cj. 


= xt^; 


or 
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603. Form /(// 2 , ?/i, y) = 0, a; being absent, t 

This may be written ij^= 0, which is of the first order 


(It/ 

in p and y, 

EX. So?^«2/g+gg-2^) = 0. 
We have 


or 


that 18, 


yi'^j + 2 ?/) = 0 - 

2 /| + ^- 2 j , = 0 . 

.*• py - y- = Ci\ 

?/^- = + c, ; 

dx 




__ 

~ 2/2 + c, ’ 


. a: = J log (2/2 + q) + 


504. The Linear Equation of the Second Order. 

The linear equation of the second order .in its general form may 
be written 




0) 


where P, (?, and R are functions of x. 

Let y s= 10 be a solution of the equation 


<?v > 

dx? ^ 




found by inspection or otherwise. 

Then we can obtain the general integral of (1) by putting 
y = viv, V and w being functions of x. 


Ly differentiation, ^ 

ax dx dx 


dx^ 


V 


d^w , ^dv div , (I^v ^ 
dx^ dx* dx (ix^ 


Substituting these valqes in (1), we obtain 
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But by liyp3thesis = 0 ; hence 

dx 

d^v , ( >,div , n \ dv r> 

or, putting p for dvjdx, and remembering that tv is a known 
function of x, so that dp^jdx is known, 

'"I +{'£■+ M?--®' • 

which is linear in p, and can therefore be solved by the ordinary 
rule. 

• Thus- ±+1?.'^E + f\p = ^. 

dx Kw dx » w 

SinceJ^-^-^^ -f P^dx='‘2 \ogtv + jPdx^ the integrating factor 
is and the solution is 

dx -f- r. 

Hence JO or dv\dx is found in terms of x ; and, on integration, v 
can also be found. * 

Ex. Solve — y ~ (i) 

d^y fill 

Since y — x is a solution of the equation — y =*0, as may 

be seen by inspection, put y = vx, 


dx 

. dy dv , d'^y ^dv , 

•• cte = *- + 

. cjdv / dv\ , - 

••• W' + 2^ + X + ^dij- ^ 


dv 


or, putting for 


+ 2)f> = 

dp 
dx 


I + (® + |)j. = far*. 


Since J^x + ^dx = ^x^ + 2 log a?, the integrating factor is, 
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Hence = 2jz^e‘dz^ if z = ( 

= 2s V - 4/sc*Js = (22® - 4s + 4)e= + c 
= (^0)4 - 2 x^ + 4)e4®' + c. 

‘ , dv , / „ ! 8 \ c 


whence 


v - = jee^ — 2x — - + c f- 

X ^ X J a 


dx 

SF' + '>• 


the general integral is 


/* 

y — 6^'* — 2x2 — 4 + CX I - -T— . + CjX. 

J x-c^ 

The integral on the right cannot be evaluated m finite terms, but in any 
case the above is called the solution. 

The case in which P and Q arc constants will be considered in 
the next chapter. 


EXAMPLES LXXVI. 


Solve the equations : — 


1 ‘ 

2. -"-5 + ® 
dV 

8. (a + xy‘^^ = 1. 

*-3 + 2' = «- 


o d^O . o- A 

6. — + are = 0. ' 
dt-‘ 

7.^=- hs. 
di^ 

..^g+l.o. 

0 

da;* dx 

10. + ^ = a; - 1. 

dx^ dx 


12. x^pf + + 1 = 0. 

dx^ dx 


14. pi:+f-=o. 

dx^ dx 

“■S+S""- 

16. pL + f = 0. 

da? dx 

II 

18. r+a = 0. 

dtp^ 
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19. I +Y^>- (px = 0. 

\dxj \dx^J 

ao. ’^Jt + iL- e* 

■ Ux^ ^ dx ’ 

21 . (\+x^p^ + 2x^=1. 

dx^ dx 

11 

‘1 s 

• 

28. fj = A 

dx^ 

'i'S+(s)’=«- 




> 

[L.II. side vanishes wlien y = c*.] 


**■ ~ ’*’ [L.ll. side vanishes 

vlien y = a;^.] 


Answers. 


1. s = -f c,. 2. .9 = sin (at + c^t+ Cy. 3. y = C 2 C ~ log(a + cc) + Cj, 

4. 7/ = -4 cos X + /? sin ar, or = a sin (x 4- «)• 

6, 7/ = .4e' + Be~\ or = a cosh + a). 

6, 0 = A cosn^ + B sin at = 7nsiri(ai + a), t. s = A cos 4- 5 sin '^kt. 
8 . (x - Ci)2 = c(7/2 4-c). 9. 7/ = ^cx 24 .Cj. 10. 7/ = Cj logcc — X 4- ix^ 4- c,^. 

11. y == c, log (1 4-3?) 4- i/J — Ix^ 4- 12. y — c log x ~ J(log xy 4- 

13. y = logcos(c - x) + Cj. 14. y = 4- 16. y^c^+c.j^x +c^e-^. 

16. y = ^ cos as 4- B sinx 4- CJ, 17 . y — Ae^ 4- Be'~'^ 4- CxH- Z>. 

18. T— a 4- At^ 4- B'r'^. 19. y = cosh(x — Cj) 4- c^. 20. y = \e,*^ ce”' 4- Cj. 

21. y — h log (1 4- X-) 4- Cj tan-^cc 4 - Ca. 

22. X = ^ V c//-^ — y + cosh”' i^nj — 1) 4- c^. 

23. e®' 4- Sccie'"'”*' = 24. (j^Xx — C|)- = ay^ + c. 


26, X — V(7/ 4- 1)^ 4- c\ + 26. 2c^x =y V y- 4-c'^4-c2sinh~^^4-7y2 4-<yj. 

27. y = CjC* -|- e' 28, y = — o- + CiX*^ - 4 ^^ x^ f 

* J e^x+l) '* ^ 3x Jx*Bmx J 
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CHAPTER XXXIII. 


LINEAR EQUATION WITH CONSTANT COEFFICIENTS. 


505. The i^eiieral foiin of the linear C(|uatioii with constant 
coellicients is * 


tti/ , (V^ 




+ 




whej’e <7„_i, ... are constants and A" is a function of x. There 
arc two cases to he considered: first, the case in which 'X is zero ; 
and, secondly, the general case. 

We shall here be chiefly concerned with equations of the second 
order only, a'lthongh the principles underlying their treatment 
will be seen to apply iu most cjiscs to equations of higher orders. 


506*. I. Equation of the Second Order, in which X 
is Zero. 

c 

Let the equation be + <(yi hy = 0 (1) 

Assume y = 6”*^ ; that such an assiunption can be made will be 
seen as we proceed. 

Then y^ = ; y. = /nV'*, 

/. in (1), 4- am 4- = 0, 

or 4 am 4- fy =*0, . . . . • 

a quadratic from which 7n can be found. 

liOt /W], be the two values of m ; then we have 

y = or y = 

which are two independent particular integrals. 
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The general rsplution is y = 4- 7?^”*-* ..... (o) 

as we can easily show ; for 

7/2 = 4- 


Substituting these values of y, «/i, in (1), we obtain 

{in^ 4- cimx 4- ?>>) 4- Be"^-* {m^ 4- am.^ 4- ^) •= 0, 

• 

which is identically true since z/z, and z/Zg are the roots of (2) ; 
and therefore {o) is evidently a solution. 

Moreover, (3) contains tivo arbitrary constants ; hence it is the 
ifemral solution. 

It will be seen that equation (2) can be obtained from (1) by 
writing nf for y^^ m foi’V/i, and 1 for y. 


The auxiliary quadratic is lu* + zzi — 2 = 0, 


or (jn — l)(z?i + 2) — 0, whence m = 1 or — ?. 

The general solution is therefore y — Ae^ + Bir-\ 


^ Ex. 2. Solve -pi — a-y - 0. 

^ ax-' 

The equation m- — a- = 0, gives m = + a. 
The general solution is therefore y = Ae*'^ 4- 


/507. Case of Equal Roots. 

If zzzi = ??Z 2 , then the general solutio^ takes the form 

y = 4-7?^’'*** = (^ 4- 7>V<”‘‘* . . . (1) 

Since A A- B 'm equivalent to only a single arbitrary constant, 
the solution does not appear to be general tmough. 

Suppose, how^cver, we put = nii 4- //, where h ultimately 
vanishes. 
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Then the general solution is 

= yle” ** + 'h^ 4* 

= {A + + Bhxf>F^^ 4- higher powers of li. 

Now, A and B are perfectly arbitrary ; let us, then, choose A 
and B so that both A 4- B and Bh are iinite. The succeeding 
terras will be negligible in comparison with Bhxe"^'^^ and will 
ultimately vanish with A. 

Write Cl for A 4- and let c.j be the limit of Bh ; ther solution 
is, therefore, 

y = = (/'-i 4* 

A second method will be given below. 

Ex. Solve 2/2 + 4jji + 4// = 0. 

Putting + 4m + 4 = 0, w = — 2; the roots being equal. 

The general siolution is 2 / = (j'l + c^x)er'^^, 

« 

508. Case of Imaginary Roots. 

Suppose tiie roots of the quadratic 4- 4- = 0 to be 

imaginary ; say m = a ± fti. 

The solution is then 

y = 4- (1) 

= {Ae^^^ 4 - Be-^^^\ 

= {A (cos 4- ^sin ^x) 4- /i(cos px — f sin fix)} 

: = (r^“* {(4 + B) co^px 4- i{A — B) sin [ix]. 

Choose A and B so that both A -|- B and i{A — B) are real ; 
thus let A = 67 4- Bi, B = G J)iA then 

« 

t It appears, from equation (1) above, that A and B must bo imaginary 
ooefficientB, as otherwise y would be itself imaginary. 
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A\B=iG% i{A-B) = 2DP = - ^D, 
y = (26^ cos px — 2D sin px), 

which may be written 

y — e“* (A cos px^ B sin px). 

If a = 0, the roots are equal and opposite, and in this case 
y = A cosyS^ H- Dsin yS.r, which is the solution of the equation 

Vi 4- p^'y = 0. • 


Ex. Solve - 2^ + 2y = 0. 

nrrA flv. 


Here rnp — 2m + 2 = 0, or m = 1 ± ^ ; 

/. the solution is y = 4- 


= [Ae^^ 4 - 

= &(ci cos X + Cq sin x), or Oe'' sin (x + «)• 


509. The Operator B or d/dx. 

We have already had occasion (sec Art. 107) to treat the 
symbol B or d/dx as if it were an algebraical quantity. ^We 
shall now show how this can be applied to the solution of the 
class of differential equations under consideration. It must be 
clearly understood that we are only using a very convenient 
notation, and are taking advantage of the fact that some of the 
laws of differentiation are very analogous to the fundamental 
laws of algebra. This fact we proceed to show. 

If and v be functions of a*, then 

(1) B(u + r) = Bu + Bv by the fundamental laws of differen- 
tiation ; hence B obeys the Bistribidive Law. 

(2) B{Bn) = ITu ; and generally iT{BHi) = ; hence D 

obeys the Index Law. * 

(3) Hau = aB'^u if a is consiant ; hence, in regard to constants^ 
B obeys the Commutative Law, 

Hence we may treat B as if it were an algebraical quantity, 
provided that we make B commutative in respect to constants 
only. 
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Finally, by agreement, we Lave 

(4) L^u 4- aJ)u 4- hit = (/>- -|- aD 4- h)if^ and so in the general 
case. 

510 . To prove that (D — — w,) = (D — i}ii)(D — 

Consider the two operators /J — nii and D — and 

being constants. 

Let us operate with each of these in succession upon y. 

Then ~ 

{D - m^{D - m^)ff = {!) - m^){Dy - m.y) 

lJ{/)i/ - m^y) - m.{l)y -* m,y) 

=-. Jfy - mJJy - m.Jjy 4- myn-^y 
• = - ('^>b -f 4- 

This may be written 

(J) - - m^)y = (7/ - + '>ihni,]y, 

which shows that wc may treat (/> — m 2 ){I^ — ith) if it were an 
algebraical product, and tlien apply it to y, 

AFe may similarly show that (7> — w7i)(/> — leads to the 
same result. 

Hence {D — = (D — inx){l) — as in the case 

of an afgebralcal product. 

• 

511 . Alternative Method of Solving y^ 4- ay^ 4- = 0. 

AVriting the equation in the form {IJ^ -f aD 4- = 0, let the 

factors of 1/ + aD 4- ^ be /> — and D — m 2 . 

The equation is then equivalent to 

{D — Z/ = 0- 

Let (/^ — m.^y = z; ; then (Z> — wij)V = 0. 

dv 

i.e. Dv — W 2 iz; = 0, or iihv = 0, 

c uo; 

a linear equation of the first order,, the solution of which is 

OT V = CjC’”**. 
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Plenc^ {D 


or 




the integrating factor of which is 

Hence (1) 


— m3)x 

“ nil — 


4 * C2y 


y = ^ 

nil — 

= -j- 

If = y/y^, then (l) becomes 

/. ;yy =: (y^aj + 

Tlie case in which nii and nh arc imaginary can be discussed 
ill the same manner as before. 


512. Complementary Function. — Two results in con- 
nection with the last article are of impoi’tance, and should, if 
possible, be comniitted to memory : — 

(1) If {D — m)y = 0, then y = 

(2) If (/> — m)y = t’, then y = ce^ + 

In (2) the term is called \j\\q particular integral y since 

it contains no arbitrary constant, and is in fact what the solution 
becomes on giving to c the particular value zero ; while the term 
is called the complenuniary functmiy for it is not of itself a 
solution of (2), since by (1) {D — = 0, but it contains the 

arbitrary constant and so makes tin/ solution of (2) general. It 
is, in fact, the solution of {D — m)y = 0. See Art. 514. 

Ez. Solve — Aiji + 3y = 0. 

Here (i)2 - 4/> + 3)2/ = 0, or (i9 - 3)(Z> *- 1)2/ = 0 ; 

/. (Z) — 3)y =.0, where v = (Z? — V)y, 

V = ce*". 
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Hence (Z) — l)y = ce ^ ; 

/. ^ -- .cer^tix + the complementary function 
= cejt^dx + Cie“- 

# 

= £ or Ae^ + Be. 

As an alternative we may write y ~ e [j .ce^dx + <7j] = etc. ; that is 
to say, we may add a constant to the integral inside the bracket instead of 
adding the corilplementaiy function. 


EXAMPLES LXXVIl. 

1. Solve by the method of Art. 60G : — 

( 8 ) ^ = 0 . 




dx 


<« s + <•> “ »• 


<•) g + 4, . 0. 




(7) ^2 “ 2?/, + // = 0. (8) 2yjj + Sy^ +4 = 0. 

(9) a^y 2 + 2abyi + (b- + c-)y = 0. (10) ay^ + = 0 


2. Solvg by the methods of Arts. 61 1 and 512 : — 

(l)g-2^ = 0. 


dx 

(6) 2^ - 3^ = .S' + 2. 

cLx 

(9) (Z> - 2)V = 0. 

(11) (H2 + d^)y = 0. ^ 

(18) Z)(Z) - V)y = 0. 


(2)g-2^ = e- 


(4) ^ + 2/ = + A 

(6) = 4C. 

(*) ya - 2y, - 3^ = 0. 

(10) \d - aXD - b)y = 0. 

( 12 ) Pi + 2p + y = 0. 


dx^ 


dx 
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3. Solf e : — \ 

(1) + 2/> + 5)^ = 0. (2) [{D 4- ay + h^]y = 0. 

(3) “ 2« cos o ^ + <o^x = 0. 

^dt- do 

(4) - 2u> cosho ^ + u^x = 0. 

Answers. • 

1. (1) y = CiC*- + c^e-*. (2) y = CjC* + (3) y = + c^e-Z^* 

(4) y + CgC^*. (6) y— A cos 2x + B sin 2x. 

(6) y = cob^-x + sin (7) y = e"(6-i + c^a;). 

* • _ 

(8) y = cos —^x + B sin 

(9) y = J + B sin (10) y = + Cj. 

2. (l)j( =ce2'. (2)y = e2‘(£C+c). (3)y = ce'‘''■^ (4) ir^=|e'^ie2'+ce-''. 

(5) 2/ = *“ I + ce"-* . (6) a^y = aac — 1 + ce“'**. (7) y = + Be"^, 

(8) 2 / (9) 2 / = (Cj + c.icc)e2'. (10) y = Cje"* + Cj^e**. 

(11) 2 / = ^ cos ax 4- ^ sin ax. (12) y = (ci 4- C 2 x)t (13) y = Cj 4- c^e^. 
(14) 2/ = (c'l 4- C2x)e5'. 

3. (1) y = e”*(A cos2x 4-i?sin2x). (2) y = e““(.4 cos&x4- Zfsiaftx). 

(3) X = e"‘cc.a cos («^ sin a) 4- sin {yt sin a)}. 

(^) X = e«*coihaj^ gjjili a) 4- ^ sinli (cwi sinh a)}. 

513. II. Case in which X> is not Zero — Comple- 
mentary Function. • 

The equation under consideration is of the form 
Ih + cty^ + 

or (UJ{-apJrV)y=^X (1) 

We shall, however, only consider the three following cases : — 
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(a) X = 77 /^”*, {[)) X = mao^nx^ or msinw®, (/; X = mF' 
(?i being a -f-'® integer); and their combinations. 


514. First, let y = v be a particular integral of (1), one not 
containing any arbitrary constants. 

Also, let y = -f be the general solution of 

+ = 0 , 

containing the two arbitrary constants and c^. 

Then we shall see that the general solution of (1) is 

y = V -f- ri?/i -f ' {-) 

For {Tj- a D -Jr h)y = {1/ aD^b)v-{- (Jf {(\n ^ + 

= .V4-o = a; 

. showing that (2) is a solution. Moreover (2) contains 'arbitrary 
constants ; hence it must be the general solution. 

The terms CiUi + ('^^2 constitute the complementary function. 
Hence the metliod : — Find the particular integral (p.i.), and then 
add the complementary function (c.f.). 

To find the particular integral, further use will be made of the 
properties of the symbol D. The method employed, here and 
previously, is known as that of the Calculus of Operations, 


515. Case (a) — X = me^. 


Def, — Let y be a function of x such that, when operated on 
with f{D)^ it becomes v ; that is, let f{F)y = f{0) being 

regarded here and elsewhere as a rational integral algebraical 
function of D. • 


Then we may write 7j = 5 latter expression being 

defined as that quantity which ivhen operated on with f(D) 
becomes v. 


For example, -j^»f{x) = jf (x) dx. 
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§514-518.] TO^ PROVE THAT f{a)e'^, 

* \ 1 1 

516. To prove /(Z>) ^ constant. 

Let y = j~^mv ; whence f(jy)y = mv. 

Biiice D and its powers obey the 
commutative law with respect to constants. , 


517. To prove (« + r) z-. 

Operate on both sides of the equation with /(/>). 

The left-liand side becomes u-)rv. 

The right-hand side Jbecomcs/(/J) f(f^) 

since D and its powers obey the distributive law, 

= /^ 4- i’. 

The above statement is therefore true. 


1 

518. To prove that/(/>)e'**=/(^?)6'®*, and that^^^^c” =y-^-y 

Here f{D) is a rational integral algebraical function of D. 

Now , 

jy^e^ = 

/. if j7, ( 7 , r, be any constants, we have , 

(jpD^ 4 - qD 4 - 4 - 4 " r)e"^, 

and generally, /(i9)e“* = /(«)e"*, which is the first statement. 
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Again, from the last result, we have 


which* is the second statement. 

/(u) y(«) 


619. (a) Form (Z»^ + aD + b)y = 

* 

ITtr l 1 uj: 

^ ^ al) + 6 n® -f- an 4- h 


0) 


The (c.f.) is where wzj, w ?2 are 

D^--}-aD-^h = 0. [Art. 51 1.] 

Hence the general solution is 


y = — 4- 4- i>V'' 

11^ 4 - an 4 -/> 


the roots of 


* Ex. 1. Solve (Z>2 — D — 2)y = 2e^. 

The (p.i.) >8 y = 2 . ^ 

Since IP-D-2 = {D + l)(i) - 2), the (c.f.) is + De^. 
The 'general solution is therefore, y — 4- 4- Bc"^, 


£x. 2. Solve (Z) — 1)“Z/ = 3e”'. 

3 g-x 

The (p.i.) is y = " iy 2 = I®”' J + c.,x) e*. 

Hence the general solution is y — Je”' 4- (ci 4- c,x)(f. 


Ex. 3. Solve (2)2 — 62) 4- 18)y = e^. 

The (p.i.) is y = , _ q = iV'- 

Solving the equation, — Cm^+ 18 = 0, m = 3 + 3i. 

Hence the (c.f.) is cos 3x + B sin Sac)# 


620. Exceptional Cases. 

First, suppose n = w?,, one of the roots of 2)® 4- aD 4- & = o. 
Then, since 7i*4-a?i4-& = 0 by hypothesis, we have from (1) of the 
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EXCEPTIONAL OASES. 
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last ar#icle, ^ = go . Hence the method fails. However, let 
71 = -h 7i, where h ultimately vanishes ; then 


^ {D - 


— 7^2 + fi) 


7n . e”"** . by the above rule. 


= T7 ' 

and adding tlie (c.f.) the general solution is 

y = i >» + 

\h(7nx — I ^ 

-f. + terms in /« ; , 

and, el\posing A so that j-, 4 - ^ is finite when h 

ii{m^ — 7712 4 * It) 

vanishes, we have, in tlic limit, 

y=(G A — sV™-* 4- Be’” ”'. 

’’ \ nix — m-i ) 


Secondly ^ suppose, in addition, that the roots of i)“4-«f^4& = 0 
are both equal to 7?q. » 

Then y = oo, so that the method *f ails as 

before. 

Putting n = ?? 7 i 4- Ih have by the rule 

^ “ 7t“' ’”®”‘‘**®** “ [1 + tix 4- 4- ...] ; 

and the general solution is 
y = («, 4 - v)e”'‘” 4- [1 4- A* 4- 4- ...] 

= ^c, 4 - 4 - (ft 4 - + i’”*®*"** + terms in A 5 
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and, choosing Ci and Co so that both ^ an(> 4-*-f arer 

ii h 

finite, we have, in the limib, 

y « -f iwicV** 

= (^4 4- Bx + 


Ex. 1. Solve (^D - !)(/) -2)y = 

Since 7> = 1 gives an infinite value for let 
(D - 1)(7) - 2)y = 
where h ultimately vanishes. 


y = 


(o-ixr>--2)^ 


h(h 


1 


^'l+Al* 

1) 


1 a?'* • 

= 77(,/7:^)'"t^ + + r- 1 + 

the (c.f.) being + i>V-^ 

Hence in the limit, when h = 0, wo have 

y = («i "'I'cro c, = U \a + 77-,— ,n- 


Ex. 2. S'6?ee (Z) — Vfy =6'. 

(l+/i)x a- 

If (7? - \yy = /. y =r. = l.[l + 

the (c.f.) being (cj + c,p]e*. 

Hence the solution will ha y = {A -1- 

Otherwise ; — In Kx. 1, let (/) — l)y — v- then (/) — 2)y = c'. 



that is, (7) — l)y = — e*. 

Hence, by Art. 512, for the (p.i.), we have , 

y = e^fe-^( — e^)dx = — xe% 

and adding tlie (c.f.), y = — 7 :)e^ + Be^. 

We might also have put QI) — 2)y .= u, but the present method is 
shorter. 
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In Ex«2, putting (Z) — l)y = v, wo have 

(D — l)v = c® ; /. V = e*/e""® . e^dx = cce®. 

/. (Z) — l)y = ccc®; ?/ = e*/e~* .aje*tZ£C = 
and adding the (c.f.), y = (c^ + ■Jx2)e®. 
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521. Case (Z>) — X=mcosnx, or msinnx — To prove that 

icosnx) f( „ 2 \ fcosna;> onri ?:_.Jco8wa;) — } (coanas^ 

f\^)‘ Jainwaiy “ Z- / sin «x f /yjj lain wa; f y^__ Isin nai 

Wc havo COS nx = — ri sin wa;, 

cos nx = — cos nx^ 

IT cos nx = iT sin nx^ 

9 • 

cos nx = n*" cos nx = ( — ?i®)^ cos nx^ 
an d , generally, ( If ) cos nx = { — cos 7ix, 

A * 

Hence, if p, q, r be any constants, we have • 

, (p7f + + r) cos wa: = (p7i‘^ — q/i“ + / ) cos^^a?, 

and generally f(Dl) co^7ix =f(^^ n^) con 7ix . . (1) * 

Similarly, J( ff) sin )ix = /( - ^/“) sin 7ix ; ^ 

which is tlic first statement. • 


Again, from ( 1 ), cos?2ic = — cos 77 x 


=/( - >0 • cos nx. 

Similarly, ~ ; which is the second 

statement. 


I 


1 




522. To prove that WJfJW)' 

Let f{D)ij = V, and operate on both sides with 4 ^{D). 

<l>(D).f(D)i/ = <l>iD)v. 

1 


>!/ = 


<KD).f(n) 


.^{D)v. 
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But y = . whence the above statement folJf)Ws. 

We shall now apply these results. 


523. {h) Form (Z>^ aD + h)i/ = 7Wcos 7ix, 

We have 1/ T ** multiplying ” above 

and below by LT ^ a D order that the denominator may 

contain only even powers ofj)^ 

= «* • , ;x; •{(-«’' + h) cosnx ;f . an sin nx} 

, -{- by — crir 

='”<»- • i77+ + ““ • (/7 t4'- «* • 

[Art. 017] 

mil) — id) , a/mn 

= — "IS — !_ Qo^nx + - — -V, rr-.>sin nx 

{b — 4- (^ — /« )“ -f a“td 

« 

_ m{b^ ?z') cos nx + a^nn sin nx 
{b-dj-fldT? 

The^(c.f.) must of course be added. 

Note. — We raay here observe that 

/(Z)2)(a cos was + 6 sin nx) = /( — 7d)(ci cos t?® + sin 

and that J^j ^y nx + h sin nx) = (« cos nas + h sin nx), 

^iF) = y(^ ' 

this may bo at once deduced from the preceding result. 

c 

The form (IT-\~aD-\-h)y=mHmnx may be treated in the same 
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624.^ £xo)tptional Case. 

Suppose a = 0 and h = n - ; then y becomes infinite, and the 
method fails. 

The equation is now + .= m cos /la; (1) 

On the right-hand side of (1) write -f- A for where li 
ultimately vanishes. 

Then (// -f- 11^)11 = m cos (/?- -f h)x. 

The (c.f.) is A cos>?.^f -f- i^sinwa?. 

For the (p.i.) we have 
_ m. cos -f- h)x 


y = 


— (>i -f h)^ -f- 


-[cos nx cos lix — sin nx sin hx~\ . 


h{2n 4- A) 

» 

^ cos nx -h ~ ^'~r sin + higher powers of A. 
A(2/i!-fA) '2nA-h ^ r 

Adding the (c.f.), we have 

y=\A- c [ cos A- - A sin nx 4- . 

I //(2/i4-A)l I 2// 4- A 1 


Choosing A so that A — 


- is finite in the limit, we 


/i(2n 4 - A) 

have ultimately, writing A still for this limit, 
y = A cos /ix 4- 4- 

Note. — T ii practice we may write 1 for cos^a;, and hx for ^'inhx, in the 
above work. 

# 

Ex. 1, Solve (x> — !)(/> — 2)// = 4 cos 2a?. 

We have y = 4 2a! 

= _i(?_l.t3^+2).eo*s2x, 

(_4-1J(-4-4) 

noting that for practical purposes it is immaterial whether we substitute 
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— 2^ for /)2 in the denominator "before or after we operate tvith the" 
numerator, 

= — 4 + 3/) + 2) cos 2x 

* = — 2) cos 2x = — 4(3 sin 2x + cos 2a?), 

which is the*(p.i.). 


Other IV ise 


4 

4-2 

^ 4 

-4-37r+2 

4(3/> - 2) 

9/)-' - 4 


cos 2x 
cos2x = 


cos 2a? = 


6 !) + 2 

cos2. = etc. 

— '40 


In the latter method we have substituted — 2- for at the earliest^ 
opportunity^ and a little thought will convince the reader that wo arc 
ju.stificd in dohig so. 

The (c.f) is Ae^ + ; hence the general solution is 

y = 4- Be^ — J(3sin 2;c 4” cos 2a.'). 


Ex. 2. Solve “ 2 4- 3^ = cos x + sin x. 

(tx“ ax 

4Ve ha VO (T)'^ - 2D + 3)y - cosx 4- sin x. 

1 


/. putting 7)2 = - 1, y = 

= — 2 ^/^ X 4- sin x) = ^( /> 4- 1 )(co.s x + sin x) 

=- ^( — sin X + cos X 4- cos x 4- sin a) = i cos x. - 

The roots of 7)2 — 2 Z> 4- 3 = 0 arc 1 ± ^/2t; the (c.f.) is therefore 
e'(a4 cos j^2x 4- 7? sin y^DJx). Hence the general .solution is 
y = e\A cos ^/2x 4- 5 sin ^'2x) 4- \ cosx. 


Ex. 3. 


Solve 4- y = 
ax^ 


2 cos X. 


. Let (7)2 +l)y = 2 cos (1 4- = 2(cos.x cos7j.i? — sin x sin Ax) 

'= 2(cosx — 7<xsinx) 4* ... 

• y = - hxHw=r ) ^ ^ (eosic - +■■■) 

^ - (1 4- A)2 4- 1 2A 4- A2 ^ ^ 


2 , 
,co5x4- ' ^ - . , 4- . 

^ -4- /li 


2A4-7i2 


The (c.f.) is .d cos x 4- .6 sin x. 

Hence we have, ultimately, y = A cos x 4- (7? 4- as) sin x. 

m 
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625. *CasO(r) — X=mx’'y n being a Positive Integer — 
Expansion of !//(/>) in Ascending Powers of D, 

Let D be temporarily regarded as an algebraical quantity, aijd 
suppose expanded in ascending powers as far as the term 

containing D'\ by ordinary long division. Let the remainder be 

t. 

Then 4- + ... 4* ' • 

.-. 1 - =f(]J),(a, + a,B + a,D^ 4- ... 4- 

Since the operator D obeys the laws of multiplication, this 
equation is true when b is no longer regarded as an algebraical 
quantity, but as an operator. 

Now [1 — = a?"* ; since Z/’+'a;" = 0, and so for 

higher d.c.’s. 

TTence a." = /(Z>) . + ... 4- ; 

a;’' =5 (^/u 4- ^^iZ> + ... + u,,D')x^ 

which may be briefly written = 4* (hb 4- on the under- 

standing that the terms on tlie right are continued until ® dis- 
appears by repeated differentiation. 

We may evidently, in practice, expand \jf(TJ) as if it were an 
algebraical quantity ; and we may adopt any method of expansion 
we please, such as, for instance, that of resolving into partial 
fractions. 


526. (c) Form (/>* 4- ab -|- b)if = mx"^. 

The method to be adopted has been indicated above ; we shall 
therefore give a numerical example. 


Ex. 1. Solve (2> - 1)(Z) - ,2)y = 

W e have y = ^ . Sx^ 

(i> - l)(i> - 2) 


= 8[- i(l - J )-‘ + (1 - 



t The remainder must obviously contain terms of higher degree than D\ 
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= ?(- + -I + 1 + i> + + 2)*}®=' 

= 8[i + ID + ID‘^ + 

= 8[ix= + |.3x2 + J.Caf + }5.6] = 4aJ + 18a;2 + 42 ;b + 45. 

The (c.f.) is Ae' + Be^^, 

/. tlie general solution is y = Ae^ + + 4.r"^ + 18 ^^ + 45. 

Ex. 2. SoIvFy/j. 4- ?/i = 3 . 1 2. 

We have 7)(D + ])y = 3a;^ ; 

.*. (D + 1)^ = ~ . 3.i;‘‘^ = f3x-dx^ = x^ [Art. 515]. 

y = = (1 - 7) f 2>-’ - Ifl ...)x3 = 3-3 _ a, .2 + Ca,._ a 

The (c.f) is\l + B(r\ 

• the general sulntion \h y ~ A Be"^ + — 3a- 4 - Ga, 

noting that the term — G, being a constant, may be supposed to be included 
' in the constant A. 


527. Combinations of the Three Classes. 

Tl^e statement of Art. 517 can be extended to three or more 
quantities. 

'HlUS {U + V + ,v + ...) = + ... 

Thp following example will show liow we can apply thi.s to 
solve equations which are comlnnations of the three classes (a), 
{b), (c). 

Ex. Solve 4- 2 + 2y = -f- x + cos x 4- cos 2x. 

We have (7)^ 7 I- 2D 4- 2)y + a; 4 - cos x 4 - cos 2x, 

1 , . I . 1 

+ 22> + 2®* D'^ +^I> + 2 ® + 2)2 + 2Z> + 2 

= ie* + - ^ + •••> + COB X + .Tyrj Vo 
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= i«' + - 1) + -^cos X + 2x 

i^x 1 1 / “ 2 sin X — coscc . , — 2 sin 2x + cos 2x 

= - 1 ) + _ 5 + i , . 

and, adding the (c.f.), we have for the general solution, 

y = 5 ^^ + ^(.jj 1) _|_ j-(2 sin X 4- cos x) + sin 2x — cos 2x) 

-h e“'(^ cos X + B sin x). 

• 

528. The Homogeneous Linear Kquation. 

The eqiuxbiou 

•■'''2+'''-'£S+»-'-£:5+ +»..,*^|+v=.v, (1) 

ill which cii, ^2 ••• tire ^constants, and JC a function of x, is known 
bj the above title. 

To solve it, put x = e\ when it can be shown to reduce to the 
ordinary linear equation with constant coefficients. 

Wc shall only consider the second order equation, although 
the method applies in the general (^ase. 

Differentiating with respect to x, we have 

^Pi/ djf _ (Py jdjf. _ l/ij _ 
dx^ dx di^/ dt X ' 

dx- ^ dx 

••• = TPy~ = Tf^ - Dy = IJ{D - \ ),j. 

» 

Similarly, we can show that 

= 0{D - 1)(B - 2)ii 

aad ®j}{ = -C»(0-l)(0-2)...(0-r+l)y. 
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Substituting these values in (1), we shall obtain, a#ter re&uctiqn, 
a linear equation Avith constant coefficients. 

Thus, if the equation be if- “ /(^)» 

we obtain 

D(D - ^)ij (iDfj by =f(e^), 
or (a — 1)/J b]y = </>(/), in which DTELdjdt^ 

c 

which can be solved by preceding methods. 

Ex. 1. Eulve + 2 v = 

dx-^ dx ^ 

We obtain, on putting x ~ c', 

{IKD - 1) - Z> 4- 2}?/ = e3', 
or ' (/>2 _ 2Z) 4- 2)y = 6^'; 

the solution of which is y = Je-*' 4* cos t B sin 0 • 

= + x(A cos log X B sin log x). 

Ex, 2. So^ve — a;2 ^ logic, 

« 

We obtain {D(^D — 1) — SD + 4}y = e®' + cos (, 
or (/> - 'ifu - + cos t. 

= — ^cos<[Art. 512, or 520(noto)] 

1 3 4- 4/> 

= + j) putting />^ = — 1 in the second 

term, ^ 

, = e'‘'fe-^'.te^dt + cos t 

= ^ig(3 cos < — 4 sin i?). 

The (c.f.) is (cj 4- 

Hence the general solution in terms of £C is 

y = {cj + Cj logo; 4- J(log xy]x^ + jc — 4 sin log cc). 
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£x. 3. Solve *^^^3 + ~ 2 

We obtaiQ { D(D - 1) + 2D}y = D(D + 1)^ = 2i!; 

(D + 1)^ = <=>; 

y = j = (!-/>+ 02 ...)<2 = <2 - 2 < -f 2 

/. the general solution is 

y — 2t + 2 + A + Be~^ = — 2 log x + (log x)*, 

where = ^ + 2. 


EXAMPLES LXXVIll. 


1. Solve : — • • 

(1) (/> ~ 1)(Z) - 2);/ = 

(3) Va + 


(2) (7)2 - l)y = 3e2*. 


(4) 


d'^ff 

dj? 


2 —' 

<7x 


- Hy = 5e“2*. 


(6) y.2 - ^Ui 4- lOi/ = 


(7) 




- y ~ 


(9) (2/> + 1)^»/ = 


(6) (2> + 1)(Z> 4- 2)3/ = 2e--. ' 
(3) ^2 “ 43/1 4- 4/y = 2e2^ 

(10) (2D2 + /) - 3)2/ = e'. 




"djo^ ' "djo 


2. Solve; — 

(1) (/>- - l)y = cos X. (2) 3/2 4- 2?/ = 2 sin 3x. 

(3) + a// = cosx. (4) (B — a)y = cosax + sin ax. 

(6) (Z? 4- 1 )(Z'^ - 2)2/ = 3 cos 2x. (6) y.^ - 23/1 + 33/ = 9 sin ^2 x. 
(7) (4Z)2 _ 57) + l)y = ‘3/sin ix 4- cos Jx. 

(V)p,-jA = aeosax. 

dx^ dx 

(9) (i)^ 4- <1^)3/ = (a^ — 6“) cos (Jbx 4- a). 


(11) (D® 4- l)y = cosx. 
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ri * 

(120 ^2 + 4cos‘2r. (13) + 2y = 2^2 sin|y'2a’. 

(14) {J)~ + h)if = 2,v-'^*sin /y^^kx. 

(15) (Z>2 -f k)y 2 .v^A:£c + cos aJJcx). 


3. Solve : — 

(1) (z) + \yj - 

(3) (Z)2 + 2)^ = 2.r. 

(6) /?(Z> - 2)y - - 

(7) +.7^1 - :’)/y == ‘^7i-. 

< 

4. Solve : — 

(1) (Z>2 - 1),/ = x + eK 

(2) (Z) — 1 )(Z> — 2)y = 4x- + 10 cos x. 

(3) — + 4^ = 4 cos 3x sin a. 


(4) (D + !)(/; + 2)y = 8a^ 
d^y dy 

w ,/,;2 +.,?i; + y = *-• 

(8) (D - l)=i/ = x\ 


5. Solve : — 

« *= 2 ; -‘‘'2 +“>■»• ■’'2 

X3) a;‘y 2 + = “• (4) -=■ log a;. 

( 6 ) 2x^y^ — 3 ^ 7 / j + 3// = 13 cos (log a). 

(6) C2xW'^ + 3xZ> - 1)3^ = 2V^. 

(7) « + ‘"■ 5 I + + ‘^OS (V3 loRX-). 


6 . Show that 

f 1 THr 

/( />^) . m cosh ax = m ./(«^) cosh a®, and -7 . m cosh ax — cosli ax. 

y(Z)2)^ yc«o 

Apf)ly this to solve the equations : — 

^ *• 

cl^nr €^Q(j * 

( 2 ) + 2 aco 8 a^ H- a*cc = a cosh at. 
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Answers. 


1. (1) y = ^ (2) 2/ = e-^ + Ae^ + . 

(3) y = + A cosaa' + ^sin«£r. (4) y = e-^*" + At^’^ 4- Bt^. 

(6) y = e* + c^^{A sin x + B cosac). (6) y = (A A- 2x^e~^ + B&r^. 
O) y ~ 0^ + (8) y = (c, 4- V 4- 

(9) y = (yl 4- Bx 4- (^0) y -- Ac^ 4- Be~^* 4- 

(11) y — (^A 4- Bx 4- 


2. (1) y ~ Ae^ 4- Bc~^ — -i cos.r. 

y — -4 cos ^2x 4- B sin ^2 x — f sin 3.j;. ^ 

1 • 1 

(3) y — Aer^* ir+ 7/2 x 4- a cos o:). (4) y = Ae^ — - cos ax. 

m 

(5) y = Ae~' 4- Z?e-' — o'oC^**^ 2.r 4- 3 cos 2.r). 

(6) *y = 4- 2^/2) cos a/2x 4- (Be^ 4- l)pin j^2x. 

(7) y = ^1^4" 4- Be' 4- f,(^ ~~ 2*^)’ 

(8) y = A + BC" - _^sin + ?). 


(9) y = ^4 cos ax + B sin ax 4- cos (bx 4- «). 

/ ^/3 \ (r- 

(10) y .-^ e-i'( .1 cos x 4- B sin 2 “ r* - r\+l ' 

(11) y = A cos X + (B A i.r) sin x. (12) y = A cos 2x 4- (^ + x) sin 2x. 

(13) y — A bin /J2'x A (B — a) cos fj2x.. 

(14) y = A sin A^kx A (B — 2 r)co 8 j^kx. 

(16) y = (A — x) cos jy/kx 4- (i? 4- x) sin jy/kx. 


3. (1) y = a:2 - 2a; 4- 2 4- Ac-'. 

(2) y = jc" 4 - 7 /a;'*“i 4 - n(n — l)a;’*“^ 4- ••• 4- nl 4- A^, 

(3) y = x A- A cos j^/^x 4- -Osin ^2a;. 

(4) y = 4a;3 — 18.^2 _j- 42d; — 45 +Ae~'’^ 4- Be~^^, 

(6) y = x^ 4- .Jx® A- A- A A- B^. * 

(6) y = x^ — 2x + e“l* ^A cos + B sin * 
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(7) y = Ae^ -r Be-=‘ - (Da® + 42* + 134). 

(8) y = x^ + ex® + 18a: + 24 + (al + Rxy. 

4j (1) 2 / = -a: + Jc®' + Ae'' + Be-'. 

(2) y = 2.*® + 6a: + 7 4- cos a; — 3 sin a; + ale' + Be®', 

(3) y = — ^ sin 4x -{■ (A + cos 2x + B sin 2a-. 

6. (1) y = ala; + Ba:®. (2) y = Ax + Ba® — a;®. 

(3) y = al + B log a + i&(loga:)®. (4) y = al + B logx + ^(loga:)-’. 

(6) y = Ax^ + Ba + ^ {cos (log a) — 5 sin (loga)}. 

(®) y - (-4 + § loga) V® + -• 

X 

(7) y = J«+ al cos ( V3 loga) + (B+ loga) sin (^3 loga). 

• t 

6. (1) y = couiia; + ^4 cos x + 2? sin a;. 

(2) ^ = 2^ cosec^ o(cosh - cos a siiih a^) + A cos sin a) 

+ aBsin (a^sin j}}. 
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CHAPTER XXXIV. 

a 

SIMULTANEOUS LINEAR EQUATIONS WITH CONSTANT 
COEFFWIENTS -ORTnOGONAL TRAJECTORIES. 

529. Simultaneous Equations. 

LeE X and if be functions of a third variable t. . 

TJ)en tlic most gonfral form of the linear equation of the first 
order involving bcih x and i/ is 

• ^ 7 /? ^ ~/( 0 * 

Or, dividing down by and using the operator Z^( = didf)^ we 
may write the equation in the form 

{D + a)x + i)\{D + b)i/ =/,(/).* 

We shall now proceed to solve the two simultaneous equations, 
{B + a),r -f- m{D + b)if =/,(/) (1)1 

( [) -h d)x ^ m{ D 4- b')ij = /^(O (2) I * . 

The method of solution is analogous to that adopted in ordinary 
simultaneous equations in algebra. 

To eliminate operate on (1) with 77i\D-\-b')^ and on (2) with 
7 n{JJ + h). We thus have 

7d{D 4- h'){D 4- ff).T 4- m’7n{D 4- b'){B 4- b)y = 4- d)f^{t), 

7n{D 4- b){D 4n a!)x 4- ni'm{D +,b)(D 4- b')?/ = m{D 4- b)f^{J). 
Since the coefficient^ of y are equal, we have, by subtraction, 
{m\D 4- h'){D 4- «) — m{D 4- b){D 4- d)]x 
= m\D 4- d)A{t) - m{D 4- b)m, 
which, after reduction, mg,y be written in the form 
(aZ^ 4- 4- 7).c = 
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Solving this eijuation by the methods of the chapter, wo 
may substitute the value of x in either (1) or (2), and then find y ; 
or, which is better, lirst eliminate Dy between (1) and (2), and 
then substitute for x its value, in •^the resulting equation, and so 
find y without intefjratioiu 


Ex. 1. Solve -'f + 2'-;’ H- .»■ - »/ = '2< + 1 («)} 
iit at I 

Wc have (/> + !).»• -I- {'2.D ~ l)y 2^ + .1 (1) 

{2D + \)x + {D -\)y :=.2l-~-\ (2) • 


and * [(2) x {2D — 1)] — [(1) x (/> — 1)] "ives 

{^2 D + 1 )(2 7) - 1) - {D + 1 )( D - V)}x^ (2 D - \){2^ _ 1) - (Z) - 1 )(2i5 + 1) ; 
.whence, remembering that Dt — 

3//.'^; = 4 _ (2^ _ 1)_ 2 + (2i: + 1) = 4; 

‘ /. Dx = + c, ; ^ 

X — c^t 4- c^. 

^lultiplying (2) by 2, and subtracting (1) from it, vro have 

‘{2(20+l)-(/>4 l)}.'’-h{2(i)-l)-(27>-l)}y:=2r2/?-l)-(2^f-l) 
or (3/> \)x — y ~ 2t — Oe 

y - ?)Dx + X — 21 -1- 3 

^ = 4^ -j- .Icj -h “h 4" ^2 — 2^4 3 

=r + (2 4- + : 2 c , 4 c, + 3. 

c 

Note — Although Cj and c.j am arbitr.uy constania, yet tlieir values in the 
expression for y must bo the bame as in the expitssioii for x. 

Otherwise : — Tn this particular example, it Iiappens that we may adopt 
an alternative method, thus ; — 

(h) - (a) gives whence x - y = - 2t + a, . . (3) 

« 

(6) + (ffl) gives +40 + 2(x- y) = it, 

^(<i< ~di) = + = 8< - 2a,. 

a! + y = §0,4+0,,. , . . 


. . (4) 
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From (3) alM (4), x ^ - (“‘ + 1^1 + "-'-JA 

Putting — -I- = Cj and - c,, we can easily verify that 

~ (*3 - l) = - + «! an'l Z = S'-, + '•a -t 3; 


in which case wo obtain the same results as before. 

Ex. 2. So/kc (2/) + 3)j; + (f> - 1)// = cos t . . . , . (1) 

. + (f> + !)»/ = sin t (2) 

[(1) X (/> + 1 )1 - [(2) X {J> - l)j sives 


{27)2 + .Oft 1 3 - (f7-M- O - 2))j: = (7) + l)(co.st + - (7) -1) sint, 

nr (77- 477 + 5)® ■= — sin t + 2e'-' + cos t + c-' — (cos I — sin t) = 3e®.‘ 

^ - -j.- + ili! 

~ i 7^~' + cos ^ + Z? sin <)• 

To find 2 /, we have, on subtracting (2) from (1), 

(I) H- l)ic — 2f/ ~ cos £ — sin t + (K 
y — \{D + + e“-'(yl cos t + 7? sin — Kcos t — sin t + 

~ — A sin / -h 7> cos t — 2(^1 cos t 4- R sin t) j] 

H' '■[ i V + ^^““'(^1 ‘*os t + li sin t — sin t + e-') 

— 4- — ad) cos < — (Z? 4- -d)sin ^ j — }.(cosf — sin^ 4- e^') 

= - yl) — 1 J cos ^ 4- ^1) — 1} sin t — 

Equations of higher orders than the first admit of a 'similar 
treatment, but we shall not discuss them here. 

530, Orthogonal ^Trajectories. 

Let /(a:, y,a)=0 (1) 

be a system, or family, of curves containing a single arbitrary 
parameter a. Then, if a second family of curves be drawn, each 
member of which cuts eaqh member of (1) at a given angle a (or 
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according to some other fixed law), then every mgjnaber^of the. 
second family is called a frajeciory of the given system of curves. 

If the angle a is a right angle, the trajectory is called 
orthogonal. 

For example, the orthogonal trajectories of a system of concentric 
circles is evidently a system of straight lines through the origin. 

Wo can easily show that the 
oblique trajectories are a system 
of equiangular spirals, as fol- 
lows : — 

Let PT* be a tangent to one 
of the circles, and PP.a tan- 
gent to one of the trajectories, 
the angle TFT being constant 
and eqiull 'to a. Then, Z.OFT 

=r ~ — a, which is constant ; but 

this is the fundamental property 
of the equiangular spiral. Hence, 
the above statement. 

Again, if on an ‘ordnance map a system of contour lines be drawn, 
the orthogonal trajectories of the S 3 ’stem will be the lines of greatest 
slope. 

Or, again, suppose a plane lamina in the form of an irregular closeil 
curve to be charged with electricity ; then the system of equipotential lines 
in tlie plane of the lamina have for their orthogonal trajectories the lines 
of force ^’n that plane. 



531. To obtain the Equation to the Trajectory. 

Since f(x, y, a) = 0 has onl}" one arbitrary constant, we may 
obtain a differential equation of the first order in which « does not 
appear. * 

Let this be y, dyfilx) = 0* (2^ 

Now consider a particular point {x, y) on one of the curves ; 
let p be the value of dy/dx for this curve, and p' the value of dyjdx 
for the trajectory. 

Then p = tani/r ; p' = tan -f a), aljeing 4-*** or — 


§531, •532.] 
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And® to fijjjd the equation to the trajectory we must find a 
relation between x, and y*. Now (2) contains a relation between 
X, and ji? ; and if we can express jt? in terms of jp we shall obtain 
the relation we require. • 


Thus p = tan { (i/^ 4- a) — a} 


tan (i/r -f- «) — tan o. __ p' — tan 
T+tan(i/^4-a)tana l+ytana 


Hence in (2) we have <f>^x, y, ^ ;*and, now that 

there is no risk of confusion, we may write dyjdx for p\ so that the 
equation to the oblique trajectory is 


<!>{ 


y. 


dyjdx — tan « 1 _ 
1 + dy\dx . tan a I 


0. 


TT ^ m m 

If a = we have jbhe orthogonal trajectory, whose equation is 


By integration we obtain the syateiu of trajectories. 


532. Examples. 


Ex. 1. Find the ohJi'j^ue trajectories of the system of concentric circles 
F + = c-. 


The differential equation is a; + = 0 

deferring to the figure of Art. 530, 

p = tan PTx\ 

•p' = X^wPT'x. 

Expressing p in terms of we have 

p ^ taii(i"3’'.i«+ a) = where a = tan a; 

in (1) X + = 0> 

r ® +• ay ’+ — n®) = 0- 


( 1 ) 
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Putting y = vXf (1 + avyix + (v — a)(ydx -f xdu) “ 0,^ 
or (1 + v^)dx + (v — a)xdv = Oj 

._dx 

* X 1 +,v^ 

log as + i log (1 + — a tan~^ v = (7, 

or ^log(a 2 ‘-* + y~) — = O. 

Putting X = rcos0, y = rsin 0, 

logr =z aO + G; 

aft ft tan a 

r — c^e = Cje , 

or, if Z OPT = a', r = 

which is tlie poJar equation to a S 5 'stein of equiangular spirals, Cj being an 
arbitrary constant. I« 

Ex. 2. Find tlhe orthoyonal trajectories of a system of cou focal conics* 
Let llieir equations be 




a'^ “b A. “b A 


U) 


Differentiating, 


+./rT=o, 


a2 + A />- -b A 


Cfc"^ “b A “b A 


(by piincij.lc of ratios). 


, , a; - //p x-\-yp 

eliniiiiating + a and 7A' + A, 

a V + ///)) ^ ?/V + y/') = a2 _ ja 
a; - y/j 

(■'/' - y)(» + VP) = K"’* - • 


(2) 


To .find the orthogonal trajectory, change j? into , and we have 

i.e. (xp - yXx + yp) = p(a^ - . (.3) 

But (3) is the same equation as (2). 

Plence the integral of (3) is (1). That is to say, the orthogonal trajectories 
are the mernbeis of the original system of confocal conics. 
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b33; Polar ^Coordinates. 

i ** ' ’ . 

The method adopted in this case is very similar to that given 

y If be the angle between the tangent and radius vector, so that 

** 

ta*n«/» = \ then <jf» + a will be the corresponding angle for the 

trajectoiy. ^ 

If ^ tan<^, and p‘ = tan(</> + a) ; we must express p in terms 

of p ' ; thus p = ^ 

1 tana 

Hence, if /(/ , 0, a) = 0 is the equation to the original system, 
and J{r, 6, dy^d^ji) = 0 is the differential equation ; we have to 
d6 ^ 

do ^ h ^ tan a 

change r ^ into — ^ , when we shall obtain the re^quired^ 


1 4- ^ tan a 


equation. 


\dr . 


Tf a = ^, the second expression becomes = 

.r . 1 . dO ^ 1 dr. do . , 1 dr ' 

1 fence we must change ? j: into or r into — ^ ..♦ or 


dr . , jlO 

- * di- 


Ex, Fuid the orthogonal, trajectories of the parabolae 2a = r(l + cos0). 

dr ^ * 

Diffeientiating, 0 = — rbin^ + (1 -1- cos»)^. 

The orthogonal trajectoiy is 

— r sill 0 — 9^1 + = 0, 

. dr 




+ cot = 0. 
^r 2 


t This is a similar to that gi\eii in the cose of cartQiians; is 
invcited and its sign changed. 

2 O 
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' 0 

0 

Integrating, logr + 2 log sin - = (7; 

0 

/. r sin2 ^ = c, 
or 2c = r(l*’ — cos 0), 

a second family of parabolas having the same focus and axis, hut all 
turned in the opposite direction. 


EXAMPLES LXXIX. 

1. Solve the simultaneous equations: — 


o 

11 

(8) 

J; + 3x. + 2^ = 0; 

d 

II 

+ 


‘iy - 2x + 3« = 0. 
dt 

+ 

II 

(4) 

+ = • 

dt ' 


du . 

— ax = f, 
dt 

+ 2y = COS^; 

(6) 


— X = — siti t. 
dt 

> 

* -=•■ + !< 

dt^ dt^ ~ 

(8) 

II 

1 

"Va 

+ 

<^?i+<iy + x-n 
dt^ dt^^^- -*■ 


dx ^dy , , 

at dt^ 


+ = COS«; 

- 2'^y. _ ~ _ r,„ _ .1 


2.- Find the orthogonal trajectories of the following curve-familiea*- — 

(1) y = Cx^ C being a variable parameter. 

(2) The conics ax^ + hy'^ = 1, a being variable. 

(3) y ^ of ^ G being variable. 

(4) aj^ + = a^, a being variable. 
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§ 533J 

\ 

(6), The imrabolas aJ + A/y = <7, being variable. 

(6) y = a cosh cc, a variable. 

(7) y = a cosh — , a variable. 

a , 

(8) jf? = 7* cos p being variable.* 

(9) r — ccosd, a system of coaxial circles in which the radical axis 

is a tangent., 

(10) r = c(l — cosfl), a hiinily of cardioides. 

« 

( 11 ) Ijr = 1 + ccos e, e being variable. , 

3. Find tlie ortliogoiial trajectories of a family of concentric conics of 
constant eccentricity. 

» Ileinic, show that if the conics are equilateral hyperbolas, the orthogonal 
Irajcclorics 'arc a second set of equilateral hyperbolas^ , the axes and 
asymptotes of tlie two. sots being interchanged. Examine the cases in 
wiiic-li e = W- JintlTlT 

4. Show that the orthogonal trajectories of the system of curves 

m 

= (7, 0 being variable, 

are given by 

Examine the cases in which n = 1, 2, .3. 

5. Show that the orthogonal trajectories of a Aimily of similar concentric 
equiangular spiials are also equiangular spii als. 

6. Show that the ortliogonal trajectories of the system of coaxial 

circles — (i^ = /’jr, /• being variable, 

are the system of coaxial circles given by 

X- + y- d- a- = 7cjy. [See Ans.J 

7. The polar e<pialion of (be above system being _ ^2 _ /,j*cos8; 
find the orthogonal trajectories. 


AxSWJiKS. 

1 . ( 1 ) X — vie*’' + (2) £c^= cos 2^*4- ^sm2^). 

^ 7 / - — Ac"'. y — g~^\A sin — P cos 21). , 

(3) X == siidi t + A C 09 y + i? sin y ; 

y = sinh t — P cos t \ A sin t. 

(4) a? = (1 — at)jd^ + A co^at + P sm\it j 

2 / = (1 + at)la^ + A sin at ^ B cos aU 
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* ) 

(5) a; = sin < + yl cos ^2t + jSsin /J'lt'; 
y = sin tJ2l - Bcos 

(6) X = At^' + Rt -^' ; (T) x = \(it - 5) + Ctr ^' ; 

y = . • y= i(2t - 5) + 

(8) a; = 2 + ^ cos < + R sin t ; 

y = |{c' -2t-(A - R)co8( -(A + R)smt - 2}. 

(9) X — ..\(2 sin< — 5cos<) + vleV-' + • 

y = sin t + cost) - Y + Uf'l - l)JtV^'-(v'2+ l)/76-V2', 

2. (1) a,2 + 2,2 = UK (2) + ir) = 2(log y + 0). 

(3) a,2(2 log X 1) + 2/2(2 log 2 , - 1) + (7 = 6. 

(4) xl — y^ = c*. (6) a- — 2,- = «'• (6) logsinli x + \y^ — c. 

(7) log tanh ^ + y = 0. (8) Pi ~ r ^in 9. ■ f (9) r = c sin 8. 

t ' ^ 

(10) r = c(l + cosfl). (11) log r sin 0 = r/l + C. 

3. y — C.x’% where n = 1/(1 — e^), 

4. If n = 2, the ortliogoiial trajectories arc a;®" = cy^\ 

6. The differential equation of the orthogonal trajccforics is 

(x- — ?y2 + (f^y^y — 2.ri/flc = 0 

which may he written j — 0. 

7, = Z-jr sin 6, 
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Acceleration, 17, ol8. 

‘ Algebitiical value. of area, 111,443, 
448. 

of length, 4 (j!. 

Approximation, 73. ! 

Aph.e, 204, 288. 

Aroliimedefl, spiral of, 225, 4G1. 
Areas, 320, 130. 

Asymptotes, 228. 

circular, 248 » 

Bcrnouilli, numbers of, 123. 

(emniscate of, 225, 288, 449. 
Biiiomial Tlicorcm, comparison of 
JiOibuitz’s Theorem with, 01. 
Boyle’s Law, 7. 

Calculus of operations, 538, 
Cardioido, 172, 214, 218, 219, 221, 
298, 300, 448, 461, 463, 475, 563. 
('atenary, 213, 288, 158-460. 

Caiistii! curves, 297. 

Centroids, 476. 

Chainette. See Catenary. 

Charles’s Law, 8. 

Circle, 293. 
area, 439. 

* asymptotic, 248. 

c. of mass of, 476-478. 
involute of, 225. 

Mffbmcnt of inertia, 485. 
of curvature, 286, 287. o 
pedal equation, 215, 2IG. 
pedal ot, 218, 219, 224. 
trajectories of, 558. 

CisBoid of Diodes, 226, 273, 453, 473. 
Clairaut’s equation, 516. 

Closed curve, 443, 445, 448, 482. 


Coaxial circles, orthogonal tra- 
jectories of, 503. 

Commutative Law qbeyed by D in 
regard to constants, 533. 

Conics, systems of, 499, 560, 562, 563. 
Constant, adding a, 307. 3 , 

Constants, arbitrary, 291, 494. 

number of, 495. 

Contact, 287, 

circle of closest, 288. 

(’ontingence, angle of, 279. 
Continuous functions, 08. 
Convergcncy, xxiii., 36, 106, 112, 114, 
124,127,128. 

Curvaturci, 279. 
circle of, 286-288, 
radius of, 223, 224, 280, 282, 283, 
284. 

Cycloid, 205, 206, 294, 466, 470, 473. 
area, 440, 447. , 

evolute, 298. 

intrinsic equation, 223, 462. [Ex.l2.] 
length, 461. [Ex. 5.] 
note on curve, 298, 299 

Dy the operator, 14, 93, 96. 

tbcoreiuB concerning, 533, 534, 530, 
543, 547. 

Deflection of tangent, 279. 
Derivative, 3. 

Derivatives, higlicr partial, 155. 
Ditferential coefticient, 3, 14-17. 

partial, 150 
total, 163. 

equations, formation of, 93. 
e^^ansion by, 117. 
geometrical interpretation of, 
496. 
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Differential, total, 150. ' 

Differentials, 14, 305. 

Dimensions, 157. 

Discontinuity. ^fSee Functions. 
Distributive law obeyed by D, 53.3, 
Doiible infinity of curves, 497. 
Double sign in connection with tbo 
inverse circular functions, 48; 
344. 

Electricity, example of di.scontinuity 
in, 99. 

lines of force in, 5.^8. 

Elimination of functions, 93. 

Ellipse, 182, 183, 190, 215, 292, 402. 
area, 410. ^ 

ovobite, 302. 
luomcnt of inertia, 484. 

]K-^da1, 222. 
pedal cquatioi.^, 210. 
radius of curvature, 280. 
revolution about axes, 405, 470. 
seeto^ 4 19, 

Envelopes, 291-298, ,')17. 

Epicycloid, 299, 462. 

Equiangular spiral. See Spiral. 
Errars, 2, 15, 72. 

Kulori8^», integrals, 409. 

Euler’s Theorem of homogeneous 
functions, 100. 

application to envelopes, 295. 
Evolutes, 296. 

Exact differential * equations, 505, 
506. 

Extension of fundamental rules of 
differentiation, 15.3. 

Formula of reduction, 387, 

Erustui^ of cone, 407, 

Function, 1, 5. 
of a function, 31. 

,t^unction», continuous and di.scon- 
tiuuous, 98, 124, 191,201, 420. 
climiuation of, 93. 

Gairftna, 409. 
homogeneous, 1.37, 100. 
implicit, 0, 55, 110* 151, 230. 
invesrse, 33, 108, 

odd and even, 106, 118, 43.3, 412. 

, rational algebraical, 10, 192, 309, 

Gammci^functions, 409. 

Graphs of functions, 6, 20. ^ 

Gudermaunian function, 65. 


Homogeneous oquaiious, 491V 
functions, 157, 100. 
linear equation, 549. 

Hyperbola, 18^." 
pedal equation, 216. 
laUiusof curvatuic, 289 [Ex. 3(1)], 
290 [Ex. 14]. 

rectangular, 215, 225 [Ex. 5], 289, 
451, 473, 503. 
sector, 450, 452 [Ex. 23]. 
Hyperbolic functions, reason for 
term, 01. 

Hypocycloid, 299. * 

four-cusped ix'- + y" 207, 

295, 301, 453, 401, 474. 

Illusory forms, 13(>. 

Imaginarios, use of, 00, 85, 8"^, 351, 
.378-380, .532 

Implicit fiinelion.s 0, 5.’i, 110, 151 , 2,30. 
Increments, >, 1.3. 1.5, 119, 150, 152, 
153. 

Index law obeyed b}" D, 533. 

Inferior limit, 300, 143. 

Infinite roobs, condition for, 4 13. 
Infinitesimals, 14, 75. 

method of, 77, 210, 212, 281. 
Inflexion, points of, 101, 193, 200. 
Integral, or solution, 493. 
corrected, 307. 
definite, 305, 387, 131 . 
general, 191, 495, 531, 535, 538. 
indefinite, 305. 

Integrals, fundamental, 309. 
Integrating factor, 500, 509. 
Integration and .summation, 305-307, 
42 ^ 3 . 

by expansion, 389, 122. 
by parts, 325. 

immediate, 305, 397, 112-415. 
lulerpolation, 132. 

Inverse functions, 33, 108. 

In\olute of catenary, 400. 
of circle, 225, 220. 
of cycloid, 299. 
t- Irregularity and insensibility, 133. 

Keratoid cusp, 255. 

Leibnitz’s Theorem, 90. 
expansion by, 117. 

Ijenmiscatc of Bcrnouilli, 225, 220, 
288, 302, 449. 

Limayonof Pascal, 225, 200, 288, ^89. 



INDEX. 567 


Limit erf a function, 8. 

LimitB, changeUDf, 388. 

Linear differontial equation, 494, 509, 
530. ^ 

Lines of force, 558, 

greatest slope, 558. • 

Logarithm io clifFerentiation, 12. 
Kooi-s, 256, 449. 

Maclauriii’s Theorem, 114, 128, 120. 
Maxima and minima, ICIO, 161. 
Maximum area, of figure of given 
perimeter, 184, 185. 
of quaOrilatoral with four given 
buIps, 18.“>. 

MiscellaneotJA Theorrmsi, xxiii., xxiv. 
Moments of ineitia, 482. 

Multijile angles in integration, 309. 

• 

Newtonian metliod of finding euiva- 
tnre i?t origin, 2 St.* 

Node.s, 253, 44.’), 418,* * 

Oper.itor T>. See D. 

Order ordifierential equaiions, J9.3 
of intinitesiiiialH, 75. . 

of small quantities, 74. 

Origin, curve appi caching, 252. 
lines througli, parallel to asymp- 
totes, 232. 

points of mficxion at, 262. 
tangents at, 250. 

\alue of p at, 284. 

Oithogonal trajectories, 557- 5G2. 
Osculating circle, 288. 

Parabola, 213, 221, 289, 292, 305, 452, 
471, 480. 

area, 321,441,445. 
centre of mass, 478. 
circle of curvature, 286. 
evolutc, 296, 302. 
intrinsic equation, 46.3. 
length of arc, 456-457. 
orthogonal trajectories, 561. 
pedal, 218, 219, 222, 226. 
c equation, 215. 

Paralx>loid of revolution, 469.- 
Parallel axes, theorem of, 485. 
Parameters, 291. 

P«mpu8, Theorems of, 481. 
iP'artlal differential equations, 493. 
differentiation, 42, 149. 
ftraottons, 85-87, 353, 357-359, 369. 

• 


I Particular integral, 495, 530, 535, 538. 
Pedal curves, 216, 
equation, 21.5. 

Pendulum, 7, 299. # 

Physics, use of graphs in, 7. 

Points, conjugate, 253. 
double and multiple, 2.52, 263. 
of infloxioii, 101, 193, 260! 
of oscul-in flexion, 25.5, 256. 
of undulation, 194, 263. 
singular, examination for, 257. 

I Primitive, complete, 495. 

I Piin%ipal value, 344. 

' Principle of least time, 182, 183, 187.* 
I 

I Qiiadrilatorjj.1, maximum area, 185. 

I national algebraical functions, 10, 
192, 369. - 

nationalization, 10,*1 8, 323, 327. 
llect angular hyperbola. See Hyper- 
bola. , 

Rectification of curves, 45^ 

Reduced integral. 392, SOI. 

Redu^fiion of integrals, 387. 
Refraction, 186, 187. ^ 

Rhamphoid cusp, 255. 

Second order eqi¥ition, 523, 530. 
Sectorial areas, 445, 447. • 

Separation of variables, 498. 

Sign of //, y^, 100, 102. 

Simple harmonic motion, 103. 
Simultaneous differential equations, 
555. 

Singular solutions, 517-519. 

values, 99. 

Small quantities, 73. 

Sphere, volume of, 464. _ 

• surface, 468. 

centre of mass of segment, 479. 
Spheroids, prolate and oblate, 465, 
470, 485. 

Spiral, equiangular or logartthmic, 
454, 461. . * 

• constant valua of tp, 214. 
evolute, 296. 

oblique trajectory of circle,* 558, 
559. 

orthogonal trajectory, 563. 
pedal equation and pedal, 224. 
radius of curvature, 288, 289. 
hyperbolic, 214, 224, 461. 
of Archimedes, 225, 461. 
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Standard i unctions, j35 
forms, integration |>f, .339. 
Stationary tangents, B60. 

value, 101. ^ 

Sub^itutions, 50, 32z;327, 331, 334. 
Subtfingent and subnormal, 204. 
polar, 211. 

Sticcessive diffo];cut\atioll, 82. 

reduction, 387. J 
Superior limit, 306, 443. 

Symbolical notatiyn, 93. 

Taylor’s Theorem, 112, 113, 12^, 125, 
127, 143, 189, 231, 426. 
failure of, 129. v 
Total diflbrcntial, 1^. ^ 

Tracing of curves, 20, 208. 

summary of methbddji272, 277. 
Tractrix or tractory, 208, 289, 45.3, 
460,461,473.^ , 

Trajectories, oblique, 558. 


Trajectories, orthogonaf, 557 ^ 
Transcendental funo' Ions, 5, 422. ^ 
higher, 409, 422. 

Trigonometric i formula), usd ^f, 
integration, 329. 1 

- substitution, 331. 

Triple points, 252. 

Undetermined forms, 136. 

multipliers, 294. 

Undulation^, points of, 194, 2G3. 

Vanishing factor, 10. 

Variable parameters, 291. 
Variables, 1, 5. 

dependent and independent, 
Volumes, 464. 

Witch of Agnesi, 452. 

Zone of sphere, 468. 
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